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TOM TAT

Cho D la vanh chia tam F véi phép doi hop + Trong bai bao nay, ching toi ching minh
duwoC rang néu vét va chuan ciia dao nhom cdp n deu chira trong tam F thi dim_ D <4. Két qua
nay la mé réng mét két qua rat cé dién cia Herstein. O phan tiép theo, ching t6i sé trinh bay mt
két qua cho vanh chia cé phép doi hop.

Tir khoa: vanh chia, phép ddi hop, vét, chuan.
ABSTRACT

The set of symmetric elements of a normal subgroup in a division ring with involution

Let D be a division ring with center F and with involution =. In this paper, we proved that if

trace and norm of the n" derived subgroup are contained in F then dim_D <4.This is an

extension of Herstein's classical result. In the next section, we present a result for division ring
with involution.
Keywords: division ring; involution; trace; norm.

1. Giéithiéu

Cho R 1a vanh c6 don vi. Anh xa 4:R— R, x> x* duoc goi 1& mot phép déi hop
néu voi bit ki x,yeR, ta co(x+y)* =x*+y* (xy)* = y*x*va(x*)* =x. Tap hop
S ={xeR Ix* =x} duoc goi la tdp cac phan ti doi xiing cia R. Vi x € R, nhiing phan tir
x+x* va xx* lan luot duoc goi 1a vét va chudn caa x. R rang, vét va chuan cia mot phan
tir 1a nhitng phan tir trong S . Nhimg dinh nghia va két qua co ban cta vanh c6 phép ddi
hop c6 thé tham khao trong [1].

Gia sir A la tap hop con caa R. Ta n6i A 1a x-bat bién néu x* € A voi moi x € A. Pat
S,={xe Alx* =x} 1a tdp cac phan tir doi xing cia A. Vét ciia A dugc dinh nghia 1a
T, ={x+x* Ixe A} va chudn caa A 1a tap hop N, ={xx* Ix € A}. Néu A la *-bat bién va

dong véi phép cong thi T, = S,. Mot cach twong tw, néu A Ia *-bat bién va dong véi phép
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nhan thiN, = S,. Vanh co s6 ma chung t6i nghién ctu trong bai bao nay la vanh chia.
Chang ti s& mé rong hai két qua caa Herstein lién quan toi vanh chia c6 phép dbi hop.

Cho D la vanh chia c6 tm F véi phép ddi hop . Nam 1976, Herstein d& chiang minh
ring néu tap hop S={xeDIx* =x} c4c phin tir déi xing cua D chua trong F thi
dim_ D <4. Mzc du, phat biéu gia thiét 1a S < F, nhung trong chitng minh, Herstein chi
dung dén tinh chat x+ x* va xx* thuc F véi moi x e D. Chitng minh chi tiét c6 thé tham
khao trong [1]. Trong bai béo nay, ching t6i ma rong két qua cia Herstein voi gia thiét
x+x* va xx* thuoc F vai moi x e D™ thay vi x € D. Nhic lai raing D™ [a dgo nhom cdp
n cia nhém nhan D* = D \{0} v&i dinh nghia quy nap nhu sau: D© =D va véi n>1,

D™ =[D"Y D"V]=([a,b]=aba™b™" la,b e D",
nhém con giao hoén tir caa D™ ™. Ki thuat ma chdng t6i s dung trong bai nay duoc ké
thira tir [2] va [3]. Tuy nhién, dé tién theo ddi, chiing toi s& trinh bay lai cac ki thuat nay
mot cach ngan gon trong Muc 2.

Két qua tiép theo ching toi dé cap la hai két qua mo rong cua Pinh Ii Cartan-Brauer-
Hua cho vanh chia: mot dinh li caa Stuth va mot dinh li cua Herstein. Dinh li Cartan-
Brauer-Hua phat biéu rang, néu D la vanh chia va K 1a vanh chia con thyc sy caa D sao

cho xKx™ < K vé&i moi x e D" thi K chaa trong tm cua D. Nam 1963, Stuth ¢& mé rong
két qua nay khi chirng minh trong vanh chia D tdm F va K la vanh chia con thyc sy cua D,
néu G la nhém con & chuan tic cia D” thoa G ¢ F va xKx*c K véi moixeG thi
K < F . Trong khi @6, Herstein lai mo rong theo huéng vanh chia co phép dbi hop. Cu the,
cho D la vanh chia tdm F va phép ddi hop *, K la vanh chia con thuc sy cia D sao cho
xKx ' K v6i xeS\{0}. Khi d6, néu dim_D>4 thi K< F. Phan cudi cia bai bao
nay, la mé rong ca hai két qua trén khi xét gia thiét xKx™ < K véi moi x €S, thay vi
xe S trong két qua cua Herstein hay x € G trong két qua cua Stuth.

Céc ki hiéu trong bai bao nay, 1a cac ki hiéu thuong ding. Chang han, néu R Ia vanh
thi Z(R) la tim ciia R; R™ [a nhém nhéan caa R; M, (R) Ia vanh cac ma tran cap n véi hé so
trén R; GL,(R) 1a nhém nhén cuaM_ (R) va SL (R) la nhom giao hoan tir cua GL,(R).
M6t ma tran vudng a véi hé sé trén truong, ta ki hiéu |a| 1a dinh thuc cua a.

2. Pong nhit thirc Laurent va don thic giao hoan tir

Trong phan nay, ching tdi trinh bay mot sé ki thuat lién quan toi dong nhat thirc
Laurent s& dugc sir dung trong Muc 3. Cho F 1a truong va X ={x,,X,,---, X} la tap hop m
bién khéng giao hoan. Ki hiéu F(X) 1a vanh da thirc Laurent caa X trén F, nghia 13, mi
phanta f(X) cia F(X) c6 dang
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't

F(X)= Zaixizni‘lxir:i‘z SR
i=1

trong d6, & € F,x e X va m,; el . Mdi phan tir ciia vanh da thic Laurent F(X) dugc

goi la da thuc Laurent. V&i mot bo (c,,C,,---,C, ). trong d6 ¢ €RI1a cac phan tir kha
n

nghich, ta hieu f(c,,c,,--+,c,) =Y arcic" ¢ la gid tri cuia da thuc f khi cc bien x,
i=1

duoc thay thé bang gia tri ¢,. Cho R 1a mot vanh ma tam ciia n6 chtra F. Ta n6i R thoa mot
dong nhdt thic Laurent néu ton tai mot da thirc Laurent f(X) khac O trén F sao cho voi
moi bo (c,,cC,,---,C,), trong do . kha nghich trén R, taco f(c,c,,---,c,)=0. Dat L(R) la
tap hop tat ca cac dong nhat thuc Laurent cia R.

Bo dé 2.1.

Cho D la vanh chia véi tam F. Néu dim_. D =d? va M, (F) la vanh ma trgn véi h¢
s6 trén F thi L(D) =L(M, (F)).

Chung minh. bay la mot truong hop dac biét caa [4, Theorem 11].

Trong bai nay, ta xét mot sd don thirc Laurent dic biét sau: gia st m =2" véin la sb
ty nhién, tac 13, X ={x,X,,---,X,,} gom 2" bién. Ta dinh nghia bang quy nap déy cac don
thie Laurent nhu sau. Dat u,(x;,X,) =%, X, | = X% %" . Gid st U, (X, X+, X,,,) d&
duoc dinh nghia. Khi do,

Up (X3 X0 ) = U O+ X0 )y Uy (Koo X50)]-

Pon thic U, vira dinh nghia ¢ trén duoc goi 1a don thirc giao hoan ti cap n. Chi'y
rang don thirc giao hoén tir dugc xay dung khdng phu thudc vao truong co s F. Hon thé
nira, ta c6 méi quan hé giira don thirc giao hoan tir cap n va dao nhém cap n ciia mot nhom
nhu sau:

Bo dé 2.2.

Cho G la nhém nhan, G™ la dao nhém cdp n cua G va u, dwoc dinh nghia ¢ trén,
Khi dé véi ¢,,C,,---,C,, €G, taco u,(c,c,,~,C,)e G",

Chiing minh. Chting minh cé thé tham khao trong [2, Lemma 4].

Mot trong nhitng hé qua caa bd dé trén 1a néu G 1a nhdm giai dugc voi G™ =1 thi
U,(¢,,C,,++,C, ) =1 Vi moi ¢, €G. Diéu nay tuong duong véi néu G giai dugc thi ton tai

n sao cho 1—u (X, X,,---,X,) =0 1a dong nhét thic cia G.

2n
Tiép theo, ta s& xét mot da thirc Laurent dic biét lién quan téi phan tir dai sb. Dé tién

trinh bay sau nay, gia sic X ={x,y,,--,y,}. Dat
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a(d)

9 (X, Y0 Yoo V) = 2, sign(o)x” @y x7 @y, - x7¢ Py x

oeSy

trong d6, S,,, 1a nhom hoén vi cia {0,1,---,d +1} va sign(c) la du cua hoanvi oS, ;.
Khi d6, rd rang g(x, y,,---, y,) 1a mot da thuc Laurent trong F(X). Pa thic nay dung dé
nghién ctru nhitng phan tir dai s6 bac bi chan trén F. Nhic lai, cho vanh R ¢ tm chaa F.
Mot phan tir a € R duoc goi dai 56 trén F néu né 1a nghiém caa mot da thic khac 0 voi hé
so trén F, tac 1a ton tai a,a,--,a €F khong dong thoi bang O sao cho
a,a"+a,,a" " +---+a,=0. Tandi a la phan tr dgi s6 bac n trén F néu a dai s6 trén F van
la s6 nho nhit thoa a,a"+a, ,a" ' +---+a, =0. Két qua sau day cho ta mbi quan h¢ cua
mot phan tir bac bi chin va g.

Bo dé 2.3.

Cho D la vanh chia c6 tdm F sao cho dim_. D<o~ va M (D) la vanh ma trdn

vudng cdp n véi hé so trén D. Vsia e M (D), cac phat biéu sau la twong diong.
(1) a 1a phan tir dgi 6 trén F bac <d ;
(2) véimoi by,b,,---,by e M, (D), g4(a,by,b,,--,b;) =0.
Chiing minh. B dé chi 1a truong hop riéng cua [5, Corollary 2.3.8].
3. Vétva chuin ciia dao nhom cap n
Bo dé 3.1.

Cho M, (F) la vanh ma trdn cdp d trén F va U, (%, X"+, X, ) duge dinh nghia
trong B @é2.2. Khi ds, néu F vd hgn thi ton tai c,,C,,---,C,, €GL,(F) sao cho
Uy (C,,C,,+,C,0 ) dai 50 trén F bdc d.

Chiing minh. Truéc hét, ta ching minh bang quy nap theo n phét biéu sau: véi moi
phan tr aeSL,(F), ton tai a,,a,,---,a, € GL,(F) sao cho a=u,(a,-,a,). Néu n=1
theo [6], véi moi aeSL,(F), ton tai a,,a, GL (F) sao cho a=aa,a,'a," =u,(a,,a,).
Gia sir két qua dang voéi n—1, tac 13, v6i moi phan ta beSL,(F), ton tai
bbb, eGL(F) sao cho u,(b,b,---b,.)=b. Vi aeSL,(F), ton tai
1 icz. Suy ra,
lc, | Ic, |

a=bb,b'b," va by,b, e SL,(F). Theo gia thiét quy nap, ton tai a,a,,---,a, €GL,(F)

c,.c, eGL,(F) sao cho a=cc,c 'c, (theo [6]). Pit b =—oc,b, =

sa0 cho b=u.,(a,a,,a,.) va b=u.@,., a.,""a,). Suy ra

a=u,(a,,a,,,a,). Vay phat biu duoc chimg minh.
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Tiép theo, xét ma tran duong chéo a=(a;)..,, trong d6 a, = a; Vvoi moi
1<i# j<d va a,a,,---a, =1. Dé thay dugc su ton tai cua a, ta xét cac truong hop sau:
Truong hop char(F)=0, chon a, =ivéi 1<i<d va a, =1"2"--(d -1 trudng hop
char(F)=p>0, goi [, la truong con nguyén t6 caa F. Do F v6 han nén mé rong trudng

F /0, hodc 1a mé rong khong dai sb hoac 1a mé rong vo han sinh. Néu u la phan ti khong

dai so trén [J |, tachon a; =u'véi 1<i<dva a, =u 2 .Neu F/[ ) v6 han sinh, thi

ta chon chon a; sao choll (a,)&l ,(a;,a,)E & (a8, 8y 5yq.)Va
84 =858, gy - Nhu vAy, a ton tai. Mt khac, da thic dic trung cua a 14
(x—a,)(X—a,)--(x—a,) va aeSL,(F) do dinh thic cua a bang a,,a,,---a,, =1. Theo
phat biéu trén, ton tai a,,a,,---,a, €GL,(F) sao cho a=u,(a,,a,,,a,). B6 d¢ duoc
ching minh.
binh 1i 3.2.

Cho D la vanh chia tam F véi phép doi hop *. Néu vét va chudn cia D™ déu chiza
trong tam F thi dim_ D <4.

Cheng minh.

Gia sit x+x*,xx* e Fvdi moi xeD. Truse hét, ta chiing minh véi xeD néu
xx* =1 eFthi x*x=41.

That vay, néu x=0thi xx* =x*x=0. NéuxeD\{0}thix* =x"A=Ax", do d6
X'x=x"x=21 Véixe D™, ta cd x*—(x+x*)x+x<¢ =0. Hon nita, x+x* =a,xx* = eF,
nén x la nghiém cua phuong trinh t? —at+ 8 =0. Nhu vay, moi phan tir cia D™ déu dai
s bac <2 trén F. Néu F hitu han thi cac phan tir D™ déu xoin. Ap dung [7, Theorem 8],
ta dugc D™ c F. Nhu vay, D" giai dugc. Theo [8], D giao hoan. Khi d6, dim. D =1
thoa dinh Ii. Gia st F 1a truong vo han va D™ U F. Khi do, ton tai ac D™ \F . Vi D™ 1a
nhom con chuan tic cia D* nén axax* e D" véi moi x e D*. Suy ra, axa‘x*dai sb bac
<2 trén F. Do d6, theo [3, Theorem 10] ta ¢ dim_D <. Dat dim. D =d?, ta s& chiang
minh d <2. Cho g(X,,¥;,¥,) V& U, (X, X,) dugc dinh nghia nhu trong B6 dé 2.2. bt
F O %00 Y10 Yo) = 9 (U, (%2, X0), Vi, Y,) - Gid s ¢, C,,++,C,, € D™ va dy,d, eD". Khi
d6, u,(c,,C,,+,C,) e D™ theo BS dé 2.2, kéo theo U, (C,,C,,-,C,,) dai sb trén F bac <2.
Ap dung B6 d¢ 2.3, nhan duogc

f(c,--c,.dy,d,)=9(u,(c, - c,)d,dy)=0,
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Nghia 1a f (X, X,.,¥;,¥,) =0 la dong nhét thirc Laurent cua D. Theo B6 dé 2.1,
(4 X0, Y1, Y,) =0 1a dong nhét thic cua M (F). Tiép tuc 4p dung BO dé2.3,
U,(C,,C,,++,C,) dai 86 bac < 2trén F véi moi ¢;,C,,-+,C,, € GL,(F). Theo B6 dé3.1, ta
c6 d <2. binh li dugc chitng minh.

4. Mé rong dinh Ii Stuth cho vanh chia cé phép ddi hop

Trong muc nay, ching tdi s€ mo rong Dinh i Stuth va Herstein cho vanh chia co
phép ddi hop. Nhic lai, Dinh Ii Stuth phét biéu nhu sau:
pinh 1i4.1.

[9] Cho D la vanh chia tdm F va K la vanh chia con thuc sy cia D, G 1a nhém con &
chudn tic cia D", GUF . Néu xKx™* = K vdimoi xeG thi K< F.

Lién quan t&i vanh chia c6 phép ddi hop, Herstein d& ching minh két qua sau.
binh 1i4.2.

[10] Cho D la vanh chia c6 tam F véi phép doi hop #va K Ia vanh chia con thyc si
cia D. Pat S={xeDIx* =x} 1a tgp nhing phdan tir déi ximg cia D. Khi dé, néu
dim_. D >4 va xKx ™" c K véi moi xe S\{0} thi Kc F.

Mot chd y rang, truong hop dim. D =4 dinh Ii cua Herstein khong con ding nira.
Chang han, xét vanh chia quaternion thyc H=0 @0 i®0j@®0k va phép dbi hop duoc
dinh nghia nhu sau: (a+bi+cj+dk)* =a—bi—cj—dk v6i moi a+bi+cj+dkeH. Khi
do, S=0.Xét J =0&0i.R06rang [ la vanh chia (0 l1a truong) con thuc sy cua Hva
xIx "<l véimoi xeS\{0}. Tuy nhién, 0 khdng chua trong tam 0 cia H.

Hon thé nira, theo két qua caa Herstein (xem [1]), néu S  F thi dim. D =4, ching
t6i s& mo rong S cho tap S, véi G la nhém con & chuéan tic cia D™, Cu thé, chung toi
chirng minh két qua sau:
binh 1i 4.3.

Cho D la vanh chia tm F véi phép doi hop *. Gia sir G 1a nhém con & chudn tac cua
D" sao cho G la *-bdt bién va S ={x e N Ix* = x} Ia tap khdng chiza trong tam F. Néu K
14 vanh chia con thuc si ciia D sao cho xKx ™' < K vdi mei X e Se thi Kc F.

Cheng minh.

Gia s (S ) la nhom con sinh bsi S;. Ta s& ching minh (S_ ) la nhém con chuén
tic cua G. That vy, voi VxeG,Vae S, ta co xax™ = xax* (xa )_1 Xt = (xaxg‘ )(xxg‘ )_1. D&

2
a

thay, (xaxé‘)a = xax® va (xxa) =xx*. Do d6, xax® e<SG>,(XX5)_1 (S, ). Noi céch khac,

xax™* e (S;). Suyra, (Sq)<G =G, <G, <...<aD". Viy (S;) << D",(S;)UF.
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Nt

Vi moi ae(S),a=ala’...a" trong d6 nel,aeS, Khi do,

aKa™'=atay...a"Ka"a }*...a ™. Rdrang,

[1]
[2]
[3]
[4]
[5]
[6]
[7]

8]
[9]

[10]

a'Ka " =a,...a(aKa')a’...a' cK.
Vivay, aKa™ ¢ K voi moi ae(S;). Theo Binh1i4.1, K c F.

% Tuyén bé vé quyén loi: Tac gid xac nhéan hoan toan khéng c6 xung dét vé quyén loi.
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