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TOM TAT

Yéu t6 ma tran cho nguyén i heli duoc biéu dién dudi dang gidi tich, thudn loi cho viéc lap
trinh tim nghiém s6 ciia bai todn. B ham co sé ciia bai todn dwoe Viét dudi dang b ham song ciia
dao dong tr diéu hda tam chiéu thudn tién cho tinh todn. Yéu t6 ma trdn ndy c6 thé mé réng dé im
nghiém sé cho cdc bai todn phire tap hon, nhw bai todn nguyén tir heli trong tir trurong.

Tir khéa: nguyén tir heli, hé nguyén tir ba chiéu, phuong phép toan tir FK, bo ham co so, yéu
t6 ma tran.
ABSTRACT

Matrix elements for helium atom

Matrix elements for a helium atom is represented in the analytical form. This is convenient
for programming to obtain the exact numerical energies. A basic set in the algebraic form given as
a set of eight-dimentional harmonic oscillator wave functions is useful for calculating. These
matrix elements can be used for more complex atomic systems such as a helium atom in a magnetic
field.

Keywords: helium atom, three-dimensional atomic systems, FK operator method, basic set,
matrix elements.

1.  Mé diu

Céu tric dién tir ciia cac hé nguyén tir don gian trong tir trudong ludn dugc quan tim
nghién ctru do ¢6 lién quan dén viéc nghién ciru phd cia cac sao 10n tring va sao notron
trong vat Ii thién van. Viéc nghién ctru phd ciia nguyén tir hydro trong tir truong da dat
duogc nhiéu két qua quan trong trong ca thyc nghiém 1an Ii thuyét (xem [1] va céc trich dan
trong d6). Tuy nhién, viéc phat trién cac két qua néu trén cho bai toan nguyén tir heli gap
rat nhiéu khé khan, chii yéu gay ra boi sy ton tai tuong tac electron-glectron trong nguyén
tir nay. Kho khin néu trén hién van dang dugc nhidu nhém nghién ctru khac nhau quan tim
giai quyét.

Trong rat nhidu cong trinh da duoc cong bd trude day, cac tinh toan cu tric nguyén
tir heli dugc phat trién dya trén i thuyét cua Hartree-Fock (xem [2] va céc trich dan trong
d6). Tuy nhién, do muic d6 phirc tap cua cac tinh toan giai tich, cac két qua thu duoc chua
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dap tmg dugc yéu cau ma cac nhom nghién ciru d dat ra. Dé nghién ctru bai toan nguyén
tir heli, nhom chung t6i ¢4 st dung phép bién d6i Kustaanheimo — Stiefel chuyén bai toén
nguyén tir heli sang bai toan dao dong tir didu hoa tam chiéu, két hop v6i phuong phap
toan tir FK [3] - [5] viét lai Hamiltonian ciia bai toan dudi dang dai s6, dong thoi xdy dung
duoc bd ham song co so cho bai toan [6]. Phuong phap dai s6 dugc sir dung da gilp tiét
kiém dang ké tai nguyén tinh toan do bo ham co s ctia bai toan cé tinh chat dac thl, vira
van giit tinh chat ctia bd ham cho twong tac Coulomb vira c6 dang ciia ham soéng dao dong
tir didu hoa rat thudn tién trong tinh toan. Dé tim nghiém s chinh xac cua bai toan, viéc
thyuc hién cac nghién ctu tiép theo 1a can thiét.

Trong cdng trinh nay, ching tdi tiép tuc sir dung Hamiltonian va bo ham co s¢ dang
dai s6 d& duoc xay dung trong cong trinh [6] dé xdy dung cac yéu t6 ma tran duogc viét
dué6i dang giai tich, thudn loi cho viéc l4p trinh tinh todn tim nghiém sé chinh xac cia bai
todn V& sau. Cac yéu té ma tran ndy ciing c6 thé phat trién cho cac bai toan phtrc tap hon
nhur bai toan nguyén tir heli trong tir trudng va mot sé bai toan khac.

V&i bai toan nguyén tir heli, ngoai viéc sir dung phép bién ddi Kustaanheimo —
Stiefel ¢é dua cac thanh phan twong tac Coulomb vé dang da thirc, chung t6i st dung thém
phép bién dbi Fourier dé da thirc héa thanh phan tuong tac electron-electron. Két qua thu
duogc 1a cac biéu thic tudng minh cia cac yéu té ma tran, cac thanh phan khac khong cua
c4c yéu t6 ma tran va mién xac dinh cia cac chi s6 lwong tir. Diéu ndy rat quan trong vi nd
gilp tiét kiém tai nguyén va thoi gian tinh toan khi 1ap trinh tim nghiém sb chinh xac cua
bai todn sau nay.

2. Phwong phap dai sb giai phwong trinh Schrodinger cho nguyén tir heli

Phuong trinh Schrédinger khong thir nguyén cho nguyén tir heli, mé ta chuyén dong
cta hai electron trong truong thé Coulomb, ¢c6 dang nhu sau:

(H- E)lP(Xl’ Vi 203 %5, Y, Zz) =0,

N 1( 8> o* &? 1( 8> &* &?
H=—Z| St a5+t 5|52zt t 77
2\ ox, oy, oz 2\ ox; oy, oz, 1)
Z Z 1

J— — + ,
\/)(12"'3/124'212 \/)(12"'3/124'212 \/(X1_X2)2+(y1_y2)2+(21_Zz)2
0
trong do, don vi do dai la ban kinh Bohr a, = 47t80h2 / me® =0.529 A ; don vi ning luong
la hai lan hang s6 Rydberg R, = #* 12ma; =13.61eV; Z la dién tich hat nhan cua nguyén
tir heli, trong cong trinhndy Z =2

Sau khi sir dung phép bién d6i Kustaanheimo-Stiefel va phép bién d6i Fourier bai
toan nguyén tir heli c6 thé dua vé dang bai toan dao dong tir ¢iéu hoa tam chiéu nhu sau:

I%Y(ul,vl,uz,vz,us,vg,u4,v4): 0, 2
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v6i H c0 dang tudng minh trong khong gian (u,v) nhu sau:

=(u3+v2+u4+v2){ [5: ;;] [aaj +§2j 2(ul+v2+u2+v2) }
HUE+ + +v§){ [;J: ;22] [aaj aa;] 2(Lg+v2+u4+v2) } (3)

+|:|C(ul’UZ’U3’U4’V1’V2’V3’V4)'
trong d6, sb hang cudi trong Hamiltonian (3) 1a thanh phan tuong tac electron-electron, cé
chua cac bién sb dong hoc & mau s0, nhung van c6 thé sir dung cac tinh toan dai s6 sau khi
bién ddi Fourier:

2 2 2 2 2 2 2
E C(uF v Ul ) (U U v ) e

= - [ ][] dtdtdt, ——
(27) e o «/n +t) 4+t (4)
~ e2i(u1u2 HViVo )ty +2i (U vy —UoVy )ty +i(u12 —uz2 +v12 —vzz)t3e—2i(u3u4 +VaVy )t —2i (UgVy —u4v3)t2—|(u3 —u4 +V3 —vf)t3

Bai todn dang xét bao toan moment dong luong theo truc Oz do toan tu:

0 0 ., 0 0
L = X, —— —i — 5
le + 2z [ a ] yl ale [ ayz y2 6X j ( )

giao hoan v6i Hamiltonian. Dé str dung trong cac tinh toan, chiing toi viét toan tir (5) trong
khong gian (u,,Vv,) nhu sau:

~ i 0 0 0 0 i 0 0 0 0
L=—|V,—-U—+U,——-V,— |——| Vg, — —U;—+U, ——V, — |. (6)
2\ "oy oV, ov, ou, ) 2 ~ou, oV, ov, au,
Dé str dung phuong phap dai sb giai bai toan, trudc tién chung t6i dinh nghia cac
toan tir sinh hity nhu sau:

- o~ 10 -~ |o[~ 1 0
Ay == | U +——— |, ay =,[=| U ———= |,
2 @ OU 2 @ OU

A o~ 10 AL o~ 10
b \/2[ w@v} b 2[5 w@v}

trong d6, w latham sé ty do; s=1,2,3,4. C4c toan tir (7) thoa mén cac giao hoén tir sau:
[6,(@).6 (@) ] =6, | (). B (@) | =5, (8)

Toan tu I:Z viét dudi dang céc toan tir sinh huy (7) khong c6 dang trung hoa. Dé thu

(7)

dugc toan tir I:Z c6 dang trung hoa ching tdi sir dung phép bién doi chinh tic sau dé dinh

nghia céc toan tir sinh hiy moéi:
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(9)

Céc toan tr &, &7, b,, b (s=1,2,3,4) giit nguyén cc tinh chat cta céc toan tir sinh

s s 1 ¥s1 s

huy, va thoa mén cac giao hoén tir sau:

[és,é;’J:ES“ |:bs’bt+:|=53t' (10)
Toan tir I:Z qua biéu dién dai s6 (9) c6 dang trung hda nhu sau:
2 1 A+ AtA e T A+ A+A Ny A
Lzza(a1a1 a,d, —b'b + zb) (8333 4,d, —b,b, + 4b4)' (11)
Hamlltonlan (3) qua biéu dién dai s6 (9) c6 dang nhu sau:

H1+H If| IEI4 I-:I5+IEIG, (12)
Voi
2 QA A A A A A A A A A A A
le_é( +M;+N3+M4+M;+N4+2)(|V|1+ *—|\11+M2+M2*—N2—2), (13)
ﬁzz—é( Vi + A*+I<11+I\7I2+M;+NZ+2)(M3+M;—N3+M4+ AZ—NA‘—Z), (14)
ﬁsz—é(l\hﬁ A*+l<l1+|\7lz+l\7lz*+l<lz+2), (15)
ﬁ4=—5(|\7|3+|\7|;+Ns+|\7|4+|\7|;+|<14+2), (16)

o
Iflsz i(l\?l1 M, +N,+M, +M*+I\I2+2)(M + M +N, +M, +M; +N +2) : (17)
o
; =(l\7|1+ A*+Nl+l\7lz+MZ*+NZ+2)(|\7I3+|\7I3*+I§|3+|\7I4+M1+N4+2)S, (18)
va:

2 1 RO dtdtdt, 54
S= 2, J. J.J. 2t1 22 325152’ (19)

(2 ) a1 il Pl ™
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Js. s Js e

i 1 ZZZZCJgCJACJSCJG
0 jg=

J 12”3']4']5']6 J7 Js *Lh=01,=01;=01,=0
J11+12+13+14+15+16+J7+JE h=l=l3-ly

i

+00 400  +00  +00 1

Xzzzz 1+t2 +t2 +t2

p,=0 p,=0 p;=0 p,=0 p1 pz p3 p4

x |t1 +t2)h+l7+pg+p4 (ltl _t2)12+la+p1+pz (1+ it3)j3+j6*91*94*|1*|4 (1 |t )JA+JS —pg—lp I3

ab;)" (am)" (a8)" (6:)" (a)” (6:8,)" (20)
. Lara-aza,) 2 T(EBBB)
X|— =/ { (1_|t3) :l (616;)‘)3(”52)“

1+t7 +t2 +t2

e (65.)" (38)"(a8)" (35)"
too 40 4o 4o 4o do 4@ 4o ( 1)1'9”10*115*116

SEDIDIDINIDIDIPIP)

Jo=0 J10=0 j11=0 j;2=0 j3=0 ju4=0 j;5=0 js=0 19 Jloljll 112|113|114|115|116
)psﬂja*p?*pa

’ ‘ —
+/-\
ExNE
+ | X
~ | e~
Ky 15
+\—'/\)
—
w
| I |

=

j;(a;aﬁqaﬁégaﬁagaﬁz)

ju i iz s 40 40 40+

@NDWICEEEEPIPIPY sE

ls=015=01,=01g=0 Ps=0 pg=0 p;=0 pg=0 p5 p6 p7 p8

1 Jo+Jiot hut ot hiathe+ s+ he—ls—ls 1l
X 2
S N

% |t1 +t2)19+115+95+96 (lt —t )ho*ha*ﬁ*pg (1_ it3)j11+j147p67p7457|8 (1+ it3)j1z+j13*95*98*|6*|7 (21)

«(ah; )" (&t )" ()" (asbe )" (&:8,)" (662)”

(1+|t )2 :Zl(a4a4 asas) (]_—It )2 %(6563*6;64) . .
3 3 + (2 a+\Ps
XLﬂfﬂutzl L+tf+t22+t32] (65,) " (&8;)

;(ag a,+b7b,+4;4,+b;b, +2)

LM =4, N, =4'4 +b'h,, =123 4,

(M, M =N +1, [ M, N+ =2M,, [NG+1, M = 2N

(22)
i
Biéu thirc (18) m6 ta thanh phan tuong tac electron-electron trong nguyén tir heli.
3. B® ham co sé dang dai sé
B6 ham co s& dang dai sb da duoc xdy dung trong cong trinh [6], théa man hai diéu
Kién nhu sau: (1) 1a ham song riéng cta hé hai dao dong tir diéu hoa bdn chidu (tam bac
tu do), (2) 1& ham soéng riéng cua toan tir I:Z , va c6 dang tudng minh nhu sau:

)=[n, my, k (@))[n,,m, K, (), (23)

1771 20 20 TR TR
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VGi

[mm (@)= Ny (&) (8 (&) (B) " o)
1 (24)
N =
s Jin = k) Tk, M —m, — k) (k, +m)!

1k () = N (8 (85 (&) (B2 Jot),

1 (25)
N =
e, — ko), (N, —m, — K, )k, +m,)t

Cha y rang, trong bo ham co sé (23), cac chi s n,,m;, Kk, lién quan dén electron mot

trong khi n,,m,,k, lién quan dén electron hai trong nguyén tir heli. Theo nguyén Ii khong
phan biét cc hat dong nhat, ching toi s& d6i xtimg hoa bd ham séng co so theo hai electron
khi tién hanh 1ap trinh dé tim nghiém s6 chinh xéc cho bai toan.

Déi véi electron mot, n, la chi s6 lugng tir chinh, m, la chi s6 lugng tr tir va k, la
chi sb chay, c6 cac gia tri bién thién nhu sau:

n=02%L2..;k<n;-k<m=<n-k. (26)

Lap luan tuong ty voi electron hai, chung t6i xac dinh dugc mién gia tri ctiia cac chi
SO lugng tr nhu sau:

n,=012,..;k,<n,; =k, <m, <n,—k,. (27)

B6 ham co s& (23) co thé st dung cho viée giai phuong trinh Schrédinger cho
nguyén tir heli bang phuong phap dai s6, va sir dung cho cac bai toén phuc tap hon nhu
nguyén tu heli trong tir truong.

4.  C&c yéu té ma trin

Str dung bo ham co s6 (23) dé tinh toan cic yéu té ma tran ciia Hamiltonian (12),
chiing t6i thu dugc cac yéu té ma tran thanh phan c6 dang tong quat nhu sau:

(I-:I)nﬁ:fsnl =(n, +n;s,k +ks,m;n, +n,5,k, +k,s,m |I—:||nl,kl,ml;n2,k2,m2>, (28)

Ky +kgs .k
N, +N,8,N,
ky+kjs,ky

trong d6:

A\ Mm,m, 1 . ~ R R . ~
(H1 popen == (0 Fns ks my (M + My =N+ M, + M =N, =2)]n, k,m)
piathiodis (29)

*(n, +n,5,k, +k,s,m |(I\7I M;+NA3+I\7I4+I\7I4*+NA4+2)|n2,k m,),

(I—:IZ)E%E;::Ei é(n +n,s,k, +ks,m |(|\7| Mf+N1+M2+M;+N2+2)|n1,k m,)

Ky +K,58,ky (30)
*(n, +n,5,k, +k,s,m |(I\7I M;—N3+M4+M;—N4—2)|n2,k m,),
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('3'3);;1;%2 :—£<n1+nls,k1+kls,ml|(l\7l +M, + N, +M, +M; +N 2)|n1,k1,m1>
(31)
* n2+nzs,n25k2+kzs,k2’
2 \mm, 7 A A A A A A
(HJHS@E :—5<n2 +n,8,k, +kzs,mz|(M3 +M;+N,+M, +M; +N, +2)|n2,k2,m2>
(32)
* nlJrnls,nlé‘lirkls,k1 !
2 \MMm E ~ ~ ~ ~ ~ ~
(HS)E%::E; == (s s m (M, + M R+, + M3+, +2) g m)
ity (33)
*<n2 +n,8,K, +k23,m2|(M3 +M; +N, +M, +M; +N, +2)|n2,k2,m2>,
(Ha)mlﬁ .- dt,dt dt,
v (27) Iii e
*(n, +n;s,k; +kls,ml|(|\7ll - I\?Il+ +N,+M, +M; +N, +2)§1|n1,k1,m1> (34)

*(n, +n25,k2+kzs,m2|(|\7la+|\7I3*+N3+h7|4+I\7I}+NA4+2)SA2|n2,k2,m2>.

A

Yéu t6 ma tran ctia cac thanh phan H,, H, c6 5 s6 hang khac 0, yéu t6 ma tran cia
cac thanh phan H,, H,, H, c0 25 sb hang khéac 0. Dang tuong minh cua cac yéu td ma tran

thanh phan néu trén duoc trinh bay trong phan phu luc. Yéu t6 ma tran cta thanh phan H,

I tong ciia 25 s6 hang dugc viét dudi dang téng quat nhu sau:

A \m,my ~ m,m, ~ m,my ) my,m, ) m,m 2 m,m,
Hg Jnnsm =| Hgy Jnensn +(Hg, Jnensn +( Hg 5 poenen + H64)nl+nls,n1 +| Hq )rwhs n
K s,k ALY & Jlrks k s,k ks k kigs Ky
n,+n,s,n, n,+n,s,n, n,s,Ny n,s,N, n,+n,s,N, ny+n,s,n,
ko +ko5,ky ko +ko5,ky ko +ko5,ky k2+kzs,k2 ko +koS,ky ky+ko5S,ky
2 m,m, 2 m,m, 2 m,m, 2 m,m, 2 m,m

+(Hgg |nensn +{Hg, |nmsn +{ Hgg Jmensn +( Hgg Jnsmsn +| Hg g Juensn
k1+kls ky k1+kls k k1+kls ky k1+kls ky =2 Tk ks kg
n,+n,s,n, n,+n,s,n, n,+n,s,n, ny+N,s,n, n,+n,s,n,
Ky +k,8,ky Ky +Ky8,ky Ky +ky 8.k, ko +kys,ky Ky +Ky8,ky
( z my, My 2 My, My 2 ™y, My z my,my z my,my

+{Hgpp Jromsm +{He o sy +( He o Jmensin +(H o, Jneensin (H )rwhs n

611 ks k. 612 il il 613 il ks ke 614 il sk 615 i s ke

Ny+M,S,N, Ny+nys,N, Ny+M,S,N, Ny +N,S,N, Ny +N,S,N,

ko +ko5,ky ko +ko5,ky ko +ko5,ky ko +ko5,ky ko +ko5,ky
2 My, My 2 My, My 2 My, My 2 My, My 2 My, My

+[Hgs Jnmnsm +{Hgyy Jnnsm +{ Hg g Jnemsn +| Hg g Jnsmsn +| Hg oo s

Ky +k;s,k =0Tk ks kg =2 kg +kys,ky = kg +kys kg ’ Ky +k;8, kg

n2+nzs n2 n,+n,s,n, ny+n,s,n, n,+n,s,n, n,+n,s,n,

ko +ko5,ky ko +ko5,ky ky+ko5,ky ko +ko5,ky ko +koS,ky
|-:| My, My |-:| my,my z my,my z ™y, My z My, My

+ n+ns,n 4+ n+ns,n + H n+ns,n 4+ H n+ns,n 4+ H n+n,s,ny

6.2 i ks, 6.22 Jid tkys k 6.23 Ji ks ky 6.24 it s Ky 6.25 | tkys Ky

Ny +N,s,N, Ny+nys,N, Ny+n,s,N, Ny +N,S,N, Ny +N,s,N,

Ky +Ky8,ky Ky +k8,k, Ky +k58,ky Ky +Ky8,ky ko +Kys,ky
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Dang tudng minh ciia 25 s6 hang ciia biéu thirc (35) duogc trinh bay chi tiét trong
phan phy luc.

Dé tim nghiém sé chinh xac ciia bai toan dang xét, chung t6i str dung cac yéu tb ma
tran [28] giai tryc tiép hé phuong trinh tuyén tinh bang géi LAPACK cua thu vién
Intel® Math Kernel. Két qua tinh s6 s& dugc cong bb trong thoi gian toi.

5. Két luan

Trong cong trinh nay, ching tdi da xay dung cac biéu thirc tinh cac yéu t6 ma tran
cho bai todn nguyén tir heli theo phwong phéap toan tir FK. Bo ham co s¢ dugce str dung vira
la ham séng cua hé hai dao dong tir diéu hoa bdn chiéu, vira mang dic diém vt Ii cia ham
song nguyén tir heli thuan tién cho viéc tinh toan. Cac Ki thuat tinh toan dugc trinh bay
trong cong trinh nay c6 thé phat trién cho cac bai toan phirc tap hon, nhu nguyén tir heli
trong tir truong. Nghién ciru ndy ¢6 ¥ nghia trong viée 1ap trinh tim nghiém sé chinh xac
cua bai toan dang xét, s& duoc trinh bay trong cong trinh tiép theo.

% Tuyén bé vé quyén loi: CAc tac gid xac nhén hoan toan khéng c6 xung dét vé quyén loi.

% Loi cadm on: Céac tac gigd cdm on GS. TSKH. Lé Van Hoang trong viéc dat van dé nghién
ctru va huéng dén thue hién cong trinh nay.
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