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TOM TAT

Trong bai b4o nay, bang cach six dung cdng cu dao ham Fréchet va dudi vi phan Michel-
Penot, chiing t6i da thiét ldp duoc mét két qua méi vé diéu kién can toi wu ¢ dang quy tdc nhan ti
Lagrange cho bai toan téi wu ngau nhién.

Tir khéa: ham gid tri ki vong, téi uu ngdu nhién, didu kién cin tbi wu, kha vi Fréchet, dudi vi
phan Michel-Penot.
ABSTRACT

Lagrange multiplier rule for the stochastic optimization problem

In this paper, by using Fréchet derivative and Michel-Penot subdifferential, we establish a
new Lagrange multiplier rule for the stochastic optimization problem

Keywords: Expected value function, stochastic programming, necessary optimality
conditions, Fréchet differentiability, Michel-Penot subdifferential.

1.  Céckién thire co ban
Trong bai bao nay, ching tdi nghién ciu bai toan tdi wu ngiu nhién (SOP) nhur sau:
(SOP): min E[ f (x,®)],
vsi E[f,(x,0)]=0, i=1..,m,
xel".
O day, E[f(x®)] va E[f(X®)] 1a ki vong cia cic dai lwong ngau nhién
f,f:0"xQ—0 tuong tng v&i o do phan bd x4c suat P trén khong gian (Q,X) xac
dinh nhu sau

E[f (x@)]=]f(x0)Pd(o), E[fi(x,w)]=£fi(x,w)Pd(a)).

Viéc nghién cau quy tac nhan tir Lagrange cho bai toan tdi uu (khong co tinh ngau
nhién) da duoc nghién ctu rong rdi voi viéc st dung rat nhiéu loai dao ham hay dudi vi
phan, cac khong gian nguon va dich trong ham muc tiéu va va ham rang budc cé thé Ia hitu
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han hozc vo han chiéu. Tuy nhién, cac két qua cho bai toan t6i wu ngau nhién thi chua
nhiéu. Theo hiéu biét cia ching t6i thi chu yéu nghién ciru trong truong hop hitu han
chiéu, véi viéc sir dung mot vai loai cong cu dao ham hodc dudi vi phan nhu: dao ham
Fréchet, dudi vi phan caa ham 16i, dudi vi phan Clarke, dudi vi phan epi... va chua thiy
cac két qua co s dung dudi vi phan Michel-Penot. Hon nira, trong I6p cac ham lién tuc
Lipschitz dia phuong, chlng t6i nhan thay, dén bay gio, thi tap dudi vi phan Michel-Penot
caa I6p ham nay la nho nhiat; va do dé, cac két qua vé didu kién can ti uu (néu co) khi sir
dung dudi vi phan nay s& Ia manh nhat.

Bai bao nay duoc céu trac nhu sau: Trong muc 1, chling t6i s& cung cap cac kién
thitc co ban dung trong bai bdo; Muc 2, s& trinh bay mot két qua vé quy tac nhan tir
Lagrange cho bai toan téi uu st dung hdn hop cong cu dao ham Fréchet va dudi vi phan
Michel-Penot; Muc cudi, bang cach sir dung két qua trong Muc 2 va mot két qua méi lién
quan dén ham ki vong, chung t6i dua ra diéu kién can tdi wu cho bai toan tdi wu ngiu
nhién.

Dinh nghia 1.1.

Cho E va F la cac khdng gian Banach va ham f : E — F . Ham f duoc goi 1a kha vi
Fréchet tai x néu ton tai mot toan tir tuyén tinh lién tuc @ : E — F sao cho:

f(x+h) = f(x)+(h)+0(h),
Voi
0(h)/|h||— 0 khi h—0.

Va khi d6 ta ki hiéu ¢ = f (x) hay ¢ = Vf (x).
Dinh nghia 1.2.

Cho E la khong gian Banach, E* 1a khong gian déingau ciaEva f :E — [ la mot
ham s6. Pao ham Michel-Penot theo hudng caa ham f tai x theo huéng v e E 14 gia tri
duoc xac dinh nhu sau

f(X+tv+tw)— f(x+tw)

f°(x;v) :=suplimsup :
weE 10 t

va dudi vi phan Michel-Penot cua ham f tai x la tip duoc xac dinh nhu sau

o f (x):={x* cE” :<x*,v>§ fo(x*;v) YV e E} .
Dinh nghia 1.3.

Cho E la khdng gian Banach va ham s f :E — (1. Ham f dugc goi 1a lién tuc
Lipschitz dia phuong tai X néu ton tai cc sé duong & va A sao cho

00— f(x)|<A|x—x| vxeB(x.e).
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Ménh dé 1.4.
(xem [1,2,3]) Néu f :E —[ lién tuc Lipschitz dia phwong tai X thi:

Gy £° (x;.) 12 hitu han, thuan nhat duong va nira cong tinh trén E;
(i) £%(x.) 1aham 13 tren E;
(iii) 0°f (x) la mot tap khac tréng, 16i va compact yéu" cua E;
(iv) f°(x;v)=max{<¢f,v>:a§ eo’f (x)} véimoi Ve E.

Dinh nghia 1.5.

Cho X la khdng gian Banach va M < X . Mot vecto X € X duoc goi la tiép xdc véi
tip M tai X, néu ton tai mot £>0 va mot anh xa r:[0,e]—>X sao cho
X, +tx+r(t)eM vte[0,¢], ||r(t)||/t —0 khi t — 0. Tap tit ca cac vecto tiép xdc Vi
tap M tai X, duoc ki higu 1a S, (x,).

Sau day la mot dinh li quan trong cua Ljusternik.
binh li 1.6.

(xem [4]) Cho X va Y la cac khdng gian Banach, anh xa f : X —Y la kha vi Fréchet
trong mot 1an can cua X, € X . Gia st ImVf (x,) =Y va Vf lién tyc tai xo. Khi d6 ta co

Sy (%) =KerVf(x,).

Lvu y rang hat nhan va anh coa anh xa duoc xac dinh  boi
Kerf ={xeX:f(x)=0};Imf ={f(x)eY:xeX}.

Ménh dé 1.7.

(xem [4]) Cho X va Y la cac khong gian Banach, @ : X — Y la mot toan tir tuyén
tinh sao cho Im¢g =Y . Khi dé ta c6 (Ker(p)L =Img’, trong d6 (Kerg) Ia phin bl tryc
giao cua hat nhan cua &nh xa ¢, Ime”* la anh cua toan tu lién hgp cua ¢ .

2. Piéu Kkién toi wu cho bai toan t6i uvu

Cho X, Y la c&c khong gian Banach va cdc &nh xa f: X —» 0, g: X —Y . Ta xét bai
toan téi uu (OP) sau

(OP) min f(x),
vaig(x) =0,

XeX.
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binh 1i2.1.

Gia su f Lipschitz dia phuong tai X , g kha vi (Fréchet) lién tuc tai X  va Im
Vg (X*) =Y . Néu X langhiém cuc tiéu dia phuong cua (OP) thi tdn tai €Y dé cho
Oeaof(x*)+<(Vg(x*)) ,/l>.

Chimg minh. Dat Q={xe X|g(x) =0}. Ta s& ching minh f°(x",v)=0 voi moi
VeS, (x).

That vay, néu veS,(x) thi tdn tai u(t)—>0khi t10, ton tai 7>0, véi moi
te [O,T],

X +tv+tu(t)eQ.

Sur dung tinh Lipschitz dia phuong cua f va tinh cyc tiéu dia phuong ciia X ta c6

£2(x1v) =sup limsup f(X +tv+tw) - f (X" +tw)

wex  tlo t
> limsup f(x +tv)—f(x)
tlo t

_ limsup f(x +tv+t:1(t))—f(x ) >0
t0

Tiép theo, ta ching minh tdn tai ¢, € 9° f (x*):<§2,v>= 0 V6imoi veS,(x).

Theo dinh Ii Ljusternik SQ(X*) = Ker Vg(x'), do dé So (x") 1a mét khdéng gian con caa X.
Ta dat & 1S, (xX') >0 thoa <§1,V> =0 vsimoi Ve S, (X"). Nhu vay & tuyén
tinh va
(&)< f °(x*;v) YV e Sy ().
Vi f°(x*,.) la nira tuyén tinh nén theo dinh Ii Hahn-Banach, tdn tai 4nh xa tuyén
tinh &,: X >0 thoa
(&,V)=0WeSy(X)
va
(& V)< <>(x*;v) Yve X.
f

f
Do <>(x*,.) bichannén &, e L(X,0) vadodo & ed°f (x)
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Cudi cung, dé két thdc chung minh ta can chang to ton tai AeY™ thoa

& = <(Vg (x)) ,/l>. That vay, &, € (KerVg (x*))i . Ap dung ménh dé vé khong gian truc

il * s
giao ta co (KerVg(x*)) =1Im (Vg(x*)) ,vatr & elm (Vg(x*)) dan dén diéu phai
chitng minh. [
3. Piéu Kkién toi wu cho bai toan téi vu ngiu nhién

Trong muc nay ta ludn gia s véi moi x< ", E[f (x,a))} va E[fi(x,a))} hitu
han, i=1,...m.
binh nghia 3.1.

(xem [6]) Ki vong cta tap ngau nhién T 1a tap sau

ET = IQF(w)Pd (o) =cl {Igu(w) Pd(w)|u 1a lat cat kha tich coa I'},
& day, cl la ki hiéu bao déng cua mot tap (khdng c6 “cl” biéu thic trén chinh 1a tich phan
theo nghia Aumann).
binh nghia 3.2.

Ham tya cua tap C < " dugc dinh nghia nhu sau

s(h):=supz'h.

zeC

Ta c6 két qua la: néu s1 va s 1a cac ham tya twong tng vai hai tap 16i, dong A va B
thi s,(h) <s,(h) Yh el " khivachi khi Ac B.

Ta c6 cac két qua trong [7] lién quan dén ham ki vong nhu sau
Ménh dé 3.3.

Gia stt f (., ) lién tuc déu hau khap noi tai X,, nghia 1a véi moi & >0 ton tai mot

lan canV cua X, sao cho véi moi y eV thi
| (X, 0)— f(y,0) <& véi hau khép @ Q.
Khi dé E[ f(.,w)] lién tuc tai X,.

Ménh dé 3.4.
Gia stt (., @) kha vi hiu khip noi tai X,Vva ton tai bién ngdu nhién nhan gia tri

duong C(w) thoa E[C(a))} <+ va VX, X, thudc 1an can nao d6 cua X, thi
| (%, @)= T (%, 0)|<C(a)[x,—x,] véi hau khip w Q.

Khidé E[ f ()] khavitai X, va (Ef) (x) =E[ f,(%,0)].
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Ménh dé sau 1a mot két qua mai vé dudi vi phan Michel — Penot cia ham ki vong ma
chuing tbi chirng minh dugc.
Ménh dé 3.5.

Giasa véi X,y ell", anh xa o+ f’(X,®,Yy) 1 do dwoc; ton tai bién ngiu nhién

nhan gi4 tri duong C(w) thoa E[C(a))]< +o0 Va Vi moi X, X, thudc 1an can cua x thi
| (%,0)— f (X, @)|<C(@)|x —X,| véihiu khip @ cQ.
Khi s, 0° (E f)(x) = E[0°f (x,0)].
Cheng minh.

Taco
f(x+ty+tz,0)- f(x+1tz,0)

f'(x,@;y)=suplimsup
zel” 3% t

Pat
f(x+ty+tz,0)- f (X+1z2,0
()= 1 )~ (o)

Ta thay |Ht'Z (a))| <t'C(o)|ty|<C(w)|y|. Do dé theo b6 dé Fatou ta duoc

sup lim sup_f H,,(o)Pd ()< Isup limsupH, , (o) Pd (@),
0 o tlo

zell" td Qzeu"
nghia la
(E f)o(x;y)s E(ff(x,a);y)). (1)

Goi s1va 57 1a cac ham tua twong ung véi tap o° (E f)(x) va E[@Of (xa))] Ta dé
dang thiy hai tap trén Ia 16i va dong. D& hoan thanh chirng minh ta chi can chi ra rang
s,(v) <s,(v) Vv ell". That vay, tir (1) va (iv) caa Ménh dé 1.4 ta c6

s,(v) < E[ f (X @; y)]
va

f(X,@,y)=Vv'g(w) véi g() e’ (X, o) nio do.

Vi vay

E[ £ (% ; y)] =V'E[g(w)],
nghia 1a

E[ £ (xo;y)|=VE[&f(x,0)].

Nhur vay, E[ f (X ; y)] <s,(v), vado dod s, (v) <, (V) . L

Sau day la két qua vé diéu kién can cho bai toan tdi wu ngau nhién (SOP).
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binh i 3.6.
Gia su
() véi x,yeld", anh xa o f’(X,@;y) 1a do dugc; ton tai bién ngiu nhién nhan gia
tri duong C(w) thoa E[C(a))]<+oo Va vGi moi X, X, thudc 1an can caa X~ thi
|f(x1,a))— f (xz,a))|£C(a))||x1—x2|| v6i hau khap o € Q
(i) véi moi i=1,..m, f;(.,@) kha vi hiu khip noi trong mot 1an can cia X va

Vf, (., @) lién tuc déu hau khdp noi tai X" ; h¢ {VE fi(x*)} doc 1ap tuyén tinh;

i=1,...,
(iii) voi mdi ie{l...m}, ton tai bién ngdu nhién nhan gid tri dwong C(w) thoa
E[C(a))}<+oo va voi moi X, X, thudc 1an can cua X thi
|, (% @)= f; (X,,0)| < C(o)[%,— %, | v6i hau khip & Q.

Khi d6 néu X 1a nghiém cuyc tidu dia phuong cua (SOP) thi ton tai cac gia tri thuc
A,1=1...,m sao cho

er[aOf(x*,a))}‘

y A f(x, .
2 IE[VX I(x a))}
Cheng minh.

Tur gia thiét (i), E[f (X, a))] lién tuc Lipschitz dia phuong tai X . Theo Ménh dé
3.3, E[ f;(x, )] kha vi lién tyc tai X, i=1,..,m. Ap dyng inh Ii 2.1 cho bai toan (SOP),

ton tai cac gia tri thuc A, sao cho

0 €[ (X' 0) [+ X AVE[ f,(X,0)].
i=1
St dung céc két qua c6 dugc tr Ménh dé 3.2 vd Ménh d& 3.3 Ia
VE[ (X' 0)|=E|V,f(X,0)] va & (Ef)(X')cE|&f(X\0)], ta co ditu phai
chirng minh. L
Nhdn xét
(i) Céc tinh chat caa ham Ki vong nhu ¢ dang trong Ménh dé 3.5 chi dugc nghién cau
trong trudong hop st dung dudi vi phan cua ham 161, dudi vi phan Clarke, dudi vi phan
contingent, dudi vi phan epi... Chua thay c6 két qua nao khi sir dung duéi vi phan Michel-
Penot.
(i) Pinh Ii 3.6 1a hoan toan méi. Céc két qua tuong tu cho bai toan nay trong tai liéu
[6,7] chi sir dung cac loai dudi vi phan caa ham 16i, dudi vi phan Clarke, dudi vi phan
contingent, dudi vi phan epi.
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% Tuyén bé vé quyén loi: CAc tac gid xac nhan hoan toan khéng c6 xung dét vé quyén loi.

TAI LIEU THAM KHAO
W. Schirotzek, Nonsmooth Analysis. Springer-Verlag, Berlin Heidelberg, 2007.
J.Y. Jane, “Nondifferentiable multiplier rules for optimization and bilevel optimization
problems,” SIAM J. Optim, vol. 15, pp. 252-274, 2004.
V. Laha, B. Al-Shamary and S.K. Mishra, “On nonsmooth V-invexity and vector variational-
like inequalities in terms of the Michel-Penot subdifferentials,” Optimization Lett, vol. 8, pp.
1675-1690, 2014.
A.D. loffe, and V.M. Tihomirov, Theory of Extremal Problems. NorthHolland, Amsterdam,
pp. 45-57, 1979.
R.T. Rockafellar, Convex Analysis. Princeton University Press, Princeton, NJ, 1970.
R.J.-B. Wets, “Stochastic programming,” in: Handbook for Operations Research and
Management Sciences, vol. 1, G. Nemhauser and A. Rinnnooy Kan Eds, Elsevier Science
Publishers, 1989, pp. 573-629.
A. Ruszczynski, A. Shapiro, “Optimality and duality in stochastic programming,”
Handbooks in OR & MS, vol. 10, A. Ruszczynski and A. Shapiro Eds, Elsevier Science B.V.
2003.

135



