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TOM TAT

Cho D lavanh chia véi tam F = Z (D) c6 phép doi hop & va K 1a mgr vanh chia con ciia
D chita F . Muc fiéu ciia bai bao nham chitng minh rang néu F la truong vé han khéng dém duoc
thitdp hop S={xe D| X = X} bao gom tdt ca cdc phan tir d6i ximg cia D la dai s6 phai trén K
khi va chi khi D dai s6 phai trén K . Ching tdi ciing xdy dung mét vanh chia D ¢6 vanh chia con
K sao cho D dyi s0 phdi nhung khong dai so trdi trén K.

Tar khoa: vanh chia, phép doi hop, dai so phai.
ABSTRACT

Division rings that are algebraic over a division subring

Let D be a division ring with center F =Z (D), let & be an involution of D and let K be
a division subring of D containing F . The main purpose of this paper is to show that if F is
uncountable, then the set S ={xe D| Xt = X} of symmetric elements of D is right algebraic over
K if and only if D is right algebraic over K. We also construct a division ring D and its division

subring K such that D is right algebraic but not left algebraic over K.
Keywords: division ring, involution, right algebraic.

1. Giéi thidu

Cho D la vanh chiatdm F va K 1a vanh chia con cua D . Mot phan tir ae D duoc
90i 1a dai s6 phdi (twong tmg, dai so trdi) trén K néu c6 cac phan tir a,,a,,...,a € K khong
dong thoi bang 0 sao cho a, +aa, +---+a"a, =0 (twong tmg, a, + a,a+---+a,a" =0).
Néu K c F thi tinh chat dai s6 phai va dai sb trai 1a nhu nhau, va khi d6, phan tir a duoc
goi 1a dai s6 trén F . Vi vay, khai niém dai sb phai (trai) trén vanh chia con Ia sy tong quat
cua khai niém dai s6 trén F .

Khai niém dai s6 trén vanh chia con d4 ting duoc dé cap trong ([1], Chuong 7) nham
nghién ciru nghiém cua da thirc trén vanh chia. Riéng 16p vanh chia dai s trén vanh chia
con cua n6 ciing duoc nghién ciru bai nhiéu nha todn hoc 16n nhu I. N. Herstein va C. Faith
(xem, chang han trong [2], [3]) va gan day n6 nhan duoc sy quan tam nhiéu hon (xem [4]-
[7]). Mot trong nhitng van dé ma ta quan tam 1a khéi niém dai sb phai va dai s6 trai co
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tring nhau khdng? Trong [5], cAc tac gia dat cau hoi rang néu vanh chia D dai sb phai trén
mot truong con K thyuc sy khong ndm trong tim cua né thi lisu D c6 dai sb trai trén K
hay khong? Hién nay, diy van dang con 1a mot cau hoi mé. Trong Muc 2 cua bai nay,
chiing ti s& xay dung mot vanh chia D chira vanh chia con K sao cho D dai sé phai trén
K nhung khong dai s6 trai trén K . Nhu vay, két qua cta ching toi cho mot cau tra 10i phi
dinh cho mot van dé duoc cac tac gia dit ra trong [5].

Trong Muc 3, chung t6i s& trinh bdy sy m& rong mot két qua cua Susan
Montegomery cho vanh chia co phép ddi hop. Dé tién theo ddi, ta nhic lai rang, véi R 1a
vanh, anh xa 4:R — R, x> x*, dugc goi 1a phép ddi hop néu d6i véi moi X,y e R, tach
céc tinh chét sau:

(1) (x+y)* =x*+y%

(2) (xy)* = y*x*;

(3) (x*)* =x.

Phin tir X € R duoc goi 12 phin tir doi ximg (twong Gng, phan déi ximg) néu x* =x
(twong tng, X* =—x). Dat S, ={xeR|x* =x} latap hop tat ca cac phan tir ddi xtng cua
R. Nam 1972, Susan Montegomery ching minh dugc rang ddi véi mot vanh chia D ¢6
phép dbi hop voi tim F khong dém duoc, néu S 14 tap hop dai sé trén F thi ban than D
s& dai s6 trén F (xem [8]). O day, chung t6i s&¢ mé rong két qua ndy bang cach xem xét
tinh dai s6 phai (hodc trai) trén mot vanh chia con bat ki cia D. Cu thé, ciing véi gia thiét
D 14 vanh chia c6 phép ddi hop véi tim F vo han khong dém duoc, néu K 1a mot vanh
chia con bat ki ciia D thi tap hop cac phan tir di ximg S, ciia D dai s6 phai (tuong tng,
dai s6 trai) trén K khi va chi khi D dai s6 phai (twong tng, dai sb trai) trén K.

2. Vanh chia cic thwong va vi du vé dai s6 phai

Trong muc ndy, ta s& trinh bay mot s6 vi du dé ching to khai niém dai sé phai va dai
s6 trai trén mot vanh chia con 1a mot mo rong thue sy cua khai niém dai sé trén tam. Ta &
dua ra vi du vé mot phan tir nim trong mot vanh chia, dai s6 phai trén vanh chia con nhung
khong dai s6 trai trén vanh chia con vira néu.

Dé tién theo ddi, chlng ta nhic lai dinh nghia vanh chia cac thwong. Gia sit S 1a
mién, toc 12 S 1a vanh (c6 thé khong giao hoan) va khong c6 wéc cia khong. Pat
S =S\{0}. Ta n6i S 1a RPID* (twong ung, LPID?) néu moi idéan phai (twong tng, trai)
déu 1a idéan chinh. Néu véi moi aeS,be S, taco aS" nbS =D thi S duoc goi 1a thoa
diéu kién Ore phai. Diéu kién Ore trai dugc dinh nghia hoan toan tuong tu. Ta s& chimg
minh két qua sau.

lvié}t té:n cua tur tiéng Anh: right principal ideal domain
2viet tat cua tir tieng Anh: left principal ideal domain
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Bodé2.1.

Moi RPID (twong itng, LPID) théa diéu kién Ore phdi (twong img, Ore trdi).

Chitng minh. Ta chirng minh cho truong hgp RPID, cOn truong hop LPID hoan toan
tuong ty. Gia st S 1a mot RPID. Xét aeS,be S’ va idéan téng aS+bS.Khidd,vi S la
RPID nén ton tai X S sao cho aS+bS=xS. Do b=0 nénx=0. Mat khac, x =as +bt,
b=xb a=xa, voi s,t,a,b €S, kéo theo a=xa =asa +bta,. Tu do suy ra,
a(l—sa,) =b(ta,). RO rang phan tir b(ta,) nam trong tap hop aSbS. Néu b(ta ) = 0thi
t=0 hoic 8 =0 vi S la mién va beS". Truong hop a =0 din dén a=0, kéo theo
0caS MbS. Néu t=0 thi x=as, kéo theo b = xb, = ash, e aS" NbS . Ca hai trudng hop
déu dan dén aS" NbS = @. Vay, S thoa diéu kién Ore phai.

Gia sit S la mién thoa mén diéu kién Ore phai. Nhéc lai ring, vanh chia cac thuong
phai Q,(S) dugc xay dung nhu sau:

Trén tich Descartes

SxS"={(a,b)laeS,beS},

V6i cac phan tir (a,b),(c,d)eSxS”, ta dinh nghia (a,b)=(c,d) khi va chi khi tn tai
X,yeS" sao cho ax=cy va bx=dy. Hién nhién, day la mot quan hé twong dwong trén
tap SxS". Ki hiéu ab™ Ia I6p twong dwong chira phan tir dai dién (a,b) e SxS" va dit
Q,(S)={ab|(a,b) € SxS"}. Nhan xét ring, v6i cic phan tor ab™,cd* €Q,(S), ta ludn
tim dugc cac phan tir X,y,u,veS” sao cho bx=dy va bu=cv. Trén tap Q,(S), dinh
nghia hai phép todn cong va nhan boi  ab'+cd ' =(ax+cy)(bx)™ va
(ab™)(cd ) =au(dv) ™. Khi d6, co thé kiém tra dugc Q,(S) la vanh chia. Hién nhién,
twong tmg ar>al’,ae$S xac dinh mot don cau vanh tir S vao Q. (S). Do do, ta c6 thé
xem S nhu 1 vanh con cta Q,(S). Tagoi Q (S) 1a vanh chia cic thwong phdi ciia mién S .
Vanh chia cdc thirong trdi duge dinh nghia hoan toan twong ty trong truong hop S 1a mién
thoa diéu kién Ore trai. Cac dinh nghia va chimg minh chi tiét c6 thé tham khao trong [9].

Gia st D la vanh chia va K la vanh chia con caa nd. Khi do, phén tt xe D dai sb
phai trén K néu va chi néu x 1a phan tir dai sb trai ciia vanh chia déi D® trén vanh chia
con K. Pay 1a li do, vi sao trong xay dung vanh chia cac thuong, ta chi tp trung vao viéc
xay dung vanh chia cac thuong phai. Ciing vi i do do, tir day, dé don gian, ta s& dung ki
higu Q(S) thay cho ki hi¢uQ,(S) .

Vi du ma ching téi xay dung trong muc nay la vanh chia cac thuong ciia m¢ rong
Ore. Cho R lavanh va ¢ :R — R laty ddng cau. Ty dong cdu cong 6:R — R duoc goi
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la o —vi phan néu §(ab) = o (a)s(b)+5(a)b, véi moi a,beR. Véi vanh R, ty déng cdu
o Va o -viphan §, ta cd thé xdy dyng vanh da thuc R[t,o, 5] nhu sau:

R[t,o,8]={t"c, +t"c, , +--+tc,+C,:C, € R}
|2 tap hop céac da thic theo bién t véi hé s6 ldy trong R va duogc viét vé bén phai cia bién.
Trén R[t,o,0], dinh nghia phép cong theo cach cong hai da thirc thong thudong va phép
nhan 1a mé rong cua phép nhan theo quy tic ct=to(c)+5(c), V6i ¢ e R. V6i hai phép
toén trén, R[t,o,d] la mot vanh va né dugc goi 1a mo réng Ore ctia R ing voi o va o .
Néu R 1a truong thi R[t,5,8] 1a mién. Hon thé nita, ta ¢ két qua dudi day.

Bé dé 2.2.

Néu R la trieong th R[t,o,8] 1a RPID.

Chitng minh. Pay dugc xem nhu 1a mot hé qua cia ([9], Pro 2.1.1).

Dua vao B dé 2.2, ta s& xdy dung vanh chia D chtra vanh chia con K sao cho D
dai s6 phai trén K nhung khong dai s6 trai trén K. Cho F 1a mot truong va {a,b,,b,..}
| tap hop vo han dém duogc cic bién giao hoan. Khi do, truong E = F(a,b,,b,,...) dugc
goi la trudng cic thuong clia vanh da thic F[a,b,,b,,...]. Xét tw dong ciu o : E - E dugc
sinhraboi o(a)=-a va o(b) =h,,, voi i >0. Khi d6, tu dong cdu cong & : E — E duoc
xac dinh boi 6(X) = xa—ao(x), voi moix € E . Khi d6, anh xa 6 la mot o -vi phén.

Ménh dé 2.3.

Cho E, ova & duoc dinh nghia ¢ trén. Khi dé, ton tai vanh chiaD =Q(S) 1a vanh
chia cac thuwong (phai) cua S =E[t,0,0]. Pat K la vanh chia con cua D duoc sinh boi
t trén E. Khi dé, ta c¢6 nhitng tinh chdt sau:

1. D la khéng gian véc-to phdi cé s6 chiéu Ia 2 trén K. NGi riéng, moi phan tir ciia D
déu daiséphdi bdc <2 trén K ;
2. Phan tir a =t +by, khéng dai so trdi trén K . NOi riéng, D khéng dai s6 trdi trén K.

Chitng minh. Theo B6 dé 2.2, mé rong Ore E[t,o,8] 1a RPID. Nhu vay, vanh da
thirc E[t,o,8] thoa diéu kién Ore phai, theo B d& 2.1. Vi vdy, vanh chia D xac dinh va
chia E[t,o,d] nhu 1a mot vanh con ciia nd. Vé6i x e E |, ta cd

(c6+060)(X) = 0d(X)+00(x)

= o(xa—aoc(x))+0o(o(x))
= o(x)o(a)-o(a)o’(x)+o(x)a—ac’(x)
= —o(x)a+ac’(x)+o(x)a—ac’(x)

0.

Do d6, ap dung ([10], B4 dé 5.1), (1) da duoc chimg minh.
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Tiép theo, ta s& chimg minh tap {a" :n e} 1a doc 1ap tuyén tinh trai trén K. Gia su
nguoc lai, ta co

f )"+ f  (t)a" +-+ f(tP)a+ f,(t?) =0,
trong 46 f (t?)e K v&i moi i va f (t?)=0. Trong dang thic trén, sb hang " c6 duy
nhit mot hang tir th)™, dong thoi, véi0 <i<n-1, trong cac s6 hang o' khong xuit hién
hang tr ty . Vivay, f (t2)b"*=0,suyraf (t?)=0, la diéu mau thuin véi gia thiét. Do
do, tap {a":nel} doc lap tuyén tinh trai trén K, kéo theo o khong dai sb trai trén K .
Vay ta da chimg minh dugc phan (2).

3. Vanh chia c6 cac phan tir d6i xirng dai sb
Bo dé 3.1.

Cho D la vanh chia c6 tim F va K 1a vanh chia con chita F . Gid sir ¢6 phan tir
aeD va n phan tir a,,a,,...,a, € F d6i mét khéic nhau théa man diéu kién a—a;, #0
Vi moi 1<i<n. Khi d6, phian tr a dai s6 phdi (hay trdi) tén K hodc
{(a-a)  (a-a,) ™ ....(a—a,) ™} 1A Mt tap doc lap tuyén tinh phai (hay trdi) trén K.

Chitng minh. O day, ta s& chirng minh cho trudong hop dai s6 phai, con déi voi truong
hop dai s6 trai thi hoan toan tuong tu. Gia st a 1a phan tir khong dai s6 phai trén K.

Xét

(a-a)'p+(@a-a,)" B+ +(@a—a,)" B, =0,
voi fK Ta sé chimg minh B, =0 véi moil<i<n. bat

f(x) = (x~a,)(X~a,)...(x~a,) e FX < K[X]

va
£, = f_(x)) — () (x-a)
Taco
f@(@-a)'B+@-a,) "B, +..+(a-a,) B, ]=0.
Do do,

f.(@)p + f,(a)p, +--+ f(a) 5, =0,
suy ra, a la nghiém cua da thuc g(x) = f,(X) 8, + f,(X) B, +---+ f,(X) B, € K[X]. Nhung do
theo gia thiét ban dau a khong dai s6 phai trén K néng(x) =0, tir dé suyra g(d) =0 véi
moi d € D. Vi vay,

0= g(al) = fl(al)ﬂl + fz(al)ﬂz +eooot fn (al)ﬁn

=(o—a,)(q— ). —a,) B
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Ngoai ra, Vi cac phﬁn tra, —o, =0, voimoi i #1 nén S, =0. Mot cach tuong tu, ta

chang minh duoc B, =B,=...=B,=0. Vay tip hop {(a—a,) ", (a~-a,)",....(a—,) "}
la mot tap doc 1ap tuyén tinh phai trén K.
Bé dé 3.2.

Cho D la vanh chia tam F véi phép déi hop & va K 1a vanh chia con cia D chita
0 , , . .
F. Dat A:[l p}e M, (D), trong do s=x"+x vap=-xx* ,véi xeD.Néu A dai so
S
phai trén 1,K ={l,a/a e K} thi x dai sé phdi trén K.
, . 1.0)_. .,

Chitng minh. Trudc hét, ta co A = As+ 1,p, Véil, = 0 1) Tir d6 suy ra

A’ = A(As+1,p) = A’s+ Ap = (As+1,p)s+ Ap = A(s* + p)+ |,ps = As, + |, p,.

Mot cach twong tu, véi moin>2, ma tran A"=As ,A+1,p,,, trong do
S, 20 Pp,€D. DO X =Xs+p nén X" =xs, ,+ P, ,, V6imoin>2. Néu A dai sb phai trén

K thi ton tai mot da thire p(t) € K[t] sao cho p(A)=0. Tas& chimg minh p(x)=0. That

vay, voi p(t)=t"+t""a, , +---+ta, +a, € K[t], taco

0 = p(A)
= (As, ,+1,p, )+ -+ (As+1,p)a, + Aa, + l,a,
= A(S,,+S, 38, ++a)+1L,(p,,+ P8, +-+3a,)
= Ab+1b’
0 pb b" 0 b pb i
5i b,b'eD. Vi 0=Ab+Lb'= - an b=b'=0. Vi
Vo1 € | +1, [b Sb}_[O b'j [b Sb+b'j nen

X' =XS_,+ P, VOi moi i>2 nén p(x)=xb+b'=0, do d6 x dai s6 phai trén K.
Tru6c khi ching minh dinh Ii chinh ciia myc nay, ta cin nhic lai cac b6 dé sau.
Bo dé 3.3.
([11], Theorem 16.4) Cho D la vanh chia véi f (t)la da thirc bdc n cia D[t]. Khi
dé, cdc nghiém cua da thirc f (1) nam trong nhiéu nhat n ép lién hop trong D . Néu
f(t)=(t-a)(t-a)...(t—a ), véi a,a,,...,a €D thi nghiém ciia f déu 1a lién hop ciia
a, voil<i<n.
Bé dé 3.4.
Cho D la vanh chia c6 tim khong déem dwoc F Voi phép doi hopa. Dat
L={acF |Ot51 =a}. Khi do, v6i moi s, p bdt ki thuge D, ton tai khéng dém duwoc cac

phan tr a e L sao cho a, = a®—as— p khd nghich trong D.
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Chitng minh. Dt g(t) =t>—ts— p e D[t]. Theo B6 dé 3.3, da thic g(t) c6 nhiéu
nhat hai nghiém trong F, suy ra g(t) c6 nhiéu nhit hai nghiém trongL. Vi L=S~F
nén [F:L]<2, ma F khong dém duoc, din t6i L ciing khong dém duoc. Vi vay, ton tai
v0 han cac phan tir o sao cho a?—as—p #0.

Bay gio, ta s& chimg minh két qua chinh sau.

Dinh 1i 3.5.

Cho D la vanh chia véi tim vé han khéng dém dwoc F va cé phép doi hop & va
gia st K la vanh chia con cia D chita F. Khids, S =S, dai s6 phai trén K néu va chi
néu D daiséphdi trén K.

Chitng minh. Dat L={a € F|a* =a}. V6i xe D, dit s=x+x* va p=-xx*. Hién
nhién, hai phan ti s, peS. Véi moi 0ael thoa diéu kién a’-as-— p=0, dat
a,=a’-as—-p.Viat=a, néna, €S, suyra a, daiso phai trén K, nghia 1a ton tai
Cy:Cys-.-,C, € K sao cho ¢, +a,c, +---+ac, =0. Khong mat tinh téng quat, gia str ¢, #0

e 2
. Khi do, ¢, =-a,c —ac

m-1 -1 N /A
2_..._a;“Cm, suy ra 1:3_(1 [—(:1—(328_(Z —--—C,a, :IC0 . Vi vay,

a, khi nghich va a'=[-¢,—ca,——c.al]c," Goi V=(x..x|xefs, p} I

0
khong gian véc-to phai sinh boi s, p trén K cia D. Tacd a' eV. DétA:[l EJ Ta co

— _ S_a —
A—alzz[ “ P j Do a, kha nghich nén (A—alz)lz[ pja_l. Vay

1 s—a -1 —a)”
) s—a)a*: —-pa’
(A—a|2)1=[( ac P "_‘JGMZ(\/).
-a, —aa,

Mit khéc, tap {(A—alz)_1|a el,a, =a’—as—p =0} 1a mot tap khong dém dugc

caaM, (V). Vi dim,M,(V)=4.dim,V <o nén tén tai a,a,,...,a, Sa0 cho

{(A-al,) " (A=a,l,) ", ...(A=a,l,) '} phu thude tuyén tinh phai trén 1,K . Theo Bd
dé 3.1, do tap néu trén la phu thudc tuyén tinh phai nén A dai s6 phai trén I,K . Theo B6

dé 3.2 dan dén x dai s6 phai trén K .

% Tuyén bé vé quyeén loi: Tac gid xac nhéan hoan toan khéng c6 xung dét vé quyén loi.
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