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TOM TAT
Bai viét nghién ciru cac tinh chdt p — chudn tac mét cach c6 hé thong véi nhitmg ddc diém
twong ti nhw tinh chat chuan tac. Tinh chdt ddc trung va sw di truyén doi véi khdng gian con cia
cac tinh chdt p — chudn tdc chinh 1A méi quan tam chinh cia bai béo.
Tir khoa: p — chuan tic, hau p — chuin tic, mp — chuin tic, p — chuan tic nhe, tua p —
chuén tic.
ABSTRACT
Some p — Normal Properties of Topological Space
The aim of this paper is to study some p — normal properties systematically, which is similar
with the normal properties on characterization and hereditary property.
Keywords: p — normal, almost p —normal, mp — normal, mildly p —normal, quasi p —
normal.

1.  Ditvén dé

Nhin chung, tinh chuan tic cia khong gian topo tich khong dugc ké thira tir cac
khong gian t6pd thanh phan. Cac phan vi du ndi tiéng minh chirng khang dinh nay d dugc
dua ra boi cac nha Toan hoc, c6 thé ké dén J. Dieudonné nim 1939 va Sorgenfrey nim
1947. Véi mong mudn khdng gian tich ¢ thé ké thira tinh chuan tic tir cac khong gian
thanh phan, thong thudng c6 hai hudng nghién ciru duoc dit ra hodc 12 bd sung thém diéu
kién dbi voi cac khong gian thanh phan hoic 1a xay dung mét 16p cac khong gian méi co
tinh chat yéu hon chuan tic. Theo hudng hinh thanh nén cac lop khdng gian méi, céc tinh
chat du6i chuan tic nhu hau chuan tic, chuan tic nhe, twa chuén tic, © — chuan tic lan
luot duoc dinh nghia va két ndi véi nhau theo so dd sau:

Hau chuén tic
. . L 7 .
Chuantic = m — chuan tac Chuan tac nhe

Tua chuan tac

Hinh 1. Mgi quan hé giiza cac tinh chdt chudn tic
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Nam 1989, T. M. Nour [1] d4 st dung khai niém p — ma dé dinh nghia mot tinh chét
dudi chuan tic 1a p — chuan tic. Viéc dinh nghia tinh p — chuan tic dd mé duong cho
hang loat cac khai niém méi ra doi nhu hiu p — chuan tic, p — chuan tic nhe, tua p —
chuén tic va gan day 1a mp — chuan tac.

Vi céc khai niém giira tinh chuan tic va tinh p — chuan tic c6 su twong tng nhét dinh
nén nhitng dic diém tuong dong néu cé gitra cac tinh chat p — chuan tic va chuan tic 1a
mot van dé can dugc quan tim nghién ciu. Bai viét ndy s& nghién cau céc tinh chat p —
chuan tic mot cach c6 hé théng véi nhitng dic diém tuong ty nhu c&c tinh chat chuén tic
& hai phuong dién tinh chat dic trung va su di truyén ddi voi khong gian con.

Trong sudt bai viét, thuat ngir khong gian dugc hiéu 1a khdng gian topd thuan tay,
chua thoa man bat ki mot tién dé tach nao va cac ki hiéu dugc sir dung déu 1a cac ki hiéu
co ban ctia Topd dai cwong, ¢6 thé tra ctru theo R. Engelking [2].

2. Céctinh chat p — chuin tac
Goi A la mot tap con bat ki ciia khong gian topd X . Khi do,

- Céac ki higu int, (A) va A" theo thu ty 12 phan trong va bao dong cua tip con A
trong X .

- Tap con A dugc goi la mé chinh quy néu A= int (Z)

- Tap con A duoc goi la déng chinh quy néu X \ A 1a mot tdp mé chinh quy. No6i cach
khéac, A latap dong chinh quy néu A= F(A)

- Tapcon A duoc goila p—mé néu Acint (Z)

- Tap con A duoc goila p—ddng néu X\ A 1a mot tap p — mo. No6i cach khac, A la

tap p — dong néu int(A) cA.

- Tap con p — dong nho nhét chira tap con A duoc goi 1a p — bao déng cua A va
dugc ki hiéu 1a p—cl(A). N6i cach khéc, p — bao déng cua tap con A chinh la giao cua
tat ca cac tap con p — dong chira A.

- Tapcon A duoc goi la m — déng néu A 1 giao hitu han cua céc tap dong chinh quy.

- Tapcon A duogc goi lam —md néu X\ A Ia mot tap m — dong. Noi cach khac, A la
tap m — md néu A 13 hop hitu han cua cac tdp mé chinh quy.

Nam 1989, T. M. Nour [1] dua ra khai niém p — chuan tic thdng qua viéc két hop
hai khai niém chuan tic va p — mo.
Dinh nghia 1.
Mot khong gian X duoc goi 1a p — chudn tic néu véi moi cip tap dong F, va F,
roi nhau, ludn ton tai cac tip p — mé U va V réinhau théamin F,cU va F,cV.
Sau d6, nim 2000, G. B. Navalagi [3] mé rong khai niém p — chuan tac thanh hau
p — chuan tic va p — chuan tic nhe.
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Dinh nghia 2.

Mot khong gian X dwoc goi I hau p — chudn tac néu voi moi tap dong F, va moi
tap dong chinh quy F, roi nhau, ludn ton tai cac tip p —mo U va V roi nhau théa mén
FcUvaFcV.

Dinh nghia 3.

Mot khong gian X duoc goi 1a p — chudn tdc nhe néu véi moi cip tap dong chinh
quy F, va F, roinhau, ludn ton tai cac tap p — ma U va V roinhau thoa mdn F, cU va
F,cV.

Nam 2012, S. A. S. Thabit va H. Kamarulhaili [4] dinh nghia khai niém mp —
chuan tic bang céch phat trién cac khai niém p — chuan tic va m — chuan tic, trong do
khai niém 7 — chuén tic dugc dwara bai L. Kalantan vao nam 2008.

Dinh nghia 4.

Mot khong gian X dugc goi la mp — chudn tac néu véi moi tap dong F, va moi tap
m — dong F, roi nhau, ludn ton tai cac tap p — mo U va V roi nhau théa mén F, cU va
F,cV.

Tir cac dinh nghia vira néu, ching ta c6 chudi quan hé thir nhit nhu sau:

Chuan tic = p — chuan tic = mp — chuan tac = Hau p — chuan tic = p — chuén tic nhe

Ciing trong nam 2012, S. A. S. Thabit va H. Kamarulhaili [5] dinh nghia thém khai
niém tya p — chuan tac, mot tinh chat nam gitra mp — chuan tic va p — chuén tic nhe.
Dinh nghia 5.

Mot khong gian X duogc goi 1a twa p — chudn tic néu véi moi cap tap m — dong F,
va F, roi nhau, ludn ton tai cac tap p—mo U va V rdi nhau théa mdn F cU va
F,cV.

Theo S. A. S. Thabit va H. Kamarulhaili [5], khai niém tua p — chuan tic doc lap véi
cac khai niém trong chudi quan hé thir nhat giira cac tinh chat p — chuan tic. Hai tac gia da
minh ching cu thé Iap luan nay théng qua mot phan vi du khang dinh khéng gian Topd
Day Hiu Ty 1a mot khdng gian hiu p — chuan tic va khong twa p — chuan tic. Do do,
chiing ta ciing c¢6 chudi quan hé thir hai nhu sau:

Chuén tic = p — chuén tic = mp — chuan tic = Tyap — chuan tic = p — chuan tic nhe

Két hop hai chudi quan hé thir nhat va thir hai, chung ta c6 so d6 quan hé giira cac
tinh chat p—chuan tic nhu sau:

Hau p — chuén tic
. _y LD N . .
Chuan tac = p — chuan tac = np — chuan tac p — Chuan tac nhe
Tuap — chuén tic

Hinh 2. Méi quan hé giiza cac tinh chdt p — chudn tic
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3. Pic trung caa cAc tinh chat p — chuén tic

Bang cach thay d6i vai tro cua cac tap hop tuong tng véi khéi niém, céc tinh chat
p — chuan tic co dic trung hoan toan twong ty nhu cac tinh chat chuan tic. Viéc chimg
minh cac tinh chat dac trung nay khong qué kho, kha gidng véi cach chirg minh tinh chat
dic trung cua khong gian chuin tic va co thé tim thiy trong cac bai viét cia G. B.
Navalagi [3] va S. A. S. Thabit, H. Kamarulhaili [4], [5].

Ménh dé 1.
Cho X 1a mét khéong gian. Khi d6, cic ménh dé sau twong dwong nhau:
(a) X 1a mgt khong gian p — chudn tdc;
(b)Véi moi cdp tdp mé A va B théa mdn AUB = X, ludn ton tgi c&c tdp p — déng U
vaV saochoUcA,VcBvaUuwV=X;
(C)Véi moi tdp déng F va moi tdp mé G chita F , lubn ton tai mét tip p —mo U sao
cho FcUcp-cl(U)cG.
Chitng minh.

(a) = (b): V&i moi cap tip mé A va B théa mdan AuB=X, X\Ava X\B la
c4c tap déng roi nhau. Do X 1a mot khdng gian p — chuan tic nén ton tai cac tap p — mo
V, va V, roi nhau thoa man X \AcV, va X \BcV,. Dat U =X \V, va V = X \V,. Khi
do, U vaV lacéctapp —dongthbamdn Uc A, VcBvaUuwV=X.

(b) = (c): Vi moi tap dong F vamoitap mé G chaa F, X \F va G lacac tap
mo théa man (X \F)uG=X. Theo (b), ton tai cac tap p — dong W, va W, théa man
W,cX\F, W,cG va WUW,=X. Suy ra, FcX\W, va X\W,cW,. Dt
U =X \W,. Khi d6, U la mot tap p — mo thoamén F cU cW, < G. Vi W, la mot tap
p —dongnén p-cl(U)cW,va FcUcp-cl(U)cG.

(c) = (a): V&imoicap tap dong F, va F, roinhau, G = X \F, 1a mot tip m& chia
F, vi F, 1a mot tap dong va F,nF, =& . Theo (c), ton tai mot tap p —md U sao cho
FcUcp-cl(U)cG. Vi p—cl(U)cG=X\F, nén F,c X\ p-cl(U). Hién nhién,
V=X\p-cl(U) lamottap p —ms va UNV =I. Do do, ton tai cac tipp —mo U va
V roinhau théamén F, cU va F, <V hay X la mot khong gian p — chuan tac.

Bang cach 1ap luan tuong tu két hop vai viée thay dbi tinh chéat cia cac tap hop,
chling ta s& chirng minh duoc cac tinh chat dic trung sau dbi vai cac khong gian hau p —
chuén tic, p — chuan tic nhe, mp — chuan tic va tya p — chuén tic.

Ménh dé 2.
Cho X 1a mét khéng gian. Khi d6, cic ménh dé sau twong dwong nhau:
(@) X 1a mét khong gian hau p — chudn tdc;
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(b)VéGi moi tdp mé . A. va moi tdp mé chinh quy B théa mdn AUB =X, ludn ton tai
cactgpp —dong U vaV saochoUcA,VcBvaUuwV=X;
(C)Véi moi tip dong F va moi tdp mé chinh quy G chita F , ludn ton tai mét tap p —
mé U saocho FcU cp-cl(U)cG.
Ménh dé 3.
Cho X l1a mét khéong gian. Khi d6, cic ménh dé sau twong dwong nhau:
(a) X 1a mgt khong gian p — chudn tdc nhe;
(b)V6i moi cap tdp mo chinh quy A va B théa m&n AUB = X, ludn ton tgi cac tdp
p—dongU vaV saocho UcA,VcBvaUuwV=X;
(C)Véi moi tip déng chinh quy F va moi tdp mé chinh quy G chita F , udn ton tqi
mottip p —mo U saocho FcU c p-cl(U)cG.
Ménh dé 4.
Cho X 1a mét khéong gian. Khi d6, cic ménh dé sau twong dwong nhau:
(a) X la mgt khong gian mp — chudn tdc;
(b)Véi moi tap mé A va moi tip m — mé B théa man AUB= X, ludn ton tai cac tdp
p—dongU vaV saochoUc A, VcBvaUuwV=X;
(C)Véi moi tdp déng F va moi tgp m —mdé G chiza F , ludn ton tgi mét tip p — mé
U saocho FcUcp-cl(U)cG.
Ménh dé 5.
Cho X 1a mét khéong gian. Khi d6, cic ménh dé sau twong dwong nhau:
(a) X la mgt khong gian twa p — chudn tdc;
(b)Véi moi cap tdp 1 —mo A va B théa man AUB =X, ludn ton tai cac tp p —
dongU vaV saochoUcA,VcBvaUuV=X;
(c)Véi moi tdp m — déng F va moi tdgp m —mé G chiza F, lubn ton tai mét tap p —
mé U saocho FcU cp-cl(U)cG.
4. Swditruyén caa cac tinh chit p — chuan tic
Néu cac tinh chat chuan tic di truyén d6i voi cac khong gian con dong thi cac tinh
chit p — chuan tic di truyén ddi véi cac khong gian con déng chinh quy. Nam 2000, G. B.
Navalagi [3] d& chiang minh sy di truyén caa mot s6 tinh chit p — chuan tic dwa vao mot
ménh dé dugc cac tac gia S. N. El-Deeb, I. A. Hasanein, A. S. Mashhour, T. Noiri dé cap
dén trong [6] ndm 1983. Bai viét nay s& chang minh sy di truyén cua cac tinh chat p —
chuan tic bang mot cach khac thdng qua nhitng tinh chit caa tap dong chinh quy trong
mbi tuong quan véi Cac tap trd mat, p — mo, p — déng, m — mo, T — dong.
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Ménh dé 6.
(a)Khéng gian con déng chinh quy cia mgt khdng gian p — chudn tac 1a mét khdng
gian p — chuan tic.
(b)Khéng gian con déng chinh quy ciia mét khdng gian hau p — chudn tac 1a mgt khong
gian hau p — chudn tdc.
(c)Khéng gian con déng chinh quy ciia mgt khéng gian p — chudn tic nhe 1a mgt khdng
gian p — chudn tdc nhe.
(d)Khéng gian con déng chinh quy cua mgt khong gian mp — chudn tac 1a mét khdng
gian p — chudn tdc
(e) Khéng gian con déng chinh quy ciia mét khéng gian twa p — chudn tdc 1a mét khong
gian tya p — chudn tdic.
Chitng minh. Dé chimg minh cac ménh dé ndy, ching ta can chirng minh cac bo dé sau:
Bé dé 1.
(1)Néu M la mgt khéng gian con cia khéng gian X va AcM thi
int, (A)=int,, (A)nint, (M);
(2)Néu D 1a mér tdp trd matva U 1a mét tdp mé trong khong gian X thi
UcUnD;
(3)Néu M 1a mgt khéng gian con déng chinh quy cia khéng gian X va Ac M thi

int,, (A) =int,, (A)~int, (M)

Chitng minh.

(1) Léy bat ki x thudc int, (A)nint, (M), x thudc int, (A) va x thudc
int, (M). Do x thudc int,, (A) néntontai U m¢ trong X saocho xeU nM c A. Mat
khac, vi x ciing thuoc int, (M) nén ton tai V mo trong X sao cho xeV c A. Pat
G=UnNV .Khidé, G la mot tap mo trong X thoa mén xe G < A. Do do, x int, (A)
hay

int, (A)nint, (M)cint, (A).

Nguoc lai, lay bat ki x thudc int, (A), suyra x thudc int, (M) do AcM. Do x
thuge int, (A) nén ton tai U mo trong X sao cho xeU < A. Khi d6, UM [a mét tap
mo trong M thoa mdn xeUnNMcA. Do d6, xeint,(A) hay
int, (A)cint,, (A)nint, (M).

(2) Laybatki x thuoc U . Véimoi V mé chita x, VAU 1a mot tap mo chia x .
Do D la mot tap trll mat hay X =D nén (UnV)nD=@ hay VN(UnND)=d& . Do
d6, xeUnD hayU cUND.
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(3) Hién nhién, int, (A)int, ( ) cint,, (A)NI .Do M la mot khong gian con

M
dong chinh quy nén int, (M )VI (M) NM =M. Suy ra, int, (M) la mot tap trd
)

mat trong M. Mat khac, int,(A) la mot tdp mo trong M. Theo (2),

int,, (A) int,, (A)~int, (M) . Do do,

int,, (A) cint, (A)nint, (M)
Bé dé 2.
(1)Goi M 1a& mét khéng gian con déng chinh quy ciia khéng gian X . Néu A 1a mét
tdp p — dong trong X thi AnM la mét tgp p — dong trong M .
(2)Goi M 1& mét khéng gian con déng chinh quy ciia khéng gian X . Néu A 1a mét
tip p — mo trong X thi AnM lamét tip p — mo trong M .
Chitng minh.
(1) Theo Bodé 1,
M M

int,, (A M) =int, (AnM)Aint, (M) =int, (ANM)

it (AnM) "M

X

cint, (A) NM
c AnM.
Do d6, AnM 1a mét tap p — dong trong M .
(2) DoA lamottap p —mé trong X nén X\ A la mot tap p — dong trong X .
Theo (1), G=(X\A)nM la mét tip p — dong trong M hay M\G la mét tap p — mo
trong M . Mt khac, M\G=ANM. Do do, AnM lamottap p — mé trong M .
Bé dé 3.
Néu M 1& mét khéng gian con dong chinh quy cia khéng gian X va A 1a mét tdp
dong chinh quy trong M thi A la mét tap dong chinh quy trong X .
Chitng minh.
Do M la mét khéng gian con dong chinh quy ctia khong gian topé X va A la mot
—X —_—FF)M
tap dong chinh quy trong M nén int, (M) =M va int,, (A) =A.
Theo B6 dé 1,

int, (A)X =int, (A)nint, (M )X =int,, (A)X Nint, (M )X

=int, (A) AM =int,, (A)" =A
Do d6, A la mot tap dong chinh quy trong X .
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Bo de 4.

Néu M 1& mét khéng gian con dong chinh quy cia khéng gian X va A la mét tap
7 — dong trong M thi A la mét tdp m — dong trong X .

Chitng minh.

Do A la mot tap w— déng trong M nén ton tai hitu han cac tap A Véi
i=12,3,...,n dong chinh quy trong M sao cho A= ﬁA . Theo B6 dé 3, tat ca cac tap A

i=1
V6i i=1,2,3,...,n déu dong chinh quy trong X . Do d6, A la mottap m — dong trong X .

(8) Goi Y la khong gian con dong chinh quy ciia khong gian p — chuan tic X . Lay bt
ki mot cap tap dong F, va F, roinhau cua khong gian Y. Do Y 1a khong gian dong chinh
quy nén Y la mot tap dong ctia khong gian X . Do d6, F, va F, la cac tap dong cua
khong gian X .

Do X la mot khdng gian p — chuan tic nén ton tai cac tap p —mo U va V roi
nhau caa khong gian X thoamin F,cU va F,cV. Theo B6dé2, UNY va VY la
CacC tap p — mo roi nhau cua khong gian Y thoa mdn FFcUNY va F,cV NY. Vi vay,
Y 1a mot khdng gian p — chuan tic.

(b) Goi Y 1a khong gian con déng chinh quy cua khong gian hiu p — chuan tic X .
Lay bat ki mot tap dong F, va mot tap dong chinh quy F, roi nhau cta khong gian Y .
Theo B6 dé 3, F, 1a mot tap dong chinh quy ciia khong gian X . Mit khac, do Y 1a khong
gian dong chinh quy nén Y la mot tap dong ctia khong gian X . Do d6, F, 1a mét tap dong
cua khong gian X .

Do X la mot khdng gian hau p — chuan tic nén ton tai cac tap p —mo U va Vv roi
nhau ctia khong gian X théamin F,cU va F,cV.TheoB6dé2, UNY vaVnNY Ia
CacC tap p — mo roi nhau cua khong gian Y thoamén FFcUNY va F,cV NY. Vi vay,
M [a mét khdng gian hau p — chuén tic.

(c) Lap luan tuong tu cach ching minh & Ménh d¢ (b).

(d) Goi Y la khong gian con dong chinh quy ciia khdng gian mp — chuan tic X . Lay
bat ki mot tap dong F, va mot tap m — déng F, roi nhau ciia khong gian Y . Theo Bo dé
4, F, 1a mot tap m — dong cua khong gian X . Mat khac, do Y la khong gian dong chinh
quy nén Y la mot tap dong cuia khong gian X . Do do, F, la mot tap dong cua khong gian
X.

Do X la mot khdng gian p — chuan tic nén ton tai cac tap p —mo U va V roi
nhau cua khong gian X thoamidn F,cU va F,cV. Theo B6dé2, UNY va VY la
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Ccac tap p — mo roi nhau cua khong gian Y thoa mdn F, cUNY va F,cV NY. Vi vay,

Y 12 mot khong gian mp — chuan tic.

(e) Lap luan tuong tu cach chig minh & Ménh d¢é (d).
5. Kétluan

Nhu vay, c4c tinh chit p — chuén tic da duoc nghién ciru mot cach co hé thong va rd

rang trong bai viét. Bén canh d6, cac dic diém twong ty nhu tinh chat chudn tic cta céc
tinh chat ndy ¢ hai phuong dién tinh chat dic trung va su di truyén d6i véi khong gian con
cang duogc chirtng minh. Do viéc mo ta cic tap p — mo ctua mot khéng gian topd khé phac
tap nén nhiéu vin dé mo ddi véi cac tinh chat p — chuan tic van dang duoc cac nha toén
hoc quan tim. Trong cac dinh hudng sap t6i, ching toi s& cd ging tap trung vao cac hudng
nghién ctru sau nham Iam rd hon vé cac tinh chat p — chuén tic cuia mot khong gian topo:

1. M&i quan hé néu c6 giira khdng gian tya p — chuan tic va hau p — chuan tic;

2. B @& Urysohn dbi véi cac tinh chat p — chuan tic;

3. Bai toan vé sy ké thira trén khdng gian topd tich tir cac khdng gian tépd thanh phan
d6i véi cac tinh chat p — chuan tac.
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