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TOM TAT

Todn tir Hamilton cho nguyén tir heli hai chiéu dwoc biéu dién thanh céng duwéi dang dai s6
théng qua cdc todn tir sinh hity heong tir, tir ddy mo ra khd ndng iimg dung phwong phdp dai sé dé
gidi bai todn. Cuy thé, bé ham co s& dudi dang dai $6 duoc dwa ra trong bai bao dudi dang bo ham
séng cua dao dong tir diéu hoa rdt thudn tién cho cdc tinh todn gidi tich cdc yéu t6 ma trdn, dong
thoi van mang cdc ddc diém cia ham séng nguyén tir hydro; do dé, cé thé sir dung hiéu quda cho
viéc gidi bai todn dang xét va cd cdc bai todn nguyén tir hai chiéu khdc, vi du nhw exciton am trong
dién truong, tir truong.

Tir khoa: phuong phap dai s6, hé nguyén tu hai chiéu, toan tir sinh hiay, bo ham co so,
exciton.
ABSTRACT

Algebraic method for two-dimensional helium atom

The Hamiltonian for a two-dimensional helium atom is successfully represented in the
algebraic form via the quantum annihilation and creation operators. This success opens a
possibility to apply algebraic methods for solving the problem. Particularly, a basic set in the
algebraic form given in the paper as a set of harmonic oscillator wave functions is very useful for
analytically calculating matrix elements as well as characterizes the hydrogen atom wave functions
that makes the solving process effective not only for the considered problem but also for other two-
dimensional problems such as negatively charged exciton in an electric/magnetic field.

Keywords: algebraic method, two-dimensional atomic systems, annihilation and creation
operators, basic set, exciton.

1.  Mé dau

Nguyén tir heli hai chiéu mé ta hé vat li thyc 1a exciton 4m trong ban dan 16p hay
trong cac hé nguyén tir hai chiéu dugc nghién ctru rat tich cuc gan day ca thuc nghiém 1an
i thuyét. Chinh vi vay, viéc giai phuong trinh Schrédinger cho nguyén tir heli hai chiéu
trong dién trudng, tir truong dén nay van dugc quan tdm nghién ctru [1, 2]. Trong cong
trinh nay, bai toan exciton 4m duoc xét dén nham xdy dung phwong phap dai sd giai
phuong trinh Schrédinger khong nhitng cho bai toan dang xét ma co thé ap dung cho céc
bai toan tiép theo vo1 sy ¢c6 mat cua tur truong, dién truong.
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Biéu dién dai sb cua phuong trinh Schrédinger cho dao dong tir didu hoa qua cac
toan tir sinh huy luong tir dd dugc Dirac dua ra va duge mo ta trong cac sach gido khoa vé
co luong tir. Biéu dién nay di duoc sit dung thanh cong cho bai toan exciton hai chiéu
trung hoa trong tur truong va nho dé6 ma ap dung hiéu qua phuong phap toan tir FK giai
phuong trinh Schrdinger cho hé nay [3]. Viéc phat trién tiép phuong phap dai sb tinh toan
nay cho exciton am, mot hé phirc tap hon 13 diéu can thiét. Néu exciton trung hoa co6 thé
xem 14 bai toan twong tu nguyén tir hydro trong chat ran (bai toan mot hat) thi exciton 4m
chinh 1a bai toan twong tu nguyén tir heli (bai toan hai hat). Viéc phat trién phwong phap
dai s6 néu trén khong phai d& dang ma can co sy nghién ciru thau dao.

Van dé khé nhat khi biéu dién dai sé cho bai toan nguyén tir 1a thanh phan tuong tac
Coulomb (cta electron voi hat nhan) c¢6 cac toa do dudi mau s6 dan dén viec khong thé ap
dung hé thirc giao hoan ctia cic toan tir sinh hily trong céc tinh toan yéu té ma tran. Van dé
nay da duoc giai quyét trong cong trinh [4] bang cach 4p dung phép bién dbi Levi-Civita
[5] dua bai todn nguyén tir hydro hai chidu vé bai toan dao dong tir hai chiéu. Bai toan ma
cong trinh [4] xét, exciton trung hoa trong tir trudng déu, vi vay duoc dua vé bai toan dao
dong tir phi diéu hoa. Vi bai toan nguyén tir heli, phép bién doi Levi-Civita ciing c6 thé sir
dung dé dua thanh phan twong tac lién quan dén twong tac electron-hat nhan vé dang da
thirc. Tuy nhién, khong thé dung phép bién ddi nay dé da thirc hoa thanh phan tuong tac
electron-electron, ma chi c¢6 thé sir dung phép bién d6i Fourier nhu chung toi trinh bay
trong nghién ctru nay.

Viéc quan trong tiép theo sau khi biéu dién dai s6 cho phuong trinh Schrodinger 1a
xay dung b ham séng co so, lam nén tang cho viéc ap dung cac phuong phap gan ding
no6i chung va phuong phap toan tir FK [3, 6] noi riéng cho viéc gidi phuong trinh. B6 ham
co s& can xdy dyng mot miat phai du don gian dé co thé tinh dugc cong thirc giai tich cho
cac yéu t6 ma tran nham giam thiéu khéi luong tinh toadn cuia may tinh. Mét khac, by ham
co s& ndy phai chira dic diém vat I ciia hé twong tac Coulomb nham c6 dugc toe do hoi tu
cao trong cac giai thudt tinh toan. Dua vao bd ham co s& cho hé¢ mét hat dugc xay dung
thanh cong trong cong trinh [4], by ham co s& cho h¢ hai hat s& dugc duoc xay dung dép
g hai yéu ciu vira néu. Tham s ty do ciing dugc dua vao dé tiry bién bo ham co so va
c6 thé tmg dung hiéu qua phuong phap toan tir FK.

2. Mb hinh dao ddng tir phi diéu hoa cho bai toan heli hai chiéu

Phuong trinh Schrédinger khong thir nguyén cho h¢ tuong tac hai electron véi mot

hat nhan sau khi tach khoi tim dé dua vé bai toan hai hat c6 dang nhu sau:

1 o o° Z Z 1
(V' 4V )=, | —— S Tl Y(r,r,)=E¥(r,T, 1
{ 2( 1+ 2) ah(axlaxz—‘raylasz r+|r_r2|} (rl r2) (rlr) ()

2 1
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m, /m,

Vo1 hé Sé) ahzﬁ
+m,/m
e h

, trong d6 m,, m, lan luot 13 khoi luong electron va hat nhan.

V6i nguyén tir heli thuc, ti 1& m, /m, nho cho nén hé sé a, ~0.00014 nay co thé bo qua,
tuy nhién khi xét bai toan exciton am hai chiéu khéi luong hiéu dung cia electron va 15
tréng m., m, dugc st dung va do ching c6 gia tri gan nhau nén hé sé «, khong thé bo
qua, vi du cho truong hop ban din GaAs thi ¢, ~0.12, ban din GaSb la «, ~0.14 [7]. Chi

¥ rang v6i phuong trinh (1)-(2) cho exciton, don vi ning luong va khoang cach lan luot
ung véi nang luong Hartree va ban kinh Borh hiéu dung.
Str dung phép bién di Levi-Civita:

2 2
{Xs_us —Vs,

s=12, 2
ys = ZUSVS’ ( )

voi dxdy, =4S +v,2)dudv,, r,=x’+y =u>+V, [7], ta dua phuong trinh (1)
vé khong gian (ug,v,) nhu sau:

l:l \I’(Ul,Vl,UZ,VZ)ZO, (3)
véi  H =r1r2(I3| —E),

\/(ulz —u2 -V +V,? )2 + AUy, — Uy, )’

Phuong trinh (3)-(4) mo ta hai dao dong tir didu hoa hai chidu twong tic v6i nhau.
CAu trac phuong trinh don gian hon so véi phuong trinh (1) do cac thanh phan chinh déu
c6 dang da thuc theo bién s dong luc hoc; vi vay, cé thé st dung b ham co s¢ cua dao
dong tir didu hoa cho cac tinh toan. Phuong phap tinh toan dai s st dung cac toan tir sinh
hity ¢6 thé str dung cho bai toan nay va s& trinh bay trong muc tiép theo. Duy nhét s hang
cudi 1a thanh phﬁn tuong tac co bién s6 dudi mau, tuy nhién ta c6 thé sir dung tinh toan dai
s6 sau khi bién d6i Fourier nhu sau
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+00 +00

g (u +v)(u +v) J-

° _m_m/t1 2

Ngoai ra, ta théy rang bai toan dang xét bao toan moment dong luong theo truc Oz do

|(u12 ) +2iuvt, e—i(uz2 —v,2)t —2iu,V,t, dt1 dt (5)
.

toan tu
N A 0 0 0
=L12+L22__|(X1__y j [ -y J (6)

o, ox) oy, Tox,
giao hoan v6i Hamiltonian. Dé sir dung trong céc tinh toan, ta viét toan tir nay trong khong
gian (u

.»V,) nhu sau

I:Z:—li uli—vli _L uzi—vzi . (7
2 (Mo, tou ) 2 Zov, o,

3.  Biéu dién dai s6 qua cac toan tir sinh hiy
Céc toan tir sinh hiy duoc dinh nghia nhu sau:

o 1 1 8 . 10 10
U, =, [—=| U, +— u =, [—=|u ———|,
2 a)au 2 @ OU

A \F 10 e 10
v, = Vi+—— Vo =05 | Vs——= |
P N2 @ OV, ) 2 ° wov,

trong d6 @ 1a tham s6 tu do; s=1,2. Cac toan tir ndy thoa méan cac hé thirc giao hoan dic

(8)

trung cua céc toan tur sinh huy: [us,u ] " [\75,\7t+ ] Oy » voi Ki hi¢u delta-Kronecker

st 2
0, dugc st dung. Do bai toan ta dang xét c6 bao toan moment dong lugng cho nén b ham
co sO dugce str dung 1a nghiém riéng cta toan tir I:Z . Tuy nhién, qua biéu dién céc toan tir
(8), I:Z khong c6 dang trung hoa; do viy ta s& st dung phép bién ddi chinh tic nhu sau dé
dinh nghia cac toan tir sinh hily méi:
A 1. iv A+ 1 A+ Tt
a, :ﬁ(uS +iV,), & =$(u -iv;),
~ 1 i
b, =——=(U0,—1Y,), b+
Lo, 6=t

Céc toan tir &, . b, b (s=12) giit nguyén céc tinh chit ciia cac toan tir sinh hity,

L

9)

O++|v)

trong d6 co6 cac hé thirc giao hoan dic trung:

I:as a ] st |:bs’bt+] =0y (10)
ma ta s& sir dung trong céc tinh toan dai sb.

Toan tir L, qua biéu dién dai s6 c6 dang trung hoa nhu sau
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3 1 A+A A L ATA .
LZ:—E(aiai—blbﬁazaz—bzbz). (11)
Ngoai ra, Hamiltonian c6 thé biéu dién dai sb qua cac toan tir sinh huy. Dé minh hoa,
mot s6 thanh phan trong Hamiltonian duoc biéu dién nhu sau
o o ~ ~on ~
auz +8V2 :a)(albl _alal_ 1b1_1+a1b1)’

1 1

5 a _ A2_A2 A+2_A+2
Uy~ — = (81 b?+ ) (12)
uf—vf:_z (é12+612+2é1*61+2é161*+éf+A*2),
@

20y, =~ (47 b7 + 248 - 268 +57 -4°).

Véi biéu dién (12) ta c6 thé viét Hamiltonian ciia bai toan dudi dang dai s6. Ta thy
céc toan tor déu nam dudi dang da thirc ciia cac toan tir sinh huy, tuy nhién con co cac toan
tir trong thanh phan cta toan tir (5) c6 dang ham e-mii sau

61 _ eitl(uf )+t (2u) _ (13)

Toan tir ndy c6 thé biéu dién qua toan tir sinh hity va dua vé dang chuan thuan tién
cho tinh toan dai sé nhu trinh bay trong Phu lyc. Chu ¥ ring céac toan tir (12), (13) ta viét
cho trudng hop chi s6 s=1 cho toa d6 u,,V, ; trudng hop chi sé s=2 cho toa d6 u,,v,, ta
¢6 thé viét hoan toan tuong tu.

4. B ham co sé dang dai so

Tiép theo, bo ham co s¢ dang dai s6 s& duoc xay dung. Cac bo ham co s& nay la ham
song riéng cua hé hai dao dong tir diéu hoa hai chiéu (bén bac ty do). Ngoai ra, bd ham co
so nay cling dugc xdy dung Ung vai gi tri xac dinh cia moment dong luong toan phan. Dé
dat duogc muc dich d6, cdc ham sé phai 13 ham riéng chung cua cac toan tir trung hoa
4'4,0b,474,,bb, va cua toan tir L.

Ham song ciia dao dong tir diéu hoa co dang
@) B) (&) ()" |0(e) (14)

Lttt
VOi Jj, Jp» Ja» Js 12 céc s6 nguyén khong am; trang thai chan khong duoc dinh nghia

4,|0(@)) =0, b|0(@))=0, &,|0(w))=0, b,|0(w))=0. (15)

D& dang kiém tra duoc (14) 13 ham riéng ctia L, tng v6i tri riéng

Z

| j1r jz! jsi j4> =
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1, . . . .
mZE(_Jl+JZ_JS+J4)' (16)
Tu (16) ta cod
2m:_j1+j2_j3+j4:_(j1+j3)+j2+j4’ (17)

suyra j+ j,+ J,+ J, =2m+2(j, + J;) cling la s6 chin, cho phép ta dat:

n=j+J++1, (18)
v6i n 1a s6 nguyén khong am. Ta chon bo ham co s¢ (14) véi hai sb luong tir n,m do dé
trong bén chi s6 lwong tr j,, j,, js, j, chi con hai chi s6 doc lap. Chon hai chi s6 lwong tir
conlaila j, j, taco

Jy=n-m—], Jo=n+m-—j,. (19)

Bo ham co so (14) duoc viét lai nhu sau

[N, by, o) = Noy, @D (0) 2 (&)1 (b))

vo1 hé so chuan hoa

0(w)), (20)

N _ 1
nmj j, \/jl!jzl(n_m_jl)!(n+m_j2)!

Céc chi so lugng tr n,m, j;, J, c6 mién xac dinh nhu sau

n=0,142,..; m=-n-n+1..,n-1n;
,=0%..,n-m; j,=01..,n+m,
hay viét ngan gon
0<j,<n-m, 0<j,<n+m, |m/<n. (21)

Bo ham co s& (20) c6 thé sir dung cho viéc giai phuong trinh Schrodinger bang
phuong phap dai s6. B6 ham nay khong chi sir dung cho bai toan nguyén tir heli ma con
cho cac bai toan phtrc tap hon nhu heli trong tir truong, dién truong. Dac bi¢t tham s6 tu do
@ cho phép chung ta thay tiiy bién bo ham co s& dé phu hop véi cac bai toan khac nhau.

5.  Kétluan

Trong bai bao nay, phuong trinh Schrédinger cho nguyén tir heli hai chiéu duoc biéu
dién dai sd qua céc toan tir sinh hity. Bo ham co s¢ cling duoc xdy dung dudi dang dai sb
thuan tién cho tinh toan. B6 ham nay vira 13 ham song ctia hé hai dao dong tir diéu hoa hai
chiéu rat thuan tién cho tinh toan, déng thoi van mang dic diém vat Ii cia ham song
nguyén tir hydro hai chiéu lam cho viéc van dung cic phuong phap giai khac nhau sau nay
¢6 hiéu qua cao. Chu ¥ 1a trong cong trinh ndy mo hinh nguyén tir heli hai chiéu c6 thé van
dung cho bai toan thyc 1a exciton 4m hai chiéu. Viéc ap dung dé giai phwong trinh
Schrodinger cho exciton 4m hai chiéu trong tir trueong s& trinh bay trong bai bao tiép theo.
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PHU LUC

S P ~ A it (U2 —v?)+ity (2
Dang chuén ciia toan tir e mii O = 't ") 1w

Trong phan nay, chiing toi trinh bay cac tinh toan dé dua toan tir dang ham e mii vé dang
chudn, 13 hinh thtrc biéu dién toan dudi dang dang tich cua cac toan tir sinh huy, trong d6 toan tir
sinh ndm vé bén trai, toan tir hiy nim vé bén phai va toan tir trung hoa & giita, thuan loi cho viée
tinh toan dai s6 khi sir dung cong thirc (15). Khéac véi cic toan tir c¢6 dang da thirc, chi can sir dung
tinh chét giao hoan tir (10) dé chuyén vé dang chuan, cic toan tir c6 dang ham e mii thi quy trinh
phuc tap hon.

Trudc hét ta viét toan tir (51 trong biéu dién toan tir sinh huy (9):
6, =exp| t(-A - 2iK, +A) | (P1)

voi tham s6 méi t = «ftf +1,° / 2w va céc toan tir méi dugce dinh nghia nhur sau:

~ it1+t2 ) itl_tz '\2

NS +\/tf+t22 '
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'\+= _it]_+t2 "+2+ _it1_t2 )

5 —It, —t 4 A
iK, = L Tl b bla1 Jaz+b?.
JU+t, 7 1[
Dé tién sir dung ta ki hi¢u thém cac toan tir méi:
M;=ab . M/=ab" , N=a4a+bb+1. (P3)
Céc toan tir (P2) va (P3) tao thanh mot dai sb kin, tuan theo cac hé thirc giao hoan:

_Ai A1:| 4N1 ) [AL’N1:|=2A1 ) [I\All,:&f]zzi&f J

, (P2)

- , (P4)

y + ¢ y % 7+ 7+

[ MM =N [MN [=2M, | R, My | =2M,
Ngoai cac hé thirc giao hoan (P4), tit ca cac giao hoan tir con lai ctia cac toan tir A, M ,
Kl, Nl, M o A déu bang zero. Ta chu y thém 1a trong sau toan tir néu trén ta c6 hai toan tir trung

hoa la l\]f = Nll va Kf = Kl. Dé dé theo ddi, cac hé thic giao hoan (P4) c6 thé viét dusi dang

bang sau, trong d6 moi 0 1a bi€u dién cia giao hoan tr cua [cot, hang]:

A M/ iK, N, M, A
Ar |0 O | _am; | 2A" | 2iK, | 4N,
M, | 0 0 A | 2M; | N, | —2iK,
iK, | 4M; | -A' 0 0 | A | 4Mm,
N, | 2A" | -2m; | O 0 |2m, | 2A
M, | 2K, | -N, A | -2m, | © 0
A | 4N, | 2iK, | -4M, | 2A | © 0

Ta s€ dua toan tir 61 (t) vé dang chuan nhu sau:

Ol(t) — e(*N*ZiKﬁA;)I — ef (t)Al+eg(t)Mfeh(t)iKlel(t)Nleq(t)Mlep(t)A , (P5)
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trong d6 cac ham sé can tim  f (t), g(t), h(t), I(t), q(t), p(t) co diéu kién bién nhu sau:
f(0) =9(0) =h(0) =1(0) =q(0) = p(0) =0 . (P6)
Dé tinh toan, ta xac dinh toan tir nghich dao cia toan tir (P5) 1a:
3Lt} — @~ 9OAA-POM; 41 (ON; 4 -h(O)iKy 4~ f (AT 4-g(OM]
O, (t)=e e e e e e
A .
Lay dao ham cuia toan tir (P5) theo bién sd t:
O, (t) = (A" - 2iK, + A )el A 2KirAx
— f'(t)A;ef(t)Afegmeeh(t)i&el(tmleq(t)mlep(t)/% n
1(1)a FOA N +ad (OMT QIR oI ON; 4a(t)My 4 p() A
g'(t)e M/ e¥ M g™ g gt ie +
hr(t)ef(t)Afeg(t)MfiKleh(t)nqel(t)Nleq(t)Mlep(t)A1 "
11)af WA Q9N JhOK N ol (ON 4a(OM; 4P A
I'(t)e e’ eVIN e et e +
qr(t)ef(t)A;eg(t)MfehmiKlel(t)NlMleq(t)Mlep(tm i
1(4ya f DA RGOM] AWK I ON N T AdOM; A 4 PDA
p'(t)e R e " e M e AP
sau d6 nhan hai vé cho toan tir nghich déo, ta thu dugc biéu thuc:
AT A 1 R A A
O, (0, () =(-A"-2iK, + A)
= F'OA + g/ (OM; +h'(t)e WA IO K g WA oM
H(t)e " OA goN: Nle—fawe—g(t)w i (P7)
+q'(t)ef(t)A;eg(t)Mfeh(t)iKlel(t)NlMle—l(t)Nle—h(t)iKle—f(t)Afe—gme
1+ p'(t)e " OA goONI ghiK: gl O, Ae—l(t)Nle—h(t)i&e—f A =g OM;

Ta c6 thé khai trién cac thanh phan toan tir trong (P7) bang cach sir dung cong thirc Baker-
Campbell- Hausdorff [8]:

e*Be =B +[A é}ul[A,[A, éﬂ+l[A,[A,[A, ém+.... (P8)

3!
Cu thé, ta thu dugc:
e WA @IOMIjR o TOA e 0N iR _g(t)A" +4 f ()M,
e WA gIOMI N g~ A g oM _ N 2 (1) A" —2g()M; (P9)

cho hai thanh phan dau tién ctia (P7). Cho hai thanh phén tiép theo ta can tinh cac biéu thirc trung
gian nhu sau:

e|(t)N1 Mlefl(t)’\]l —e?2® |\7|1, el(t)'\]1 Aiefl(tml = Ai
e"VU:N1,e "% — cos[2h(t) | M, +%sin[2h(t)]A1,
&'V Ae O, — cos[2h(t)] A —2sin[2h(t)]M,

IO\ e 9 OM _ Ml—g(t)'\]ﬁgz(t)mf,
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e O N, O =N, -2 @)iK, - 42 (OM,

e' N Re 'ON =N, —2f (A"

o WA QIONI N} o-0OM o= FOAT _

M, -2 F OK, g, +290) T OA +[ O -4 ]V,

e’ WA A TOA — A 4N, +4F2(1)A
e90M Ae O _ A 4 2g(1)iK, —g?(t) AT
gION N g 90N _ |\]1—29(t)l\7lf’

ol OA IO/ Aie—f(t)/%*efg(t)w =

A +2g(t)iK, —4f (N, +8f () g(OM, +[4F*(1)-g°(t) |A".
Két hop cac cong thuc trung gian trén ta co:
(O QoM gh(V, QI \j -I(O1: g H(is ool o= (O

cos[Zh(t)] M, + %sin[Zh(t)] A

+{g(t)sin[2h(t)]- 21 (t)cos[ 2n(t) J}iK,

=g —{2f(t)sin[2h(t)]+g cos[Zh ]}

+{%[4f2(t) 9% ( ]sm[Zh )]+29(
pf DA QaOM; gh®iK; ol (DN, Ale—l(t)Nle—h(t)iﬁle—f<t)Afe—g(t)Mf —
cos[2h(t)]e™® A —2sin[2h(t)]e™ M,
+{2g(t)cos[2n(t)]+4 f (t)sin[2h(t)] }e ' iK,
+{-4f (t)cos[2h(t)]+2g(t)sin[2h(t)]}e ' N,
+{8f (g (t)cos[2n(t)] -2[ g?(t) -4 *(t) ]sin [2h(t)]}e’2'“’ M,
+ {[4 £2(t) - g°(t) Jcos[2h(t)] - 4g(t) f (t)sin [2h(t)]}e‘2'(" A

N,
+{4g(t) f (t)sin[2n(t) ]+ g*(t)-4f>(t) Jcos[2n(t) ]} M
(t)f(

(t)cos[ 2h(t) ]+ A

(P10)

(P11)

Pem (P9), (P10), (P11) thé vao (P7), sau d6 dong nhit cac hé sd cho timg toan tir ta thu duoc

hé phuong trinh vi phan sau:
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A —1=f't)-h'(t)g(t)-2f @)I'(t)
+€70 2g() (1) {q/(t) cos[2h(t) | - 2p'(®)sin [2h(t) (P12)
+ %ezm) [417(t) - g*(t) |{2p'(t) cos[2h(t)]+q'(t)sin [2n(t) ]},
M :  0=+g'(t)+4f ()N () —2g®)I'(t)
+e20[g2(t)-41%(t) | {q'(t) cos[2h(t) ]| - 2p'(®)sin [2h(1)]} e
+4e™'Y £ (g (t){2p'(t) cos[2h(1)]+q'(B)sin[2n(D)]},
K, : —2=h'(t)—2e" f(t){q'(t)cos[2h(t)]-2p'(t)sin [2n(t)]}

(P14)
+e29 g(t) {2p'(t) cos[2h()]+ ' (t)sin[2h(1) ]},
N,: 0=1'()—e?® g(t){q'(t)cos[2h(t)]-2p’(t)sin [2h(t)]} (P15)
—2e70 f (1) {2p'(t) cos[2h(t)]+q'(t)sin[2h(t) ]},
M,: 0=q'(t)cos[2h(t)]-2p'(t)sin[2h(t)], (P16)
A 2¢O =q/(t)sin[2h(t)]+2p'(t) cos[2n()] . (P17)

Tir cac phuong trinh trén ta c6 thé bién doi lai thanh hé cac phwong trinh vi phan gon hon.
That vay, dem (P16) va (P17) the vao (P14) va (P15) ta thu duoc:
I't)=41f(@t), h@{t)=-2-29() . (P18)
DPem (P16), (P17) thé vao (P12) va (P13), sau d6 sir dung (P18) ta c6 hé hai phuong trinh cho f (t)
va g(t):
') =411 -[g@)+1] (P19)

g'(t) =8f (t)[1+g(t)] . (P20)
Bing cach dat F(t) = 2if (t)+g(t) +1 va G(t) = 2if (t) - g(t) -1, hé phuong trinh (P19)-(P20)
dé dang giai dugc véi diéu kién bién (P6) ra cac nghiém sau:

t 4t

f(t):—m, g(t):—m . (le)

Thé cac nghiém thu dugc (P21) vao phuong trinh (P18), sau d6 giai cac phuong trinh vi phan
bac mot véi cac diu kién bién (P6) ta thu duoc:

h(t) = —arctan(2t), I(t) = —% In(1+4t?). (P22)

Pem nghiém thu dugc (P22) thé vao (P16) va (P17) ta thu dugc hé phuong trinh vi phan bac mot
cho cac ham s6 (t) va p(t). Nghiém cua hé phuong trinh nay véi diéu kién bién (P6) dé& dang
thu duoc:

—4t°
1+4t%°

t
p(t) = o q(t) = (P23)
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Nhu vay ta di thu dugc dang chuan cua toan tir dang e-mii (bo ddu gach ngang vi phia trén

khong c6) nhu sau:

61 (t) = e(—Ai+—2iK1+A1)t
N e (P24)

-1 A= t
——M o —In(+4t?)N
— el+4t2 e1+4t2 ! e_arCtan(Zt)lKle 2 (L+4tINy

412 M
pl+at? ' glrat?

A
O day ta c6 thanh phan toan tir

A —iarct 2‘/t12+t22 Ky o[ e =i
Ql:e arcan( ) —e [”‘1 "‘1], (P25)

vOl cac toan ti

&+ it —t A+ o it +1 ARt A A+A .
M = Moot b, M =- Mo+l ab’, A, =44 —-b'b, r:arctan(zaftfﬂzz).

2, 42 2 42
t+t t+t

ciing tao thanh dai s6 kin:

Aot it, —t A+ A4
(]2 o J(a8) =2,
it, +t, (A

th +17

Thyc hién theo quy trinh twong ty nhu trén, ta ciing tinh duoc:

&, = eFin g TP o

Nhu vy ta thu duge dang chuan cua toan tir (51 (t) dang e-mii (bé dau gach ngang) thuén tién
cho céc tinh toan dai s6 nhu sau
T ) Lufsfg ]
Iy 412+t 2)+1 4(112 +t22)+1 Z\WW —=In| L+4(t +t5 ) |y 22 +t21m
O«/2+t2:e(12 e gVl g 2 g VE TR
41('(12 +t22) i ﬁz +t22 Ai

i|"\]1/2 e4(t12 +t22)+1 1e4(t12 +t22)+1 .

X [4(tl2 +t22) +1
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