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TOM TAT

Dang twong minh ciia c&c yéu to ma trdn cho nguyén tiz heli hai chiéu duwoc biéu dién cu thé,
gitip thugn loi cho viéc Igp trinh tinh toan. Ngoai ra, cc yéu to ma trdn nay con c6 thé diroc sir dung
dé tinh cho cac bai toan nguyén tir hai chiéu khdc nhir exciton dm, exciton dm trong trieong NGoai.

Tir khoa: nguyén tir heli, hai chiéu, phuong phap toan tir FK, yéu tb ma tran.

ABSTRACT
Matrix elements for two-dimensional helium atom

Matrix elements under explicit form of two-dimensional helium atom, which facilitate the
computational programming, are shown in details. In addition, these matrix elements can also be
used to calculate for other two-dimensional atomic problems such as negatively charged exciton,
negatively charged exciton in the external field.

Keywords: heli atom, two dimentional, FK operator method, matrix elements.

1. Mé dau

Thanh cdng tir viéc phat hién ra graphene d& dan dén sy ra doi cua hang loat cac vat
liéu hai chiéu. Hang nam, c6 hon 150 loai vat liéu c6 thé d& dang tach ra thanh lép mong
c6 do day bang mot nguyén ti, trong d6 Transition-Metal Dichacolgenides hai chiéu (viét
tat 12 2D TMDs hoic TMDC) dang rat duoc quan tam [1]. Nhiing tién bo gan day trong
viéc nghién ciru 2D TMDs d mo ra nhiéu tiém nang phat trién cho cac linh vuc sir dung
cdng nghé nano trong cac linh kién dién tir, cam bién va quang dién ter... [1] va d4 thu hat
duoc sy quan tdm cia cac nhom nghién cau ca Ii thuyét 1an thuc nghiém [2]. 2D TMDs c6
cong thic hoa hoc la MX,, trong d6 M Ia kim loai chuyén tiép (Mo, W...) va X la
nguyén tir chacolgen (mot ho caa oxygen gom O, Se, Te...); vi du nhu: MoS;, WS,
MoSe, va WSe,. Hop chit nay la chat ban dan ty nhién, thé hién cac tinh chét quang dién
doc dao do su giam giir lwong tir va cac hiéu ang bé mat phat sinh trong qua trinh dich
chuyén dién tir gitra cac don 16p. Cac nghién ciu cho thay dich chuyén quang hoc cha yéu
trong 2D TMDs Ia hinh thanh céc exciton. Nang luong lién két cia cac exciton nay phu
thudc vao mai truong xung quanh thé hién qua hé s dién moi. Ngoai ra, cac nghién ciu
quang phat quang trén cac don 16p 2D TMDs cho thay cc exciton con c6 thé lién két voi
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mot dién tir hodc mot 16 trong dé hinh thanh cac trion [3], cc trion nay bao gom exciton
dwong va exciton am [4]. Do hiéu (ng cua hé thip chiéu, nén trong 2D TMDs khdi lugng
hiéu dung cia cac hat dan ting, hé sé dién mdi giam dan dén viéc tuong tac giira dién tor
Vvai dién tir, dién tir véi 16 tréng ting 1én. Vi vay, c6 thé dé dang khao sat duoc phd niang
luong lién két cua cac exciton, exciton 4m, exciton duong. .. thong qua cac phép do quang
hoc ngay ca & nhiét d6 phong [1].

Bén canh cac do dac thuc nghiém, c6 nhiéu nghién ctu Ii thuyét vé phd ning lugng
Cha cac exciton, exciton 4m, exciton duong trong hé thap chiéu [5] bang nhiéu phuong
phép khac nhau. Trong cdng trinh [6], c&c t&c gia da sir dung phuong phap toan tir FK (FK
Operator Method, viét tat 1a FK-OM) dé tim nghiém chinh xac ciing nhu nghiém giai tich
cho bai toan exciton hai chiéu trong tir truong voi o chinh xac dén 20 chir s thap phan
cho trang thai co ban ciing nhu cho trang thai kich thich. Ngoai ra, FK-OM da dugc xay
dung va ung dung thanh céng cho céc bai toan vat li chat rin, i thuyét truong, vat Ii
nguyén tu, phén tir [7]. Tu thanh cdng trong viéc tinh toan cho bai toén exciton trung hoa
(bai toan mot hat) thi viéc tiép tuc phét trien FK-OM cho céc bai toan nguyén tir phuc tap
nhur heli, exciton am... 14 rit c6 y nghia.

Trong phan tinh ton nay, chdng toi tiép tuc sir dung toan tir Hamilton va bo ham co
so dang dai s6 d4 duoc xay dung trong cong trinh [8] dé xay dung cac yéu to ma tran can
thiét cho viéc lap trinh tinh toan cho nguyén tir heli hai chiéu. Mac khéc, do exciton &m va
nguyén tir heli ¢6 céu trac twong ty nhau nén trong cac biéu thirc tinh toan, ching s& st
dung ki hiéu khéi lugng hiéu dung cho dién tir va 15 trong dé tang tinh tong quéat cho cac
biéu thtc.

D4i vai cac bai toan nguyén tir, trong cong trinh [9] d4 chi ra rang cé thé dwa vé dang
bai toan dao dong tir diéu hoa thong qua phép bién d6i Levi-Civita dé giai. Nhung véi bai
toan nguyén tir heli hai chiéu, do ¢6 dén ba sé hang tuong tac Coulomb, vi vay khi tinh
toan ngoai viéc tiép tuc sir dung phép bién doi Levi-Civita ta con sir dung thém phép bién
d6i Fourier dé dua cac s6 hang twong tac Coulomb vé dang da thic. Két qua thu duoc I3,
chiing t6i khong chi xay dung duoc biéu thic tinh twong minh cho céc yéu té ma tran, ma
con chi ra duoc trudng hop cu thé dé yéu té ma tran khac khong, tinh déi xirng cuia cac yéu
t6 ma tran, mién xac dinh ciia céc chi s6 luong tir, didu nay gilp tiét kiém tai nguyén ciing
nhu thoi gian tinh toan, ddy 1a diéu rat quan trong trong khi lap trinh dé tim nghiém s6
chinh xac cho bai toén.

2. Cosé li thuyét
2.1. Phwong phdp todn tir FK (FK-OM)

Trong FK-OM, bo ham song co s& dugc sir dung 1a dao dong tir diéu hoa. Trong
cong trinh [9] d4 chi ra mdi lién hé giira bai toan nguyén tir hai chiéu trong khéng gian
(X, y) véi bai toan dao dong tir diéu hoa hai chiéu trong khong gian (u,v) thdng qua phép

bién ddi Levi-Civita c6 dang
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Ix=u?- Vv,

Ty=2uv,
voi  dxdy = 4@u®+ v?)dudv, r= x>+ y? = u*+v? [10]. Khi d6 phuong trinh
Schrodinger cho nguyén tir trong khong gian (x,y) la

1)

Hly (x y))= E|y (xY)) )
tré thanh phuong trinh
My (u.v))= o, 3)

v6i H = r(ﬁ - E). Trong d6 H c6 dang la toan tir Hamilton cta dao dong tir diéu hoa [9].
Nhu vy, khi sir dung b¢ ham séng co sé 1a dao dong tir diéu hoa trong khong gian (u,v)
ciing chinh 1& b ham séng nguyén tir trong khong gian (X, y).

Mit khac, FK-OM dua trén co so 1a Ii thuyét nhidu loan [11], v6i thanh phan chinh
ctia toan tir Hamilton H 12 H, c6 dang dao dong tir didu hoa, ludn tim dugc nghiém chinh
xac E, va diéu kién hoi tu ctia bai toan luén dugc dam bao nho vao tham s6 o. Pay la
tham sb thuc duong, dugc dua vao dé hiéu chinh b ham song co so dudi hinh thic tan sé
dao dong cua dao dong tir diéu hoa. Gia tri cia @ tuy khong anh huong dén két qua caa
bai toan vi toan tir Hamilton H khdng phu thugc vao @, nhung c6 ¥ nghia trong viéc diéu
chinh tdc do hoi tu caa bai toan. Nho vao tham sé ndy, thanh phan nhiéu loan ludn dugc
didu chinh nho hon thanh phan chinh ma khéng can tinh dén d¢ I6n cua truong ngoai [12].
Vi vay, khi st dung phuong phap nay khong chi tinh dugc ning lugng cho vung truong
ngoai co cudng do manh va yéu ma con tinh duoc ning luong cho ving trudng ngoai cé
cudng do trung binh [6], 1a viing ma diéu kién Ii nhiéu loan khong duoc dam bao.

Dbi véi cac bai toan co sy bao toan moment dong lugng thi ta c6 thé dua thém dic
diém nay vao bo ham co so dé gilp cho viéc tinh todn cac yéu té ma tran tro nén don gian
hon [6].

2.2. Phwong phdp dai sé gidgi phwong trinh Schrédinger cia heli hai chiéu

Phuong trinh Schridinger caa nguyén tir heli hai chiéu sau khi sir dung phép bién doi
Levi-Civita va phép bién d6i Fourier [8] c6 thé dua vé dang cua bai toan dao dong tir phi
diéu hoa cé dang

H~|V/(u1’V1’u2'V2)>:O' (4)

VGi
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~ 1( 82 0? 1 .
H =(u?+v? {——[ + ]—— u2+v2)E-2 }
(uf+v) 8l ou,”  ov,? 2( i v:)
1( o? 0? 1 .
+(ui+v)| -2 =—+—=—|-=(u2+Vv})E-Z
(1 2){ 8[6u12 avf] 2( o) }
[ 5 a] 5 5 j ©)
Uy =—=-v,—|lu
a, ou, ov,

., —
20u, Zov,
0 0
— ||V, —+ U, —
ou, ov,
1 [i(ulz—\/l2 —Up 2 +vy? )'(14-2i(u1\/1—u2\/2 )tz]
e dt,dt,.

27 Ux NY

1 2

Trong toan tir Hamilton (5) van chira thanh phan caa dao dong tir didu hoa theo ting
chi s6 (u;,v,) va (u,,V,), nhung do bai todn c6 sb hang twong tac Coulomb gitra céc dién
tir voi nhau nén sau khi sir dung phép bién dbi Levi-Civita va phép bién d6i Fourier thi
toan tir Hamilton c6 thém céc thanh phan khac nhu trong (5), nhung vé nguyén tic ta van
c6 thé &p dung phuong phap giai bai toan dao dong tir phi diéu hoa dé giai. Bé giai phuong
trinh (4), ta c6 thé s dung phuong phap giai tich hoic phuong phap dai sd. Trong phan
nay, ta s& sir dung phuong phéap dai s6 thong qua dinh nghia cac toan tir sinh huy Dirac dé
giai bai toan.

Ta sur dung cac toan tir sinh, huy Dirac dugc dinh nghia nhu sau:

i-Lfu.?) woify_2
S \/E S aus ' S \/E S aus '

Oszi[verij, ngi[vs—ij, (6)
NP NZAC

voi s=1,2. Cac toan tir nay thoa mén céc hé thirc giao hoan déc trung cua céc toan tir sinh
huy [GS , Oﬁ] =04, [\73,\7(] =8, Voi ki hiéu delta-Kronecker &, dugc sir dung.

Do bai toan ta dang xét c¢6 bao toan moment dong lugng I:Z , mac khac bo ham séng
co s¢ dugc chon 1a dao dong tir didu hoa nén dé toan tir Hamilton (5) va toan tir L, ¢6 ham
riéng chung thi I:Z phai c6 dang trung hoa. Khi dinh nghia cac toan tir sinh hiy nhu trong
(6) thi L, c6 dang khong trung hoa, vi vay ta s& sir dung phép bién ddi chinh tic dé t hop
lai cac toén tu sinh huy (6) dudi dang

~ 1

a Zm[(erl)(ﬁs+i\73)+(a)—l)(ﬁ§+i\7§)],
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bs=Nl_[(ml)(as_ivs)+(w_1)(a;_m;)], @)
b = 2\/_[( 1)(0,+i9,)+(@+1)(; +i7! )]

Khi do LZ c6 biéu thic:

3 1 A+A A A+A N

Lz:_E(aiai_blbl—i_aZaZ_beZ)' (8)
Céc toan ta mai nay cling thoa man hé thirc giao hoan dic trung cua c4c toén tir sinh hay
(4,8 ]=4,, [b,.6 =6, ©

Khi t6 hop cac toan tir sinh hiy nhu trong (7), ta ciing dwa vao tham sé tu do o dé

dam bao didu kién hoi tu cia bai toan. Khi d6 ta viét toan tir Hamilton ctia phuong trinh (4)
duoc biéu dién thong qua cac toan tar sinh huy (7) c6 dang:

VGi

H=HR-ER, (10)
HR =H,+H,+H,, (11)
H, = ;(m PN+ ml)(_m;mz_mz)%(m;mzmz)(_m;ml_ml

(12)

= ) ) 5] ®

- (l\’/\|1+ N Ml)(l\h;-i-Nz-i-M )+°°+°° dtidt
Hs - W J. J.\/t1 +t

—0 —0
2 4+, =4 t12*'122) -
A1 My
(tl +t2 ) (tl +t22)+1 62 [ +218y |”[1+4 i +tz ”1e_2mml

A —4(‘1 + ) Wi Ju2+t,? A
-N,/2 2241 +t,% )+
x[4(t12 +t22)+1] 64(t1 W) (t u) (14)

P+ A _4(t12 HZZ) N

Xe4(112+t22)+1 e4(t12+t22)+1 2

2 ‘1 +iz i ——In[1+4 tl +tz ]nze 11 +t2 fh,

e
-4(11 +, ) R 24t

X[4(t12 +t22)+1:|_,\]2/2 e4(t12+tzz)+l ’ (t +tz 3+1

A
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Iiz—(l\?lf+N1+M1)(M;+N2+M2), (15)
trong d6, cac toan to mai Af, Al iRl, M,, I\7Il*, Nl, m, m, f, AZ* A, ikz, |\7I2,
I\?I;, N m,, m,, A, dugc dinh nghia dudi dang:

~ it +t, 57 4 —it, —t, b:Z,AS— it, +t, a2+ it —t, 652,
\/t1 +t2 \/t +2 JE+t2 JE+t2

BN N R
M, =4b,M; =&'b/,N, =44 +bb +1, (s=12),
it =t e . it +t, |-, f e A (16)
m, = t12 22 b, m=- t12 22 a0, , n=aa-bh,
-+t t+t]

Céc toan tir ndy dugc dua vao nham biéu dién H thuan lgi hon va ching ciing tao
thanh b dai s6 kin nhu trong [8].
3. B§ ham co sé dang dai s6

Trén co s& mbi lién hé dugc thiét 1ap o trén, ta s& thiét lap ham song cua bai toan
nguyén tir heli hai chiéu dya vao ham song cua dao dong tir diéu hoa hai chiéu. Ham song
nay s& duoc sir dung dé tinh cac yéu to ma tran trong phan sau. Dé str dung phwong phap
dai s6 trong tinh toan, ham song cua dao dong tir didu hoa hai chiéu s& duoc xay dung trén
co s& biéu dién toén tir sinh huy Dirac d& dugc dinh nghia nhu trong (7). Bo ham co sé caa
bai toan 12 bo ham riéng hé hai dao dong tir diéu hoa (bdn bac tw do) c6 dang:

- . . . 1 Ay h A+ j2 P I3 A+ j4
|11112’J3’J4>=ﬁ(a1) (bl ) (a2) (bz) |0(CO)>, (17)
hidot st et
Vi J, Iy Js» I, 12 cac s6 nguyén khdng &m; trang thai chan khong duge dinh nghia:
4,)0(@))=0, b,|0(w))=0, &]0(@))=0, b,|0(w))=0. (18)
Nhu da noi ¢ trén, bd ham co so phai théa mén phuong trinh
Lz|j1’j2’j3’j4>:m|j1’jz’j31j4>’ (19)
v6i m 14 sé lugng tir tir, nhan céc gid tri m=0,+1,+2,+3,....
T (8) va (19) ta duoc
i, . ...
mzz(_Jl+JZ_J3+J4)' (20)

Tur dang cia m nhu trong (20), ta dinh nghia
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1,. . . .
an(Jl+Jz+J3+J4) (21)
la s luong tir chinh véi n 1a s6 nguyén khéng am.
Tur (20) va (21) ta dugc
Jy=n-m—j, j,=n+m-—j,. (22)

Mat khéc, do bai toan bao toan I:Z nén sb lugng tir tr M ciing s& bao toan. Vi vay,
ta s& viét lai bo ham song | j;, j,, j,, J,) thanh bo ham song |n,m, jj, j,) d& duoc chuan hoa
nhu sau:

RN WA Y. A n+m-j,
(&) ()" (&) (b:)
\/jl i {(n—-m—j)(n+m—j,)!

trong do, cac chi sb lugng tir n,m, j;, j, cO mién xéac dinh:

|n m, J;, J2> | (w)>' (23)

0<j<n-m, 0<j,<n+m, |m|<n. (24)

Vi céc vector trang théi (4) tao thanh mot bo co so day dii, nén loi giai chinh xac caa
ham song c6 thé viét dudi dang td hop tuyén tinh cua cac ham co so (23):

“/’n,m,h,iz> =[nm, ji, jo)+ D0 20 2 Counlkim,Lh) (25)

k=[m| I1=|m| h=|m]|
k=n 1#j h=j,

véi C,,, 1a cac h¢ sb thuc.

Tir day, bo ham co so (25) s& duoc sir dung dé tinh cac yéu td ma tran khdng chi cho
bai toan heli hai chiéu ma con cho céc bai toan exciton am hai chiéu, exciton &m hai chiéu
trong truong ngoai.

4.  Cécyéu té matran
Dé tinh céc yéu té ma tran, ta viét lai phuong trinh (4) duéi dang:

HT|w)=ER|w), (26)
thay (25) vao (26) ta dugc:
HR‘Wn,jl,jz(m)>:Eﬁ‘y/n,jl,jz(m)>' (27)
Khi d6, cac yéu tb ma tran c6 dang
(HR)Ei”fgﬂzssvh (n+ns, j+ js+2ss, j,+ js(m)|H"[n, j,, j,(m)),
J2+1S: )2 (28)
(Q)Ei”fsﬂm . =(n+ns, j+ js+2ss, j, + js(m)[R|n, ]y, j, (m)).

Ja+isi b2
Khi d6, ta c6 thé st dung céc yéu té ma tran nay dé tim nghiém sé chinh xéac cho
phuong trinh (27) bang Ii thuyét nhidu loan, so ¢ vong lap hoic giai truc tiép hé phuong
trinh tuyén tinh bang goi LAPACK cua thu vién Intel® Math Kernel.
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Tu dinh nghia cua cac trang thai chan khdng (18) va bo ham co s¢ (23) ta thu dugc

c4c yéu t6 ma tran nhu sau:

3.1.

3.2.

3.3.

’ r ~\m
Yeu téo ma trﬁn (R)r]+n_s,n )
Ju+is+2ss,j

IS,

Céc yéu té ma tran khac khong cua (Ii)mns n c6dang:
Juitis+2ss,j
Jat s, Jp

~\m 1 . . ) )
12,12

~ 1,. . : ;
(R)?l,‘nﬂl :F(Jﬁ j, +1)(n-m—j, +1)(n+m— j, +1),

J2+ 12

~\m 1 - -
(R)nn _;(2n—11—12+1) (i +1)(j, +1),
1
-2

O

m 1 . . . -
)T1n11+1 F\/( i, +1)(J, +1)(n-m—j)(n+m—j,),
J21J2+1

J2i b1 (29)
(Rliz, =i+ D (& +D)(n-m =+ (n+m—j, +1).
JaiJp+1
Yéu té ma trgn H,
Ta thu dugc cac yéu t6 ma tran khac khong cia H, nhu sau:
()i =500+ b+D)(n- - ), +1)-=(2n+2),
J2 k2
< 1~ : : _
()i, == ) (& + ) (n-m=i)(n+m—],),
Ja,Jo+1
~\m Z" . :
(Hi i === (n=m=j,+D)(n+m—1,+1),
b B )
(Hl)?'nﬁl =T (j1+1)(j2 +1)'
levvjlz*'l @
o m 1 : :
(Hl)gi?ijl :_Z‘/ J+1)( Jz+1)\/(n—m—11+1)(n+m— i, +1).
Ja,Jo+1

Yéu té matrgn H,

Tuong tu, yéu t6 ma tran khac khong cia H, ¢ dang:
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*

~ \M 04 - - - -
(Heme, = =g f(nm=J+1)(nem—J,+2) (i +1) (i +2).
125 )2

<M a, , _ _ _
(HZ)'};,”,{Z =—§h\/(n—m—Jl+1)(n—m—Jl+2)\/(12+1)(12+2),
J2. J2+2 (31)

*

(Ha)en = Jn=m=5)(n-m=5,-0)(5+1)(i+2).

(AL, =S mem— i) (e m- 25+ () 2)

Déi voi yéu to6 ma tran H,, néu tinh cho bai toan heli thi yéu t5 ma tran nay s& bang
khong, vi khi d6 «, cO gia tri rat nho nén ta co thé bo qua; néu tinh cho exciton am,

L L . . Co.oom/m L . A
exciton am trong tur truong, di¢n truong... thi «, =ﬁ O gia tri tuy thugc cu thé
+m,/m,

vao ting loai ban dan [13].
3.4. Yéuts matrgn H,

Yéu t6 matran ciia H, 1 tong caa chin sé hang duogc trinh bay duéi dang:

(Hs)nmms,n =(H3l)nm+ns,n +(H32)nm+ns,n +(H~33)nm+ns,n

htist2ss, htis+2ss,j; htis+2ss,j; htis+2ss,j;

Lt+1S, Iz L2118, 12 Lt )2 Lt 2
~ m ~ \M ~ m
+(H34)n+ns,n +(H35)n+ns,n +(H36)n+ns,n (32)
htis+2ss,j; htis+2ss, htis+2ss,j;
Lt+1S, Iz 218, )2 Lt+1S, Iz

m m m

+(H37 )n+ns,n +(H38)n+ns,n +(H39 )n+ns,n
Jutis+2ss,j Jutis+2ss, i Jtis+2ss, i
12+18, ]2 I+18: ) I+18: ),

trong do6:

(1) (l:'31)nm+ns,n =%\/( jo+ js+2ss)(J, + Js)

htist2ss,

2t8. )2 (33)
x\/(n+ns— js—m=2ss—j)(n+ns—js+m-j,)S,, ,,

VOi
n>0,-n<m<n, 0<j,<n-m,0< j,<n+m,

ns>2-n, 1-j, < js<-l+m+n+ns—j,, (34)
{1—]3—j1}<ss<{—1—js—m+n+ns—j1}
2 T 2 '
~ \m 2 . . — —
(2) (Hsz)nms,n =—(1-2js+2n+2ns—2ss— j, — jz)\/( Ji+ Js+2ss)(J, + is)S,, ;. (35)

jitis+2ss,j; 0]
2+, 12
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VOi

VGi

VGi

VGi

nN>20,-n<m<n,0<j,<n-m0<j,<n+m,

ns>1-n,1-j,<js<m+n+ns— j,, (36)
1-js—1}, s < —js—m+n+ns—j,
2 T 2 '

(H )n+nsn 25\/( j1+j3+233)(j2+j3)

11+Js+233 n

+is b (37)
x\/(1+n+ns— js—m-2ss—j)(1+n+ns—js+m-j,)S,, ,,

nN>20,-n<m<n,0<j,<n-m0< j,<n+m,

ns>-n,1-j, < js<l+m+n+ns—j,, (38)
1-js—1j, s < 1-js—m+n+ns—j
2 T 2 '
~ 2 . .
(H, )n++n332233 = (1+2js+2ss+ j, + J,)
e (39)

x\/(n+ns—js—m—255—jl)(n+ns— js+m—1j,)S, 1o

nN>20,-n<m<n,0<j,<n-m0< j,<n+m,

ns>1-n, —j, < js<-1+m+n+ns— j,, (40)
—js— 1 s -1-js—-m+n+ns—j
2 |77 2 '

~ 2,. . . . .
(H35)Tf+"f532ss,jl =;(Jl+ Jo+2js+2ss+1)(1-2js+2n+2ns—2s5— j, — J,) S50, (41)
Ja+is.J2

N0, -n<m<n0<j<n-mO0<j,<n+m

ns>-n, —j, < js<m+n+ns— j,, (42)
{ js —jl} { js— m+n+ns—Jl}
(H )n+nsn 23(14—2 iS+2SS+ |, + )

11+Js+233 n J Jl JZ

Jot+isJ2 (43)

x\/(l— js—m+n+ns—2ss—j)(1- js+m+n+ns—j,)S, .
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VGi
n>20,-n<m<n, 0<j,<n-m0< j,<n+m,

ns>-1-n, —j, < js<l+m+n+ns— j,, (44)
i a1 PO 1—js—m+n+ns—j1}.
2 - 2

~ M 2 — - :
(7)  (Ha Joensa =5\/( j+ js+2ss+1)( j, + js+1)

htis+2ss,

I+ s J (45)
x\/(—js—m+ n+ns—2ss—j,)(-js+m+n+ns—j,)S, ..,

VGi
nN>0,-n<m<n, 0<j,<n-m,0< j,<n+m

ns>-n, —1—j, < js<-1+m+n+ns— j,, (46)
~1-js—j, <ss< —1—js—m+n+ns—jl}
2 T 2 '

~ m 2 . i i
(8) (H38)Tf+”fs'ﬂ_zss,jl =5(1—213+2n+2ns—233— i) an

218, Iz

x\/( j,+ is+2ss+1)(j,+ js+1) Sy,
VGi
nN>0,-n<m<n, 0<j,<n-m,0< j,<n+m

ns>-1-n, -1-j, < js<m+n+ns—j,, (48)
~1-js—j, css< —js—m+n+ns—j1}
2 T 2 '

~ \m 2 - . . :
(9) (H39)?1++njss:2_zss,j1 =5\/(1— js—m+n+ns—2ss—j,)(1- js+m+n+ns— j,)

Jotis: J2 (49)
x\/( ji+ is+2ss+1)(j, + js+1)S,,,,

VoI
nN>0,-n<m<n, 0<j,<n-m,0< j,<n+m

ns>-2-n, -1-j, < js<l+m+n+ns—j,, (50)
-1-js—}, s < 1-js—m+n+ns—j
2 T 2 '

Trong cac cong thac trén, ki hieu S, . dugc dinh nghia nhu trong Phu lyc.

Ngoai cac yéu td ma tran khac khong duoc trinh bay trén déy, ta c6 thé tinh cac yéu
t6 ma tran khac khong con lai bang cach sir dung tinh chat dbi xang theo timg cap chi s6

(n'n), (0% 3 (2 J2)-
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5. Két luan

Nhu vay, ta d4 xay dyng thanh cong yéu té ma tran cho bai toan nguyén tir heli hai
chiéu dé giai phuong trinh Schrodinger (4). Cac tinh toan dai s6 nay c6 thé lap trinh dé
dang dé tim nghiém s v&i do chinh xé&c can thiét. Ngoai ra, cac yéu té ma tran noi trén con
c6 thé ap dung dé tinh cho bai toan exciton &m hai chiéu, exciton &m trong tir truong...
Trong cdng trinh tiép theo ching tdi s& sir dung cac yéu té ma tran nay dé lap trinh va so
sanh cac két qua tinh voi thuc nghigm.

% Tuyén bé vé quyén loi: CAc tac gid xac nhén hoan toan khéng c6 xung dét vé quyén loi.

< Loi cam on: Nghién ciru nay duwoc tai tror béi Quy Phat trién Khoa hoc va Coéng nghé
Qudéc gia (NAFOSTED), trong dé tai ma sé 103.01-2016.90 va Truong Pai hoc Sw pham
Thanh phé H6 Chi Minh trong dé tai co sé ma sé CS2016.19.13.
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PHU LUC
Phu luc: Cong thire twong minh caa S, |

—8S—iy—iy—ig+ipy + Jp L— jS+ns—ss+iz+i,+ig —ig
min| K+ Js+8S+iy +i +i5—iy; L+K+n8+2i; +iy+2ig+iy +2i5+2ig+i;+ig—ig | min| m+n+ss—iz—i,—ig +ig— jo
K+ js+j, min| K+ js+2ss+j; L—js+m+n+ns—j,

2 2 2

SH,L,K = Z Z

—8S—iy+ip —i7 +ipg . 0 SS—ig+ig—ig+ig
iy = iy+ip +ig+pg — i | 1T Mo 20y —ip 421y i +ig +Hg + 27 +2ig g | ijg=
i, =max 6ss+|1+|2+|5+|11—11 —N+2iy —ip +2ig —iy +ig +ig +2i; +2ig—lg | ijg =max 6"*"*55“3“4“6“9*11

L—js—m+n+ns—255—j1} - Tnem—j,~2i T j—2i [n+m—j2}
- 5 T T min D743 min| 1741 || ———=
{ 2 (n-m- j~2i3~ig ) (h—2iy~is) [ner*Jz*Z'A} [12*2'2} 2
X Z

ig=0 : —M-n+2i,+ig+j, | 2iy +ig—j ig=0 i:=0 i,=0

Iy |B:max[o 4 +lg Jz}hzmax[oz 5 Jz} 3 Is I

n-m—j || ip || i
2 2|2
i3=0 =0 i;=0

><\/CiZilczji1 \/CiZizczji2 \/CiZiSCerWh \/CiZiACQiJrHH2 \/Cijrzhcijr2i2

1 1 2 2 3 3 4 4 5 5
X\/Cin—m—j1—2i3Cin+m7j272i4 \/Cijl—zil—iSCijz—ziz—i5+i7 \/Cin—m—j1—2i3—i6Cin+m—j2—2i4—i6+i5
6 6 7 7 8 8
><\/Cizigc L— js—m+n+ns—2ss—j; \/Cizimc L— js+m+n+ns—j, \/C—m+n—ss—i3—i4—i6—i9+im—jlci];rsn:i—izi—fii‘l:iiiiig
9 10 37478910

2iy 2iy, —M+n=2iy—ig—ig—

% ( 1)L+K+n5*55+i2+i4+i7+i5*i9 —iyy 22( L+K )+2n5+3iy +ip +3ig+is +4is +4ig +2i7 +2ig—3ig—iyg —3iy1 —ir,

x CL—js—ernJrns—Zss—ZiQ—j1 L— js+m+n+ns—2iy—j,
L— js+nS—SS+ig+ig+ig—ig—ig — L— jS+NS—SS+i3+is +ig—ig—iyg

><\/C_ZincK+js+2ss+j1 \/C_2i12CK+js+j2 \/Css—il—iz—is—i11+i12+jlcj2—2i2—i5+i7
ha 2iy,

iy 2iy; J1—2iy —i5—i, §S+iy —iy +i; =y +ijp

C K+ js+255—2ij,+ j; K+ js=2i,+ ], L+ K +ns+2iy +ip +2iy +ig +2i5 + 2ig +i7 +ig —ig —i1
JSHSS+ip+iy +ig =iy —kp — K+ jS+8S+i+iy+ig =iy —ijp L+ K+1-m+n+ns+2i,+2i, +i5+ig—i; —ig

voi H=123..,9 L=-101 K=-10;1.

Trong do
n!
Cl=———,
“ kY(n-k)!

b (rz)a 22(1+a)1“[1+ ajr(—l—a+bj
I2(r)= j dr = 2 2

s (1+4r7) r(b) ’
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