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TOM TAT
Trong cong trinh nay chiing téi dé cdp viéc khao sdt bai todn ion phdn tir trong dién trieong
tinh ¢6 cwong do bat ki, bang cach phat trién phwong phdp todn tir FK. Két qua thu dwoc cdc yéu
16 ma trdn ciia Hamiltonian cho phép tinh todn nghiém sé (ndng lwong va ham song) cia bai todn.
Tir khéa: ion phan tor hydro hai chidu, phuong phap todn tir FK, yéu t6 ma tran,
numerical solution.

1. Mé diu

Ton phan td H, (molecular hydrogen ion, viét tat 1a MHI) luon 1a ddi twong nghién
clru cua 1i thuyét 1an thyc nghiém, do ddy 1a bai toan kinh dién nhung van lién quan dén
nhiéu hiéu ung moi. Phé nang luong va cAu tric tinh té, siéu tinh té cia MHI dugc tinh
toan tir nhiitng nam 30 dén nay (Bates, Ledsham, & Stewart, 2006; Vladimir I. Korobov,
Koelemeij, Hilico, & Karr, 2016). D6 cling 1a co s& dé xéac dinh mot sb h?mg s6 co ban, vi
du nhu ti s6 khoi lwong cua céac hat proton va electron, héng sb Rydberg, ban kinh proton
(Karr, Hilico, Koelemeij, & Korobov, 2016; Korobov, Danev, Bakalov, & Schiller, 2018).

Viéc xéac dinh phd ning lwong cho MHI trong truong hop hai chiéu ¢ ¥ nghia do co
nhiéu hiéu tng méi do hiéu tmg giam sé chiéu; dong thoi, ddy ciing 14 mo hinh don gian
hoa cua cac hé vat li co ciu trac tuong tw dang duge quan tdm hién nay, nhu cac exciton
trong cac vat liéu hai chiéu (Patil, 2003).

Vi su phat trién ciia cong nghé ché tao laser xung cuc ngan, viéc trich xuat thong tin
phan tir tir phd song diéu hoa duge quan tim, trong d6 ham song chinh xac ciia phuong
trinh Schrodinger ding 1a thong tin dau vao can thiét, do d6 viéc xac dinh nghiém cho
phuong trinh Schrodinger ctia MHI hai chiéu dudi tic dung ciia trudng laser co y nghia
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(Avanaki, Telnov, Jooya, & Chu, 2015; Du, Wang, Li, Zhou, & Zhao, 2018; Ivanov &
Schinke, 2004); trong d6, bai toan MHI hai chiéu trong dién truong déu 1a bude trung gian
dé phat trién phuong phép giai phuong trinh Schrédinger cho cac hé néu trén.

Véi muyc tiéu phat trién phuong phéap toan tir FK (FK Operator Method, viét tat 1a
FK-OM), phuong phéap phi nhiéu loan di ap dung thanh céng cho hé nguyén tir hai chiéu
trong tir trudng (Hoang-Do, Pham, & Le, 2013); trong bai bdo ndy, chung t6i phat trién
phuong phap nay cho MHI hai chiéu trong dién truong déu. Quy trinh giai va cac cong
thirc can thiét cho viéc xac dinh nghiém s chinh x4c clia bai toan dwoc trinh bay cu thé.

2. Phuwong phap dai s6 cho MHI hai chiéu trong dién truwong déu

Chung ta xét md hinh MHI phang trong gan ding Born-Oppenheimer, hai hat nhan
xem nhu ¢b dinh & vi tri (0,0) va (R,0), véi R la khoang cch lién hat nhan. Khi d6
phuong trinh Schrodinger khong thir nguyén cho MHI hai chiéu trong dién truong déu co

dang nhu sau:

Hl//(x,y) zEy/(x,y), (1)
1(8° & 1 1 1
—| —=+— |- - +—=+Bx+ -pRyy =¢cy, 2
{ 2(8}62 ayzj \/x2 +y2 \/(x—R)2 +y2 R Bx+By-p }V/ 4 (2)
4 *
& day, don vi cua ning luong 1a hing s Rydberg hiéu dung R" = ﬁ don vi d6 dai
78,

2

la ban kinh Bohr hiéu dung a = 47[80? . Cuong do dién truong khong thtr nguyén S, S,
U

2
e

eag, B, = eag,
2 * 0
R’ R

Ta s& giai phwong trinh (1)-(2) bang FK-OM, trong d6 ¥ tudng chinh twong tu li
thuyét nhiéu loan véi thanh phan chinh 1a dao dong tr diéu hoa. Cac nghién ctru trude

lan lugt duge xac dinh bang biéu thirc: 5, =

(Hoang-Do et al., 2013) da chi ra mdi lién hé giita bai toan nguyén tir trong khong gian
(x, y) v6i bai toan dao dong tir phi diéu hoa trong khong gian (u,v) thong qua phép bién

ddi Levi-Civita:

x=u" -V, 3)
y=2uv,

voi dxdy = 4(x2 + yz)dudv,r =x*+3y* =u’ +v*. Do @6, khi chon bd ham séng co s&
trong khong gian (u,v) la dao dong tir di€u hoa tuong tmg véi ham soéng nguyén tir trong

khong gian (x,y).

302



Tap chi Khoa hoc Trwérng DPHSP TPHCM Nguyén Thi Y Nhi va tgk

Mat khac, trong cac s6 hang tuong tac Coulomb c6 chira bién dong luc hoc & mau s0,
ta can tim cach dua cac bién nay khoi mau sé dé cé thé sir dung cac tinh toan dai sé trong
FK-OM. Dbi véi bai toan nguyén tir hydro, phép bién dbi Levi-Civita ngoai viéc dua bai
toan vé dang dao dong tir phi diéu hoa ciing ddng thoi giai quyét dwoc kho khin nay. Dbi
v6i bai toan dang xét, van con mot s6 hang twong tac Coulomb can phai xu li, do d6 ta s&
st dung phép bién d6i Fourier ngu'(yc

1 dt dt _andt, (x-R)+iny _ J- drdt, i (> =v? =R )+2ityuv . (4)

N ﬁ 72 e

Khi d6 ta viét lai dugc phuong trinh Schrodinger cho MHI hai chiéu trong dién

truong déu trong khong gian (u,v) nhu sau:
r([—AI—E)z//zO hay (HR—Efe)c//zo, (5)

trong dé

q* =—%(%+§—;j—l+%(1f +v2)+ﬂ1(u2 +v2)(u2 —v2)

u +V dt dt lt] u? —v*-R ) 2ityuv

27 '[\/t +1, ’

+2ﬂ2(u +v )uv ﬂl(u +v (6)

A

R=u’+V.
Phuong phap dai s6 s& duoc sir dung dé giai phuong trinh Schrodinger (5), (6) thong
qua cac toan tir sinh, hity Dirac duoc dinh nghia lan luot sau day:

;,:L(Hij ;,:L(u_ij

\/5 ou ) \/5 ou )

;:L(Hij ;*:L(v_ij
\/5 ov) \/5 ov)

” \ ? ~ ~ , . ’ A oAt A ont
cac toan tu nay thoa man hé thirc giao hoan [u,u } = 1,[v,v :| =1.

(7)

Khi str dung FK-OM, tinh ddi xting cta bai toan thuong dugc quan tim dé giam bat
khéi luong tinh todn. Trong cac bai toan exciton hai chiéu, exciton hai chiéu trong tir
truong vudng goc... thi hinh chiéu moment dong luong quy dao 1én truc Oz bao toan,
nghia 13 toan tir Hamilton va toan tir hinh chiéu moment dong luong quy dao 1én truc Oz

(iz ) giao hoan voi nhau. Vi thé ta s& sir dung bd ham song co s& 1a cac ham riéng cua todn
tir L. Cach don gian nhat dé thyc hién diéu nay 1a dinh nghia toan tir sinh hiy méi 1a 6
hop tuyén tinh cta toan tir sinh huy cii sao cho iz ¢6 dang trung hoa. Mic du dbi véi bai

toan nay, do anh hudng cta dién truong nén dai luong nay khong bao toan, nhung dé thong
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nhat véi cac cong trinh trude day ciing nhu thudn tién hon trong cac phan tich vat li, ta van
s€ su dung bo ham séng co so 1a cac ham riéng cua toan tur iz dé tinh toan.
Ta dinh nghia cac toan tir sinh hity méi nham chéo hoa iz nhu sau:
1

a= 2%[(0,“)(;; +i0)+ (0-1)(a" +i5")],
a = [(@=1)(ii = D) +(@+1)(a" —i¥") ],

2
le_w (0+1)(ii— )+ (0-1)(i" ~i5")]:
~t 1

b :Zm[(w—l)(ﬁ+i\3)+(a)+l)(ﬁ++i\?+)].

ﬁ_
S

. (8)
b=

1

Cac toan tir nay cling thoa man hé thirc giao hoan: [21,21 } =1, [ZA),ZA? } =1.

O day, ta dua vao cac toan tir (8) mot tham sb tu do, dong vai tro diéu chinh tdc do
hoéi ty. Tham sb nay s& khong anh huong dén két qua bai toan vi né khong co mit trong
toan tir Hamilton toan phan ma chi xuat hién trong thanh phan chinh va thanh phan nhiéu
loan, né dong vai tro diéu chinh su chénh léch d6 16n giita hai thanh phan nay nham thoa
man diéu kién nhiéu loan, do d6 cling lam tang toc d6 hoi tu cta bai toan.

Ta viét lai dwoc Hamiltonian ciia bai toan nhu sau:

e Lo Mg g [ Lo R )

ES(O oR 8 w

+—ﬂ‘2 (]VH\A/I +Z\A4+)(Zzz a2+ b+ b +2ab +26Al+l;)
20
__;ﬂzz (m; Hrf)(;f LGB b +2ab _z;:z;) ©)
w

\ y A+ 00 +00
(N+M+M )+ y dt, dt, _~2ioRy

- j e
4 RN

R=L(Rewt+a1),
w
trong do toan tir

9, :exp[w/tf 6 (A" 20K + 21)} (10)

0
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véi
o it s it

A=
N AN AL

2b2

21* it +t2 G it, +1, l;ﬁ’ (1
i+’ i+t
F i(it, +t2)&6+ i(—it, +t2)2fl§.

\/tf +t) \/tf +t)

Toan tir (9) cling da dugc vé dang chuan thuan loi cho cac tinh toan dai sb
(Nguyen, & Hoang, 2018):
=t e ith 74("2“22)]‘;1»,

0":64(t]2+t22)+1 e4(tlz+t22)+ll e4(t12+122)+1 ez\/m,;f

12
—4(t12+t22) - (in+n) 2 iht) o (12)
X[4([l2 +t22)+1:|('7*N)/2€_2 112+t227he4(112+t22)+1 e4(t]z+t22)+1 e4(f12+f22)+1 |
trong do
2 =l |s~p s ittt ) oa o aa
mt = 12 22 a'b, m=- 12 22 b h=dta—bb. )
t+1 m

3. Kétqua

Str dung bo ham song co s& cia dao dong tir diéu hoa (Nguyen et al., 2018), ta tinh
dugc cac yéu td ma trin cia cac toan tir (9), két qua nay 1a co s¢ dé xac dinh nghiém sb
chinh x4c cho bai toan thong qua viéc giai phuong trinh (5) theo so d6 1i thuyét nhiéu loan
hodc gidi tryc tiép hé phuong trinh tuyén tinh.

Dé thuén tién, ta viét lai

H*=HF+ A, (14)

voi

af ={L+2—R—ﬂ'}ﬁ+[i—ﬁ—1€ﬂ‘}(ﬁ?{ +M*)—1,
oR 8 w

~ ~+

+ ﬂ‘Z(NH\Al +M )(a +a? b+ 13*2+2213++2Zz+l§)

2w
i . (15)
2 (N+M+M )( —a?=b*+b* +2ab -2a b)
20°
e (N+M+M )+oo+m didty sun g,

_w:[c\/tf +t

Ta tinh duoc cac yéu t6 ma tran khac khong nhu sau:
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e Yeéu to ma tran cua R

1
- =—(n1 +n, +1),
ny Ny

1
Rﬂlqn1+1 :; (nl +1)(n2+1).

ny,ny+1

(16)

e Yeu to ma tran cua HR

(ﬁk )”1 ”1 (ﬂ ﬁZ ) (nl + nZ + 1) nl (nz +1),

(1:1 )nl yoa = (ﬁ1+,82) (n1+3n2+3) (n,+1)(n +2),
(I:IIR )W,l (,H Boi ) (3n1 +n, + 3) (n2 + 1)(112 + 2),

(17
(AL),.0 = (A i) “+3

ny,n, +1 V +1
(A8, 0 = (B Bii) ”+3¢_?T

ny,ny +3

e Yéu to ma trgn cua HZR

(I:IZR )nl,nlﬂ = —2\/(}11 +5+ 1)(n2 +5—2s55+ I)Fnl,n,ﬂn
Ny 1y +5=288 Ny, ny +5=255+1 (18)
—2(n, +n, +23_2SS+1)E1,,,,1+S —2\/(}11 +s)(n, +s—2ss)1‘<:ll!n]+s_1 ,
Ny, Ny +5—-258 ny,ny +5—=255—1
trong do
F, i =\/nllnz!(nl+s+l)!(n2+s+l—2ss)!

ny,ny +s—=2s5+1

n+s+l || ny+s+1-2ss ny |
2 2 n =20~y min(n]72i1,}1272i2) 2 2

ss
X Z Z Z Z Z Z I.S'+1—S.\'+2i1+iz+2i3+i4 —lg iy + S+ =55+ 20 +iy +iy +1/2 (COR)

is is i i o

2ssfil —iy —i5 —ig

X11!12!13!14.15.16.(SS+11 —iy, + i, + i~ 16) (s+l—ss+l] +i, + i — 16)'
y (n2 =20, — i +l4)! ’
(ny =20y =iy )W (ny —ss =i, =iy — iy —is + i )!(n, — 26, — iy — i)

(19)
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voi
1 oy L e [0 -y
T et [lea(s )] (20)
(_1)7+a 4a +o0 ry+2a

= J (—2wRr)dr,
2t g [4r41] Al )

_ 1 T i(xsin 0—6y)
Jy(x)—gj.e do @1)

la ham Bessel.
Cac yéu td ma tran khac khong khac co thé xac dinh dua vao tinh chit cta toan tir

hermit
R R *
. =R. , H =(H' ).
n L, ny s m,m
ny 1, ny 1, ny,ny ny,ny (22)

4. Kétluan

Chung t6i da xac dinh duoc cic phan tir ma tran ctia phuong trinh Schrodinger cho
bai toan MHI trong dién trudng déu va cé thé 1ap trinh tinh toan. Két qua nay c6 thé ap
dung cho bai toan exiton duong trong dién truong. Va ddy s& 1a co s¢ dé phat trién phuong
phap cho giai bai toan MHI trong céc trudng ngoai phirc tap hon, ciing nhu cac hé phuc tap
hon trong dién trudng déu.
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ABSTRACT
The article shows how the Schrédinger equation of two-dimensional molecular hydrogen ion

;in a uniform electric field was solved by using the FK operator method. Matrix elements of
Hamiltonian are obtained, which allows calculating numerical solutions (wave functions and
energy) of the problem.
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