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ABSTRACT
We introduce the concept of the ideal co-transforms with respect to a pair of ideal (I , J)

which is an extension of the concept of the ideal co-transforms [1] and dual to the concept of the
ideal transform of Brodmann [2]. We also study some basic properties of the ideal co-transforms

with respect to a pair of ideal (I ,J ) for linearly compact modules.
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TOM TAT
Déi bién déi idéan va Pong diéu dia phwong cho mét cap idéan

Chang toi sé gisi thi¢u khai nigm déi bién doi idéan cho mét cap idéan (1,J), xem nhu la
mét s mo réng tir khai niém doi bién doi idéan trong bai bao [1] va doi ngau véi khai niém bién
doi idéan ciia Brodmann [2]. Pong thoi, chling ti sé nghién cizu mét sé tinh chdt co ban ciia doi
bién déi idéan cho truomg hop médun compact tuyén tinh,

Tir khéa: bién dbi idéan, modun compact tuyén tinh, dong diéu dia phuong.

1. Introduction
Throughout this paper, Ris a noetherian commutative ring and has a topological
structure. Let 1,J be two ideals of R. In [2], Brodmann introduced the definition of ideal

transform D, (M) ofan R—module M with respect to ideal |

D,(M):HﬂHomR(lt,M).

It provides a powerful tool in commutative algebra. Some extensions of D, (M) are
the generalized ideal transforms of M, N with respect to an ideal D,(M,N) in [3] and
ideal transforms with respect to a pair of ideals D, ;(M) in [4].

By the duality, in [1] Tran Tuan Nam defined the concept of ideal co-transforms
C/(M) ofan R—module M by
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C! (M) = lim Tor®(I', M),

the author also studied some properties of ideal co-transforms C'(M) in case M is a
linearly compact R—module. In [5], we studied the local homology modules with respect
to a pair of ideal (1,J) defined by

H'" (M) = “ﬂ H*(M).

This is an extension of local cohomology modules and dual to local cohomology
modules with respect to a pair of ideal (I ' J ) [6]. By duality, we define ideal co-transforms

with respect to a pair of ideals C'’ (M) by
C'?(M) = limC3(M).

The purpose of this paper is to study the ideal co-transforms with respect to a pair of
ideal C*’(M) in the case M s a linearly compact R—module. The organization of the

paper is as follows. In section 2, we recall briefly some properties of linearly compact
modules and local homology modules that we shall use. In section 3, we introduce the

concept of the ideal co-transforms with respect to a pair of ideal C'”(M) and show some
properties of the ideal co-transforms C>(M) when M is a linearly compact R—module.

Theorem 3.3 shows the relationships between C'’(M) and H/’(M) through the

1,J
i+1

0> H;/"(M)>C"”"(M)>M > A, ;(M)—>0.

isomorphisms H.'>(M)=C/”’ (M) forall i >1 and the exact sequence

Theorem 3.7 gives us some basic properties of the ideal co-transforms C'’(M).

Finally, Theorem 3.8 shows the property of the ideal co-transforms C” (M) related to the

continuous homomorphisms.
2. Preliminaries

We first recall briefly definitions and basic properties of linearly compact modules
and local homology modules that we shall use.

Let M be a topological R—module. M is said to be linearly topologized if M has
a base of neighborhoods of the zero element M consisting of submodules. M is called
Hausdorff if the intersection of all the neighborhoods of the zero element is 0. A
Hausdorff linearly topologized R—module M is said to be linearly compact if F is a
family of closed cosets (i.e., cosets of closed submodules) in M which has the finite
intersection property, then the cosets in F have a non-empty intersection (see [7]). It is
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clear that artinian R —modules are linearly compact and discrete. We have some following
properties of linearly compact modules.
Lemma 2.1. ([7])

i) If M is a Hausdorff linearly topologized R—module and N a closed submodule of
M, then M is linearly compact if and only if N and M / N are linearly compact.

ii) Let f:M — N be a continuous homomorphism of Hausdorff linearly topologized
R—modules. If M is linearly compact, then f(M) is linearly compactand f isa closed
map.

iii) The inverse limit of a system of linearly compact R—modules with continuous
homomorphisms is linearly compact.

Lemma 2.2. ([8, 7.1])
Let {M,} be an inverse system of linearly compact modules with continuous

homomorphism and
0->{M}->{N,}>{RP}—>0

be a short exact sequence of inverse systems of R—modules. Then
0—>IlimM, > Ii%mNt —><Ii;mPt -0

t t

is exact.
Let 1,J be two ideals of the ring R and M an R-—module. The i—th local

homology module H,"”(M) of M with respect to a pair of ideals (I,J) is defined in [5]
by

Hi"J(M)zﬁﬂHia(M).

This definition is in some sense dual to the definition of local cohomology modules
H/;(M) of M with respect to a pair of ideals (1,J) ([6]).

The (1,J)—adic completion A, ;(M) of an R—module M is defined by

A (M) = ILmAa(M).

It is clear that if J =0,then A, ;(M)=A, (M), whichis the | —adic completion of M.

Lemma 2.3. ([5, 2.9])
Let (R,m) be a local ring and M an artinian R—module. If M is complete with

respect to the J —adic topology (i.e., A,(M)= M ), then
H{ 7 (M) = H{ (M)
for all i >0.
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Lemma 2.4. ([5, 2.13, 2.14])
Let M be a linearly compact R—module. Then

i Hi'vJ(H;vJ(M));{:;J(M)' :ig,forall i>0:
. o, i=0
“) Hi (aEQI,J)aM)Z{HiIYJ(M)’ i>0'

3. ldeal Co-Transforms
Let I,J be ideals of R, we recall W(I,J) the set of ideals a of R such that

I"<a+J for some integer n ([6]). We define a partial order on W(I,J) by a<b if and
only if bca. The ideal transform of M with respect to ideals (I,J) is defined by
D, ;(M)=limD,(M) ([4D. If a<b we have the  homomorphisms

Tor®(b',M) —>Tor*(@,M) for all t>0and i>0. It induces a homomorphism
C’(M) —C2(M). Therefore, we have an inverse system {C?(M)}aeW(I,J)' Now, we

define the ideal co-transform with respect to a pair of ideal, which dual to the definition of
ideal transform.
Definition 3.1.

Let M be an R—module and 1,J ideals of R. The i—ideal co-transform of M

with respect to a pair of ideals (I,J) or (I,J)—co-transform of M is defined by

C/?(M)= lim C}(M).
acW(l,J)

When i=0, C,’(M) is called the (I,J)-co-transform of M and denoted by
c'(M).

If M is linearly compact R—module, then by [1], C*(M) is also linearly compact,
and C'”’ (M) is too by Lemma 2.1, (iii).
Proposition 3.2.

Let 0 >M"—5>M —3M'—0 be a short exact sequence of linearly compact
R—modules in which the homomorphisms f,g are continuous. Then we have a long

exact sequence of linearly compact R —modules
:——C/7 (M) ——C/' (M) ——C/ (M) —-
—C"(M")—sC(M)—25C" (M) ——0
in which the homomorphims f;, g; are continuous for all i >0.

Proof. By [1, 3.2], we have the exact sequence of linearly compact R —modules

107



TAP CHi KHOA HOC - Trwdng DHSP TPHCM Tdp 15, Sé 9 (2018): 104-112

++ = CAM") —2 CA(M) —%CH (M) —
—C*(M")—%>C*(M)—25C3(M') >0
inwhich f, , g, are continuous for all aeW(I,J). Then Im f, ,Img; are linearly compact.

Hence, lim isexact on all of the short exact sequence that arise from the long sequence.
aeW (1,J)

Therefore, we have the long exact sequence in the theorem. Since the homomorphisms
f., g, are continuous, the homomorphisms induced on corresponding direct products are

also continuous, so f;,g; are continuous.
Theorem 3.3.
i) Forall R—module M and i>1, H/;) (M)=C/’(M);
ii) If M is linearly compact R—module, then there is an exact sequence of linearly
compact modules
0> H;/"(M)>C"”"(M)>M > A, ;(M)—>0.
Proof. i) We have
Hii(M)= lim HF (M)

e acl (1,d)

Cl*(M)= lim CA(M).

acW (1,9)
By [1, 3.3], we have HZ,(M)=C*(M) for all acW(1,J). Therefore,
H'J(M)=C'’(M).
if) For each aeW(I,J), we have the exact sequence
0—>HXM)—>C*(M)—LsM—23A,(M)—>0
in which 7,,6, are continuous for all aeW(1,3) by [1, 3.3(ii)]. From [9, 3.3], {H:(M)}

is linearly compact inverse system and so is {Ker6,}. Passing into inverse limits lim
aeW (1,J)

we have an exact sequence
0—>H;/"(M)>C"”"(M)>M > A, ;(M)—>0.

Corollary 3.4.
Let Mbe a linearly compact R-module. Then C'"’(M)=M if and only if

HJVJ(M)ZALJ(M)ZO-

Proof. It follows from Theorem 3.3 (ii).
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Corollary 3.5.
Let M be a linearly compact R —module. There are two short exact sequences

0>H’M)>C""(M)—> (| aM >0
a<W (1,9)

0— ﬂ aM ->M > A, ;(M)—>0.
a<W (1,9)

Proof. There is a continuous homomorphism 6,:M — A_ (M) for all aeW(I,J)

and Kerg, =N a'M is inverse system of linearly compact modules.
t>0

Hence, from the short exact sequence
0->NaM->M —>A,(M)—>0

t>0

we have the exact sequence

0— ﬂ aM ->M > A, ;(M)—>0.
a<W (1,9)

From the Theorem 3.3, we have

0> H”M)>C"”(M)> (] am —0.
a<W (1,9)

Proposition 3.6.

Let (R,m) be a local ring and M is an artinian R—module. If M is J —adic
completion, then C'?(M)=C"'(M).

Proof. By Lemma 2.3, we have H'’(M)=H'(M) for all i>0. There is a
commutative diagram

0> H/(M) > C'(M)>M—> A, (M) >0

= \2 did =

0> H/”(M)>C""(M)>M > A, ;(M)—>0,
where two rows are exact sequences by Theorem 3.3 and [1]. This implies that
C'"’(M)=C'(M).
Theorem 3.7.

Let M be a linearly compact R—module. Then

i) C"(H'7(M))=0forall i>0;

i) ' (N J)aM);C"J(M);

iii)C"’ (M)=C"’(C'? (M));
iv) H" (C'" (M) =H/ (M) forall i>1;
V) A, (CH (M) =H,"(C"(M))=0.
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Proof. i) As M is linearly compact module, so is H,"’(M). From Theorem 3.3 (ii),
we have the exact sequence
0> HI?(H/” (M) > C" (H (M) - H! (M)
— A, ,(H!7 (M) > 0.
By Lemma 24, H/’(H/°(M))=0 and A,,(H/’(M))=H'(M), hence
C"(H/7(M))=0 forall i>0.
i) From the second exact sequence of Corollary 3.5 and Proposition 3.2, there is an

exact sequence
C7 (A, (M) >C"( Wﬂ aM) —>C'"(M)—>C" (A, ;(M))—>0.
aeW (1,J)

By Theorem 3.3, C/”(A, ;(M))=H, (A, ;(M))=0 and C"'(A, ;(M))=0 by (i).
Therefore C'’( N aM)=C"'(M).
)

acW (1,
iii) The first exact sequence of Corollary 3.5 induces the exact
C"(H' (M) ->C' (" (M) —>C"( wﬂ aM) — 0.
aeW (1,J)

Since C"’(H,”(M))=0 by (i) and C"’( wﬂ aM)=C'’(M) by (ii), we have
aeW (1,J)

C"'(M)=C"(C"(Mm)).
iv) The first exact sequence of Corollary 3.5 gives rise to an exact sequence
o> HY(HY (M) > HY(C' (M) = H/Y( wﬂ am) —---.
aeW (1,J)
By Lemma 2.4, H"’(H,”(M))=0 and H/,’( wﬂ aM)=H'’(M) forall i>1.
aeW (1,J)
Therefore, we have H’(C'?(M))= H;"’ (M) forall i>1.
v) It follows from (iii) and Corollary 3.4.

Theorem 3.8.
Let f:M — M’ be a continuous homomorphism of linearly compact R—modules

such that A, ,(Ker f)= Kerf and A, (Coker f)= Coker f. Let ¢:K —> M’ be an
other homomorphism of linearly compact R —modules. Then
i) C(M)=C"(M";
i) There is a unique homomorphism ¢:C'’(K) — M such that the diagram
M —Is M
T 4 T ®
C'V(K)—2— K
is commutative;
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i) If o:K—>M' and 7, :C"'(M)—>M are both isomorphisms, then the
homomorphism ¢ of part (ii) is also an isomorphism.

Proof.

i) Applying the functor C'”’(-) to the exact sequences

O->Kerf >5M—>Imf >0

0—>Imf —>M"— Cokerf — 0.
we have the following exact sequences

c'(Kerf)—>C"'(M)—>C"(Imf)—0

C/”(Coker f) »>C'?(Imf) ->C''(M") —C"’ (Coker f) > 0.

By the hypothesis, A, ;(Ker f)= Kerf and A, (Coker f)= Coker f. Then we
have C'’(Ker f)=C'’(Coker f)=0 by Theorem 3.7 (i). From Theorem 3.3 (i) and
Lemma 2.4, we have

C,’(Coker f)=H,” (Coker f)=H,” (A, ,(Coker f))=0.

Therefore, C'’(M)=C" (Im f)=C'’(M").

i) We have a commutative diagram
M — M «2— K
T T o T

CM(M)—= 5 CM (M) 2@ C(K).

By (i), C"’(f) is isomorphism. Let ¢ =n,, oC'”(f)*oC"’(p). Then

fog=Tom, oC(f)"oC"(p)=ny oC" (p)=gon.

Assume that there is a homomorphism ¢':C'’(K) —M such that fog¢' =g@on,.
We have the following commutative diagram

M <« c'(M) —CS schi(MY)
qus’ T () T (9)

C! (K) 20— C1 (€' (K)) ——ls € (K),
where .., ., =C"’(n¢) isisomorphism by Theorem 3.7 (iii). It follows

¢ =1y °C" (¢)C" (1) * =ny <C" () *C' (0) = ¢

So ¢ is unique.

iii) Since ¢ is an isomorphism, C'’(¢) is also an isomorphism. From (ii), we have

¢=n,°C'"(f) =C'(p), hence ¢ is anisomorphism.
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