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TOM TAT

Trong bai bao nay, tac gid md ta y tuong xdy dung tdt ca cdc dai s6 ma trdn Lie. Pau tién sé
Qidi thiéu bai todn mo ta cdc siéu dién thire dong nhat affine ciia khong gian phire C3. Tiép dén
nhdc lai diéu kién dé cac ma trdn la co s6 ciia dai sé Lie. Sau dé, gidi thich sy lya chon tir hé 90
phuwong trinh phite mét hé phirong trinh con phy twong doi don gian. Nghién ciru ndy gid dinh da
thice g, (Z’Z, u)phu thugc vao bién *u’.

Tar khoa: dai sb Lie, md hinh méy tinh, tinh toan biéu tuong, bién ddi affine, bé mat dong nhit.

ABSTRACT
Algorithm for describing matrix algebras

In this article, | describe an idea of building all matrix Lie algebra. First of all, I introduce a
problem referred to real aspects of identical affine of C3, which is a complex space. | repeat the
conditions for matrices to be basic of Lie algebra. Then, | explain why we choose a simple system
of equations from 90 equations of complex variables. Secondly, | suppose that the polynomial
= (z,?, u) depends on ’u’ variable in my study.

Keywords: Lie algebra, computer modeling, symbolic calculations, affine transformation,
homogeneous surface.

1.  Ditvén dé
Viéc nghién ctru tinh dong nhat affine cua cac siéu dién thuc trong khéng gian phirc
la van d& cép thiét cua giai tich phuc hién dai. Trong bai toan nay, quan tim dén dai s6 Lie
bao gdm cac ma tran vudng phirc ¢ dang sau:
Al A2 A3 po
BL B2 B3 si (1.1)
a b c Q=
0O 0 0 03
Déi Vv6i cac dai s6 twong tng véi bé mat dong nhat, c6 nhiéu méi lién hé giira cac
phan tir trong ma tran ([1] - [3]).
MGi mot ma tran (1.1) Ia sy biéu dién cua mot truong vector affine trong khong gian
£ 3 (A1 A2,A3,B1, B2,B3, a, b, ¢, p, s, q — hing sb phiic).
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MGi mot truong Z nhu trén tiép xdc véi mot siéu dién cua khong gian nay thoa dang
thire co ban sau

Z= (Alzl+ A2z, + A3w+ p)ﬂﬂ

2 7

+ (Blzl+ B2z,+ B3w+ s)ﬂ—
Mz,
+ (az,+ bz,+ cw+ q)ﬂ—,
1752 Tw

O day, ® 1a ham xac dinh cia bé mat. Trong bai bao nay, chi thao luan vé cac bé mat
gia 161 dugc cho bai cac ham giai tich thuc. MGi bé mat duoc thao luan di qua gdc toa do

cua khong gian £ 8,

Re{Z(F)},, ° 0. 12)

Khai trién Taylor ham xac dinh cua bét ki bé mit tai goc toa do c6 dang sau ([1])
I 2 ¢ @o 50 2, 2%

v = |Zl| + |22| + gelgzl tofz e2§22+ 22% (1.3)

+ FS(Z,E,U)'F F4(z,2,u)..(3)
Trong phuong trinh (1.3), cac chi s cua cac thanh phan g AT la

trong lugng. Tong k + 1+ 2m 4 trong lugng cia da thirc Fklm(z’ z, u), véi k bac theo

bién z = (z4,2,), | bac theo bién E:@,Z) va m bac theo bién u.

Nghién ctu ndy chi xem xét & ddy cac b& mat hinh éng ma trong d6 thoa didu kién
1
& =& =+%

2

Bai toan mo ta céac siéu dién thuc dong nhat affine cua khong gian phac £ 3 van
chua duogc giai quyét, ké ca trong truong hop dic biét da tap dang dng. Di véi cac bé mit
nay, da thirc F3(z, z, u) cta phuong trinh (1.3) ¢6 thé dat dugc mot trong cac diéu kién,
phu thudc hodc khdng phu thudc vao bién u. Duéi day, sé gigi thiéu diéu kién cho trudng
hop dang nghién ctru, da thic F3 (Z, Z, u)phu thuoc vao bién u.
2. Thuit toan dé mé ta cac dai s6 ma tran

Trong phan nay, bai bdo mo ta y tuong ki thuat xay dung tit ca cac dai sb
ma tran Lie.

Xét 5 ma tran co so cuia dai s6, chi sir dung thong tin téi thiéu vé ching. Céc phan t
AL A2, A3, Bli’Bzi'B?’i’i:ﬁ ctia c&c ma tran nay phu thudc vao bo tham sb
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ity lytgitg ty tgimy, My, Mg, My (2.1)
iNg. Ny, Ng, Ny
Chang dugc viét & dang co ban nhu sau:
BAL A2 A3 1%
Bl, B2, B3, 0%
E-foa By By 02
1 k4 0o 2m o=
50 0 0 0%
BAL, A2, A3, i0
B1, B2, B3, 0=
E.= =
2 =+
0 0 2(m2- |a1) OE
0 0 0 07
3%13 A23 A33 Og
BL, B2, B3, I
E.-f 3 -3 °%3 %
3 0 4i 2m3 =
0 0 0 03
N, A2, A3 00
. Bl4 824 834 Ig
4~ - >
0 0 2(m4— |a2) O§
g0 0 0 0%
EAL: A2 A3; 08
BL, B2 B3 0=
E=f > ° > i (2.2)
- Zal - 2a2 2(m5— il ) 1§
0 0 0 0F

Dé bo ma tran (2.2) 14 co s& cua dai s6 Lie, thi diéu kién can va du 1a thoa mén diéu kién
dong d6i vai phép toan ngodc ma tran (bao tuyén tinh thuc cia cac ma tran nay). Do do, ching
ta can phai xem Xét ¢z = 10 phép toan ngodc Wkl = [E, ,E|]= E,E- EE, (1£ k£ I£ 5) cho tat ca
CAC cap ma tran cia co so. Di véi mdi cap Ex, Ei nhu vay, can phai thoa dang thic:

Wkl = [E,,E JF b,E, + b,E, + b,E, + b,E, + b,E,, (2.3)
trong do6, B, B, Bs» By» Bs. 12 C4c s6 thuc.

Mdi mot trong sb cac phép toan ngoic [E,,E,] (1£ k£ 1£ 5) la mot ma tran
vudng cip 4. Trong d6 hang thir 4 caa bat ki phép toén ngoic nao déu chira cac phan tia
khéng, giéng nhu trong cac ma tran (2.2). Do do, tir dang thirc (2.3) suy ra mot phép toan
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ngoic bt ki nao d6 dugc biéu thi bang hé gdm 12 dang thirc theo s6 phan tir trén ba hang
caa ma tran dang (2.2). Tong s6 du kién 120 = 12 x 10 phwong trinh. V&i mot s6 luong lon
cac tham s6, ching ta can sir dung cac chuong trinh may tinh dé tinh toan.

Trong tai liéu [4], cac siéu dién thuc dong nhit cua khong gian thuc ba chiéu ciing
duogc nghién ciru bang cac phuong phap may tinh. Truong hop ndi dung dang nghién ciru
la cac bé mit thyc trong khong gian phirc, so véi khong gian thuc trong tai liéu [4], sb
chiéu bai toan ting gap doi.

Khi nghién ciru cac dai s6 can tim, dau tién ching ta giam tong s6 phuong trinh tir
120 xudng 90. Bé thyc hién diéu nay, chdng ta tinh cac cot cudi cing cua tat ca 10 phép
toan ngoic. R3 rang la cac phan tir cua cot cudi cuing dugc biéu dién qua cac phan tur caa
C4Cc ma tran co so ban dau (2.2). Nhung do cac cot thir 4 ciia ma tran co so ¢6 dang don
gian nén céc cot cudi cing cua phép toan ngoic don ciing duoc xay dung don gian.

2.1. Ménhdé2.1.
Céc cot cudi cling cua 6 diu ngoac caa cac ma tran co so (2.2) ¢ dang:

@AL - AL0 ®A2, - ALD
iB1 - B1,% B2 - BLZ:
W12: : 2z w13:g ¢ 8z
-4 2 -
B 0 7 B 0 @
@A2,- AL,0 ® AL+ A2,0
wi4a:foh Bl \yog f 1BL Y B2,2
0 0 :
E 0 5 g 0 5
B AL, + iA22g @AA2, - A24g
woa-E iB1, + IBZQ%,W:M: iB2, - BZ% (2.4)
0 z -4 =
0 ] 0 ]

Céch ching minh cia ménh dé trén c6 thé thu duoc bang tinh toan tryc tiép.

Khi d6 cac hé s6 p . trong dang thuc (2.3) cia bat ki dau ngodc WKI duoc xac dinh
duy nhit bai cac phan tir ciia cac ma tran co so ban dau E;— Es. CAc hé s6 nay dugc biéu
dién tuyén tinh qua e-cac phan tir cia 4 ma tran co so dau tién. Con ddi véi bén dau ngoidc
W13, W14, W23, W24 ciia dang thac (2.3) khong chira ma tran Es.

Vi du:

W12=[E, ,E,]= - (A:I.21 + Allz)E1 + (A]-n' Alzz)E2

- (8121+ |3112)E3 + (Bln- Blzz)E4- 4E,

W14 = [E,,E,]= - (Al41+ A212)E1+ (A211- A142)E2

- (Bl41 + BZlZ)E3+ (BZM- Bl42)E4,

(2.5)

(2.6)
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trong do, Als = Re(Als), Als = Im(Aly), va céc ki hi¢u twong tu dugc su dung cho céc
phan tir ma tran khac. Thay vi xem xét cac diu ngoic Wi bay gio ta xem xét cac dang
“da hiéu chinh” cua ching

Rkl = WKI- (b)E1+ byE2+bgE3+ b, E4+ bE5) (2.7)

MGi trong s6 cac ma tran cap 4 nay déu c6 hang cudi va cot cudi chi chira cac phan
tu khong. Khong gian thao luan n= (g, E,, E,, EA>déi vai phép toan ngoac la khéng gian
dong, nghia 1a céc phan tir caa khdi (3 x 3) phia trén bén trai cua tat ca cac ma tran Ry
ciing phai bang 0.

C6 tat ca 90 = 9 x 10 phan tir nhu vay, tuong Gtng VGi n6 bai béo s& nghién ctu hé
gdom 90 phuong trinh. Luu y rang, trong hé nay chi chira cac phan tir caa tat ca cac ma tran
co s ban dau (hé dong dbi véi cac phan tir cia ma tran Ej - Es).

S6 lugng cac phan tir nhu vay trong hé dang thao luan 14 rat I6n. Bong thoi, mot
phan trong sé chiing dugc thé hién thdng qua céc phan tir khac. Khéi trén bén tréi (2 x 2)
caa cac ma tran thao luan 1a quan trong nhat. Bé ngan gon goi ching la khdi phan tir e.
Thyc té chling c6 tinh chét sau day.

2.2. Ménhdé?2.2.
Tur cac khdi phan tir e caa cac phép todn ngoidc d4 hiéu chinh R13, R14, R23, tit ca

A3.,B3.,i=1,4 o x .
o BB, By B, dugc biéu dien qua cac

c4c phan tir cua cot thir ba cia ma tran
khéi phan tir e cuia cac ma tran E1 — Ea.

Céch chirng minh khang dinh nay c6 duoc bang tinh toan tryc tiép. Dau tién, ching
ta quan tdm dén 8 phan tir (cAc phan tir A3, B31, A3z, B3;, A33, B33, A34, B34) trong ba
diu ngoic ban dau la W13, W14, W23:

W13, = - 4iA3, + €13,

W13, = 4iA3.+ e13,,,

W13,,=- 4iB3,+el3,,,

W13,,= 4iB3 + €13,,,

W14, =- 4iA3,+eld,,,

W14,,=- 4iB3,+eld,,,

W23, = 4iA3,+ e23,,,

W23,,= 4iB3, + €23,,,

O day, ki hi¢u eij= [e; e;Jvéie, la khéi trén (2° 2) bén trai cua ma tran E,. Tiép
dén xem xét dén cac dau ngoic hiéu chinh. Khi d6 theo ménh dé 2.1
Rij= Wij- (b,E,+ b,E,+ b,E,+ b,E,). M&i trong s6 8 phan tir trong ma tran hi¢u chinh

R; déu bang 0.

98



TAP CHi KHOA HOC - Trwdng DHSP TPHCM Nguyén Thi Thiy Duwong

Vi du:

R13,= W13, - (b,E, + b,E,+ b,E,+b,E,)= 0

U 4iA3,+e13,- (b,E,+ b,E,+ b,E,+ b,E,),, =0

Do d6, c4c phan tir cua cot 3 cia cac matran g, - E,ticla a3 va g3, biéu dignqua
cc e-khdi (2- 2) phan tir cia cac matran g - g,. Nhing cong thic cong kénh nay dugc
dua vao chuong trinh may tinh @é tim kiém céc ma tran dai s6 ¢ dang chinh xéc.
Ménh dé 2.2 ¢4 dugc chang minh.

2.3. Ménh dé2.3.

Ma tran Es trong co so (2.2) cia ma tran dai s6 Lie duoc xac dinh duy nhét bai cac
matran E,E, E,, E,.

Chizng minh:

Tur (2.5), ta c6 duoc dang thic:

£ - 1§' E1Ealt (g AL JEr- (A~ ALy )E,

> 4G (Blyrr Y )Eg (Bl BLyE,

Ménh dé 2.3 dugc chang minh.

Céc ménh dé 2.2 va 2.3 xac dinh mot b cac dai lwong chua biét nim trong hé gom
90 phuong trinh. Theo két qua ciia ménh d¢ 2.2, bon ma tran dau tién cua bat ki cac dai s6
5 chiéu thao luan nao dugc xac dinh boi cac gia tri cua cac phan tir trong chiing. Dé xac
dinh ma tran co sé thar 5 cia mot dai s, chiing ta 6 thé sir dung Ménh dé 2.3.

Budc tiép theo, ta chon tir hé 90 phuong trinh phiic mot hé phuong trinh con phy
twong dbi don gian hon. S6 lugng phuong trinh thyc trong hé con nhu vay can phai du dé
xac dinh tat ca cac yéu t6 chwa biét ciia bo tham sb nay.

Bai bao giai thich sy lya chon caa hé con d6. Pau tién, chung ta dua vao trong hé
con bon phuong trinh phirc

= = = = 2.
R14,, = 0,R14,, = 0, R23, = 0,R23,, = 0. (2.8)

Vé trai cta chung duoc biéu dién bang e-khdi phan tar caa bén ma tran g - E

SH:IJ- 1 1O:

.
Niam phan tir cia ma tran R24 dugc xay dung twong tw va nghién ciru ndy dua vao trong hé
con phu 5 phuong trinh nay:

R24,, = O,R24,, = 0, 2.9)

R2421: 0,R2422: 0,R2333: 0.

Céc ma tran E,, E4 ¢6 cac khdi phan tur thyc. Diéu nay dan dén 5 phwong trinh cudi
cung 1a cac phuong trinh thyc. Bén phuong trinh dau tién trong hé con phuy 1a cac phuong
trinh phtrc. Cac phuong trinh ndy khong di dé xac dinh bo 16 tham s6 (2.1). Do d6, can b
sung thém vao hé phuong trinh phy, ta c¢6 thé thém bon phuong trinh phtic thu duoc tir cac
y sau day.
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Céc phan tir R1411, R142: cua ddu ngoidc diéu chinh R14, nhu duoc chi ra ¢ trén, chi
phy thudc vao cac e-khdi phan tir cia bén matran g - g,. Tirbiéu dién nay ta da thu dugc
cong thirc A34, B34. Pong thoi, d& dang thay rang

W14, = 4iA3,, W34, = 4iB3, (2.10)

Tuong ty, tir cdng thic R2312, R232, suy ra A3z, B3, phu thudc vao cac khbi phan ti
ciabénmatran g - g,, déng thoi

W12, = 4iA3,, W23,, = - 4iB3, (2.11)
Chuyén sang cac dau ngoic hiéu chinh va cac phan ti cua nd R14,,, R344,,
R12,,, R23,, ching ta thu dugc bon cong thice, trong do 4iA3,, 4|B34, 4|A32, - 4|B$2

duoc biéu dign qua cac phan tir khac trong ma tran co sé cia dai s duoc thao luan. Hon
nita, c4c e-khdi phan tir cuia ma tran Ei;-E4 nam trong cach biéu dién méi cua 4iA34
va —4iB32. Con trong cong thirc R34ss, R1233 chi ¢6 phan tir 2(m5+ il ) cua ma tran Es.

Thay cac phuong trinh (2.10) va (2.11) vao c&c cbng thic ci A3s, B34, A3, B3a.
Ta nhan dugc 4 phuong trinh phiic (hodc 8 phwong trinh thuc) theo khdi phan tir cia ma
tran E1-E4 va hai 2 tham s Mg, | chua biét.

R1411 + R1433 =0, R1421 + R3433 = 0,

R2312- R1233: O,R2322 + R2333: 0.

Nhitng phuong trinh thyc nay cé thé thém vao hé phuong trinh phu néi trén.
Ghi cha.

Phuong trinh

+ = + = 0. 2.12
R14,,+Rl4 = 0R23,+R23 =0 (2.12)

Phuong trinh 2.12 chi phu thuc vao cac e-khéi phan tar cia bén ma tran co ban
Ei-Es. Ta c6 thé xay dung 1 thém phuong trinh, chi phy thugc vao ma tran E;-E4. Tong:

= 0 ciing c6 tinh chit nhu thé.
R1333+ R1322+ R1311 0 cung co tinh chat nhu the

Theo cach nay hé phuong trinh phu dugc xay dung chira 21 phuong trinh thuc. Do
d6 ta c6 thé xac dinh bo tham sb (2.1).
2.3. Pinhli2.1.

Ton tai mot dai sb Lie ma tran 5 chiéu duy nhét thoa man yéu ciu da thic

F3(z, Z, u) phu thuoc vao bién u. Co s& cuia n6 1a cac ma tran sau:
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24 -2 2 10
_F2 0 2 0f
WTEs 0 -4 0F
BO 0O 0 O0p
@4 0 3 b

2 -2 3 0=

0 -2 OE

20 0 3 00
c_F2 2 5 iz
480 0 -2 OF
0 0 0 0

- - (0]

4i -1 % Oé

S A1/ o

E,= 4 -3 % < (2.34)

0 0 0 0p
Dé chirng minh dinh li nay trudc tién tim nghiém cua hé con (gdém 21 phuong trinh
duoc xay dung nhu trén) cho truong hop da thuc F3(z, Z, u) phu thugc vao bién u. Mai

nghiém cua hé con, c6 thé la nghiém cua bai toan ban dau hoic dan d¢én mau thuan. Viéc
nay kiém tra tuong d6i dé dang, bai vi phan Ion cac tham sé trong mdi nghiém cua hé
con phy déu bang khong. Bai bao thu dugc 5 ma tran (2.34). Ta dé dang ching minh
rang cic ma tran ndy la co s¢ ciia dai so Lie. Kiém tra diéu nay, ta hoan toan cé thé st
dung may tinh.
3. Kétluan.

Tim duoc dai s6 Lie ma trdn nim chiéu thoa man yéu cau da thuc F3(z, Z, u) phu

thudc vao bién u, tuong ng véi nd 1a bé mat dong nhat affine cua khong gian C2. Pay la
diém mai so véi két qua dd cong bd o tai lieu tham khao [8], trong khdng gian C? khong
ton tai bé mat dong nhit affine voi thanh phan u khdng tam thuong cua da thic Fs trong
phuong trinh chinh tac.
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