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ABSTRACT
The research introduces CR-iteration process and establishes some results about the weak
and strong convergence of CR-iteration process to common fixed points of three G-nonexpansive
mappings in uniformly convex Banach spaces with graphs. In addition, a numerical example is
provided to illustrate for the convergence of CR-iteration process to common fixed points three G-
nonexpansive mappings.
Keywords: G-nonexpansive mapping, CR-iteration process, Banach space with graph.

1. Introduction

In fixed point theory, nonexpansive mappings play an important role in studying the
existence and approximation of fixed points of nonlinear mappings in Banach spaces. In
recent times, the nonexpansive mappings were extended and generalized in many various
ways. In 2012, Aleomraninejad, Rezapour, and Shahzad introduced the notion of G-
nonexpansive mappings in metric spaces with directed graphs and stated the convergence
for this class mapping in complete metric spaces with directed graphs. In 2015, Tiammee,
Kaewkhao, and Suantai proved Browder 's convergence theorem for G-nonexpansive
mappings and studied the convergence of Halpern iteration to projecting of initial point
onto the set of fixed points of G-nonexpansive mappings in Hilbert spaces with directed
graphs. In 2016, Tripak proved the convergence of Ishikawa iteration to some common
fixed points of two G-nonexpansive mappings in Banach spaces with directed graphs. In
2018, Kangtunyakarn generalized the results in (Tripak, 2016) to proving Halpern
iteration for a finite family of G-nonexpansive mappings in Banach spaces with directed
graphs. After that, Suparatulatorn, Cholamjiak, and Suantai generalized the results in
(Kangtunyakarn, 2018) and proposed the convergence of S-iteration to some common
fixed points of two G-nonexpansive mappings in Banach spaces with directed graphs. In
2018, Sridarat, Suparatulatorn, Suantai, and Cho established the convergence of SP-
iteration to common fixed points of three G-nonexpansive mappings in uniformly Banach
spaces with directed graphs. An interesting work naturally rises is to continue studying the
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convergence to common fixed points of G-nonexpansive mappings by some generalized
iterations in Banach spaces with directed graphs.

In recent years, several iteration methods were proposed for approximating fixed
points of nonexpansive mappings. In 2012, Chugh, Kumar, and Kumar introduced CR
iterative scheme and studied the convergence of this iteration to fixed points of quasi-
contraction in Banach spaces. In addition, the authors also showed that CR iterative
scheme is faster than Picard, Mann, Ishikawa, Agarwal, Noor and SP iterative schemes by
some numerical examples. However, the constructing of CR-type iteration process and
studying the convergence of them to common fixed points of G-nonexpansive mappings in
Banach spaces with directed graphs has not been considered yet. Thus, in this study, we
introduce CR-iteration process and establish some convergence results of CR-iteration to
common fixed points of three G-nonexpansive mappings in uniformly Banach spaces with
directed graphs. First, we recall some notions and lemmas which will be useful in what
follows.

Let C be a nonempty subset of a real normed space X. Let G = (V(G),E(G)) be a

directed graph, where V (G) is a set of vertices of graph G such that V(G)=C, E@G) isa
set of its edges such that (x,x) T E(G) forall x T C, and G has no parallel edges.

Definition 1.1.

[(Tripak, 2016), Definition 2.4] Let X be a normed space, C be a nonempty subset of
X, and G = (V(G),E(G)) be a directed graph such that V(G)=C. Then G is said to be
transitive if for all x,y,z TV (G) such that (x,y),(y,z) T EG), then(x,z) T E@G).
Definition 1.2.

[(Tiammee, Kaewkhao, and Suantai, 2015), p.4] Let X be a normed space, C be a
nonempty subset of X, and G = (V (G),E(G)) be a directed graph such that V (G) = C. Then

C is said to have the property G if for any sequence {X } in C with (x ,x_, )T E(G) for
all nT ¥” and {x_}converges weakly to x T C, there exists a subsequence {Xn(k)} of
{x,} suchthat (x,,,,x) T E@G) forall k T ¥".

Definition 1.3.
[(Shahzad & Al-Dubiban, 2006), p.534] Let X be a normed space, C be a nonempty
subset of X, and T :C ® C be a mapping. Then T is called semicompact if for any

bounded sequence {X_} in C with Ig@rg Ix, - T, |I= O there exists a subsequence {x,,,}
n

of {x }suchthat {x , } convergesto x T C.
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Definition 1.4.

[(Tiammee et al., 2015), p.2] Let X be a normed space, C be a nonempty subset of X,
G = (V(G),E(G)) be adirected graph such that V(G)=C, and T :C ® C be a mapping.
Then T is called G-nonexpansive if the following conditions hold:

(1) T is edge-preserving, that is, for all (x,y)T E(G), we have (Tx,Ty)1 E@G).

(2) ||Tx- Ty [E]|x- y]|forall (x,y)T E@G).

We denote that F(T)= {xT C :Tx = x} is the set of fixed points of a mapping

T :C ® C. The following result shows that the sufficient condition for the closed convex
property of the set F(T) with T is a G-nonexpansive mapping.

Proposition 1.5.

[(Tiammee et al., 2015), Theorem 3.2] Let X be a normed space, C be a nonempty
subset of X, G = (V(G),E(G)) be a directed graph with V(G) = C, E(G) being convex, C
have the property G, and T:C® C be a G-nonexpansive mapping such that
F(T) F(T)1 E@G). Then F(T)is closed and convex.

Definition 1.6.

[(Dozo, 1973), Definition 1.1] Let X be a normed space. Then X is said to satisfy

Opial’s condition if for any x T X and {x,} converges weakly to x, we have

. . _ R
liminf[|x - x|I< liminf{|x - y|| forallyT X,y* x

Proposition 1.7.

[(Sridarat, Suparatulatorn, Suantai, and Cho, 2018), Proposition 3.5] Let X be a
Banach space satisfying the Opial’s condition, C be a nonempty subset of X,
G = (V(G),E@G)) be a directed graph such that V(G)=C, C have the property G,

T :C ® C be a G-nonexpansive, {x } be a sequence in C such that {x } converges
weaklyto pT C,(x,,x,,,) T E@G) and lim || x, - Tx [[= 0. Then Tp = p.

Definition 1.8.
[(Sridarat et al., 2018), p.13] Let X be a normed space, C be a nonempty subset of X

and T,,T,,T,:C ® C be three mappings. Then T,,T,, T, are said to satisfy the condition (C)

if there exists a nondecreasing function f :[0,¥ ) ® [0,¥ ) with f(0)= 0,f(r)> 0 for all
r > 0 and for all x > 0 such that
max{|x - Tx [[.[[x- Tx|[.][x- Tx[|}* fd(x,F)),

where F = F(T))CF(T,)GF(T,) and d(x,F) = inf{||x- y|l:yT F}.
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Lemma 1.9.
[(Schu, 1991), Lemma 1.3] Let X be a uniformly convex Banach space, {a } be a

sequence in [d1- d] with dT (0,2)and {x_},{y,} be two sequences in X such that

limsup [| x [I€ r,limsup|ly [IE r and lim|la x + (1- a )y, ||= r withr3 0.
n®¥ n®¥ ne®¥
Then r!!@ng [Ix, -y, IFO.

2. Main results
By combining CR iterative scheme in (Chugh, Kumar, and Kumar, 2012) with SP-
iteration process in (Sridarat et al., 2018), we introduce CR-iteration process {x_} for three
G-nonexpansive mappings as follows:
]: Zn = (1- gn)Xn + gnTlxn
x,TC, Iy, =@ b)Tx +bTz forallnT ¥, (2.1)
:Xn+1 = (1- a'n)yn + a'nTSyn
where {a },{b },{g,} are three sequences in [0,1], C is a nonempty closed convex subset
of a Banach space X and T,,T,,T, :C ® C are three G-nonexpansive mappings.

Next, we establish some properties of CR-iteration.
Proposition 2.1.
Let X be a normed space, C be a nonempty convex subset of X, G = (V(G),E(G)) be

a directed graph which is transitive with V (G) = C,E(G) being convex, T,,T,,T,:C ® C
be three G-nonexpansive mappings ,{x } be a sequence defined by recursion (2.1)
satisfying (x,p), (p,x,)T E@G) with pT F. Then (x,p),(v,.p), (z,,p), (P.X,), (P.Y,),
(®z,), (x,Y,) .2,), (x,x )T E@G) forallnT ¥".

Proof.
We will prove (p,xn),(p,yn),(p,zn)T E(G)by using mathematical introduction. First,

we prove that (p,yl),(p,zl)T E(@G). Indeed, since pT F, we have pT F(T,)and hence
Tp=p for all i= 1_3 Since (p,xl)T E@G) and T, is edge-preserving, we get
(p.Tx)T E@G). Moreover,

(p.z) = (p.(1- 9)x, + 9Tx)= (1- g)(P.x)) + g,(RTx,). (2.2)

Since (p,x,) and (p,Tx,)T E@G), from (2.2), we get (p,z,)T E(G). Combining this
with the edge-preserving property of T,, we obtain (p,T,z)) T E(G). Furthermore,

(P.y,) = (p.(d- b)Tx, +bT,z)=(1- b)(pTx)+ b(pT,z). (2.3)
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Then, combining (2.3) with(p,T,x,) and(p,T,z,) T E(G), we get that (p,y,) T E(G).

Next, suppose that (p,xk)T E@G) for all k2 1. We will prove that (p.X,,,),(®.Y,.,):
(p,zk+1)T E(G). Indeed, since T, is edge-preserving, we obtain (p,Tlxk)T E(G). Moreover,

(p.z)= (p.(1- g)x, + 9T x)=(1- g)P.x)+ g, (.TX). (2.4)

Thus, combining (2.4) with (p,x,) and (p,Tx,)T E@G), we have (p,z,)T E(@G).
Then, since T, is edge-preserving, we obtain (p,Tzzk)T E(G). Furthermore,

(p.y)=(p,(d- b )T x, +DbTz)=(1- b)PTx)+b(pT,z). (2.5)

By combining (2.5) with (p,Tx,) and (p,T,z)T E(G),we obtain (p,y,)T EG).
Since T, is edge-preserving, we get (p,TSyk)T E(G). We also have

(P.%.) = (.- &y, +aTy,)=1- a)py)+a Ty, (2.6)

Thus, from (p,y,),(p.T.y,) T E@G) and (2.6), we obtain (p,x,,,) T E(G). Combining
this with the edge-preserving property of T , we conclude that (p,Tlxm)T E@G).
Furthermore,

(P2) = (P~ G * Gl %) = B G ) (P X ) + G (PT X )- 27)

It follows from (p.X.,,),(p.TX,,,)T EG) and (2.7), we obtain(p,z,,,) T E(G). Since
T, is edge-preserving, we get (p,TzzM)T E@G). Moreover,

(®Y,.) = (.2~ b T X, + b, Tz.)= (1 b, )PTX,)+Db.,(nTz,). (28)

Then, by combining (2.8) with (p,Tx,,) and (p,T,z, )T E@G), we obtain

k+1

(p,ym)T E@G). Therefore, by induction, we conclude that (p,x_),(p.y,).(p,z,) T E@G) for

all nT ¥". Next, by using similar arguments as in the above proofs, we also see that
(X, ). (v, P), (z,,p)T EG)forallnT ¥~
Finally, we shall prove that (xn,yn),(xn,zn),(xn,xn+l)T E@G). In fact, by using the

transitive property of G and (x,.p), (py,). (X..P), (0.2,). (x,.p), (P.x . )T E@G), we
conclude that (x_,y.),(x ,z.),(x ,x . )T E@G). 0

Proposition 2.2.
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Let X be a normed space, C be a nonempty closed convex subset of X,
G = (V(G),E(@G)) be a directed graph which is transitive with V(G)=C,E(G) being

convex, T,,T,, T, :C ® C be three G-nonexpansive mappings such thatF * & {x } be a
sequence defined by recursion (2.1) satisfying (x,p), (p.x,) T E(G) with pT F. Then
{x.} is bounded and r!g@ng [|x - pl| exists.

Proof.

It follows from pT F,(p,x,),(x,,p) T E@G) and Proposition 2.1, we conclude that
x..p), (v, p),(z,.p)TEG). Since (x,p)T EG),T,p=p and T, is a G-nonexpansive
mapping, we have

Iz, - plEE - g)IIx, - pII+g, [ITx - Tpll

£ - g)llx - pll+g, lx - pll
=lix, - pll. 29)

Since (xn,p),(zn,p)T EG),Tp=T,p=p and T,T, are two G-nonexpansive
mappings, by using (2.9), we obtain

Iy, - PIE @- b)ITX - Tpll+b [Tz - Tl

£ (- b)Ilx, - pll+b [z, - pll
£ (- b)IIx, - pll+b [[x - pll

=llx, - pll. (2.10)
Since (y,,p)T E(G),T,p= p and T, is a G-nonexpansive mapping, by using (2.10),
we get
I1X,.,- PIE @-a)lly, - pll+a lITy,- T,pll
£@-a)lly,- pll+ta lly,- pll
Elly, - pll
Ellx, - pll.
(2.11)

It follows from (2.11), we conclude that {x_} is bounded and r',(i@T”Xn' p|| exists. [

Proposition 2.3.
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Let X be a uniformly convex Banach space, C be a nonempty closed convex subset of
X, {a }.{b.}.{0.}1 [e.1- e]Jwith eT (0,1),G = (V(G),E(G)) be a directed graph which is

transitive with V (G) = C,E(G) being convex, T,,T,,T, :C ® C be three G-nonexpansive
mappings such that F * A& {X } be a sequence defined by recursion (2.1) satisfying
(p.x,),(x,,p) T E@G) withp T F. Then

lim || x, - T, [I= lim{x, - T, |I= lim|[x - Tx, ||= 0.
Proof.

It follows from p 1 F,(p,x), (X, p) T E(G) and Proposition 2.1, we conclude that

(%), (%,: D).V, P). (2,.P). ,.%,), (v,.%,)T E@G) forallnT ¥".

Furthermore, from Proposition 2.2, we get that Igg I[x, - p|l exists. Put
|(I©ng [|x, - pll= c. Then, from (2.9), we obtain

limsup|[z - p|E limsup|[x - p|I=c. (2.12)
n®¥ n® ¥

Since (x,,p) T E(G) and T, is a G-nonexpansive mapping, we obtain

ITx, - PIENTX, - TRIElNX, - pII.

Therefore,
limsup [|Tx - pllE limsup|[x - p|F c. (2.13)
n®¥ n®¥

Since (x,,p).(y,.p).(Z,, p) T E(G),and T,, T, are two G-nonexpansive mappings, by
(2.10) and (2.11), we conclude that

X, - PIEIlY,- PIE @- b)IIx - pll+b [z, - pll

This implies that b_[[x - plE|[Xx - pll- [IX,,- Pll+b_ |z - pll. Therefore,

1
IIx, - plE b—QIXn- Pl X, - PI)* Iz, - pIl.

1
£EQ|xn- pll- 1%~ pl)* iz, - pll.

- p]]) =0, we conclude that

n+1

By combining this with Iing@inf(” X - pll-[[x
ct Iin(w@inf”zn - p|l. It follows from (2.12), we obtain Igy [z, - p|l= c. Therefore,

limsup || (1- g)(x, - P)*+9,(T X - P limsup|[z - pll c.
n®¥ n®¥
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By combining this with limsup||[Tx - p|[E c,limsup|[x - p[E ¢, from Lemma
n®¥ n®¥
1.9, we obtain that

r!g@ng ITx - x |=0. (2.14)

Furthermore, since ||z, - x_|I= g, [ITx - x ||, by (2.14), we have

r!g@ng llz, - x [I= 0. (2.15)

Next, from (2.10), we see that

limsup|[ly - pllE limsup||x - p|=c. (2.16)

n®¥ n®¥

Since (x,, p) T E@G) and T, is a G-nonexpansive, we get

1Tz, - PIFITZ, - T,plElzZ, - PIEIX, - PIl.

This implies that limsup || T,z - p|f limsup||x - p|I= c. Moreover, by (2.11), we have

n®¥ n®¥

liminf||x,,, - plE liminf{ly, - pl.

By combining the above with Iin(;i¥nf [[x ,,- plFc,  we have
cf Igy inf[ly - p|[. By combining this with (2.16), we conclude that
lim|ly, - pl= c. Thus,

limsup || (1- b )(Tx - p)+ b (T,z - p)IF limsup|ly - pll=c.

n®¥ n® ¥
By combining this with limsup || Tx - p|lE ¢, limsup|[T,z - p[E ¢, by Lemma 1.9,
n®¥ n®¥
we conclude that

r!gy [|Tx - T,z |=0. (2.17)

Since (z,,x.)T E(G) and T, is a G-nonexpansive mapping, we see that

X, = Tx NENX, - Tx [+ 1Tx - Tz [+ 1Tz, - Tx |l

Ellx, - Tx I+ 1Tx, - Tz I+ 11z, - x |l

By the above inequality, (2.14), (2.15) and (2.17), we conclude that
Ig@ng IIx, - Tx |l= 0. Furthermore, from ||y - Tx ||=b_ [T,z - Tx || and (2.17), we

obtain
r!g@ng lly, - Tx |- 0. (2.18)

Then, from ||y - x_[Elly, - TX I[+[ITx, - X Il (2.14) and (2.18), we have
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limly, - x, |I= 0. (2.19)

Furthermore, by (y,, p)T E@G) and T, is a G-nonexpansive, we get

Ty, - PIENTY, - TRIEINY, - PIEIX, - pIl.

This implies that limsup [Ty - pllf limsup||x - p|=c. Then, by Lemma
n®¥ n®¥

1.9 and using the following inequality: limsup [T,y - p||f c,limsup ||y - p|E ¢ and
n®¥ n®¥

limsup [[(1- a )y, - p)+a, Ty, - p)IF limsup||x . - plFc¢c,
n® ¥ n® ¥
we conclude that
lim [Ty, -, IIF 0. (2.20)

We also have [[x,,,- X, [FII- &)y, +aTy, - X [EIlY,- x, [[+a, [Ty, -y, I

This implies that || x_ . - x_[Elly, - x, [[+@- e)|ITy, - vy, |l. Therefore, from the above

n+1

inequality, (2.19) and (2.20), we obtain
nlg@ng IIx.,- x |I=0. (2.21)
Then, by the following inequality [|X .- Ty [EI[X - X [[+[x -y [+Y, - Ty, Il
(2.19), (2.20) and (2.21), we have
lim|x,,,- Ty, [ 0. (2:22)
Since (yn,xn)T E(G) and T, is a G-nonexpansive, we get
1, = Tx ENX, = X 11X - Ty T+ Ty, - Tl
ENlX, = X 1+ 10X Ty A+ 1Ty, - X ] (2.23)
Therefore, by (2.19), (2.21), (2.22), (2.23), we conclude that nlgp IIx,- TX |0 [

The following result is a sufficient condition for the weak convergence of iteration
process (2.1) to common fixed points of three G-nonexpansive mappings in uniformly
convex Banach spaces.

Theorem 2.4.
Let X be a uniformly convex Banach space satisfying the Opial’s condition, C be a

nonempty closed convex subset of X, {a }.{b }.{9,}1 [e,1- €] with el (0,1),
G = (V(G),E(@G)) be a directed graph which is transitive with V(G)=C,E(G) being

convex, C have the property G, T,,T,,T,:C ® C be three G-nonexpansive mappings such
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that F 1t /& {X } be a sequence defined by recursion (2.1) satisfying (p,x,),(x,,p) T E(G)

withp T F. Then {X } converges weaklyto q T F.
Proof.

Since X is a uniformly convex Banach space, we see that X is a reflexive Banach
space. Moreover, by Proposition 2.2, we get that {x_} is bounded. Therefore, there exists a
subsequence {x .} of {x }such that {x,,} converges weakly to g1 C. Then, by
Proposition 2.3, we conclude that

limi||x .- Tx |]= lim]||x
i®¥ i®¥

n(i) n(i) T X IF II(!DT Il x

nG) 2 TX.o = 0.

nG) 37 n()

Thus, from the above and by Proposition 1.7, we conclude that Tq=Tg=Tg=q
and hence g1 F = F(T))CF(T,) CF(T,).

Suppose that {x_} does not converges weakly to q. Then, there exists a subsequence

{X, o} of {x,} such that {x 3} converges weakly to q 1 C with g g,. By using

n()
similar arguments as in the above proofs, from Proposition 1.7, we conclude that qlT F.
Furthermore, from Proposition 2.2, we get that nIg{é\ [Ix, - all and nIg{é\ [|x, - q, | exist.
Then, by the Opial’s condition, we see that
im I, - all= iminf{|x,; - afl< lim |l x, - [F lmlx, - gl
= iminf ||, - o, lI< lim 1%, - gl lim [, - qll,
which is a contradiction. This implies that {X } converges weakly to ql F. [

Next, we prove some strong convergence results of iteration (2.1) to common fixed
points of three G-nonexpansive mappings in uniformly convex Banach spaces.
Theorem 2.5.

Let X be a uniformly convex Banach space, C be a nonempty closed convex subset of

X, {an},{bn},{gn}i [e,1- elwith eT (0,1),G = (V (G),E(G)) be a directed graph which is
transitive with V (G) = C,E(G) being convex, C have the property G, T,T,,T,:C ® C be
three G-nonexpansive mappings such that F * /& F(T,)" F(T,)1 E@G) forall i=123
and satisfying the condition (C), {X } be a sequence defined by recursion (2.1) such that

(p.x,),(x,p) T EG) withp T F. Then {X } converges stronglyto q T F.
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Proof.
It follows from pT F,(p,x,),(x,,p) T E(G) and Proposition 2.1, we conclude that

(x..,p),(y,.p).(z,,p) T E@G) forall n T ¥".
Then, by Proposition 2.2, we see that I!@ng [[x, - p|l exists and {x_} is bounded. On

the other hand, by (2.11), we obtain||x_ .. - pllE||x - p|| forall n T ¥". This implies that

1

d(x,,,,F) £ d(x_,F) and hence I!@ng d(x ,F) exists. Next, by Proposition 2.3, we have

n+1’
r!g@ng [Ix - Tx | r!!@ng [1x, - TX [ nlg@ng [|x, - Tx [=0. (2.24)
Since T,T,T, satisfy the condition (C), there exists a non-decreasing function
f:[0,¥)® [0,¥) with f(0)= 0,f(r)> Oforall r > 0 and

max{||x - Tx [LIIx - Tx |LIIx - Tx [}3 f@dx ,F)). (2.25)

By combining (2.24) with (2.25), we obtain Ig@ryf(d(xn,F))= 0. Suppose that
Ig@ng d(x ,F)> 0. Then for every e > 0, there exists noT ¥ " such that for all n 3 n, we
have d(x ,F)>e. This implies that f(d(x ,F))® f(e) for all n=2 n,. Therefore,
Ig@ng fd(x,,F))* f(e)® f(0)=0  which contradicts to Ig@ry fd(x ,F))=0. So
r!gg d(x,,F)= 0. Then, there exists a subsequence {x .} of {x }and a sequence {pk}in
F such that || Xogy ~ P IIE 2% Therefore, from (2.11), we conclude that
[ Xogen ~ Py [E]| Xogo = Py IIE 2°%. This implies that

” Pesr ™ Py ||£|| Pesr ™ Xn(k+1) ” + ” Xn(k+1) - By ||£ 20D+l g 700,

It follows that {p, } is a Cauchy sequence inF. Furthermore, by Proposition 1.5, we
see that F = F(T,) CF(T,) CF(T,) is closed in Banach spaces. Thus, there exits gl F such
that I!('@T pk =q. By Combining this with || Xn(k) - q||£|| Xn(k) - pk || + || pk - q||£ Zk+ || H( - q ||1
we obtain ;!!@T ||xn(k)- q|l= 0. Moreover, since Ig@ng [|x, - qll exists, we conclude that
Ig@ng IIx. - qll= 0 and hence {x_}strongly convergesto q T F. U

In Theorem 2.5, by replacing the assumption “satisfying the condition (C) of three G-
nonexpansive mappings” by the assumption “one of three G-nonexpansive mappings is
semicompact”, we obtain the following result.
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Theorem 2.6.
Let X be a uniformly convex Banach space, C be a nonempty closed convex subset of

X, {a }.{b.}.{0.}1 [e,1- €] with el (0,1),G = (V(G),E(G)) be adirected graph which is
transitive with V (G) = C,E(G) being convex, C have the property G, T,,T,,T, :C ® C be
three G-nonexpansive mappings such that F * A& F(T.)" F(T,)1 E@G) foreach i=123

and one of T, T, and T, is semicompact, {X } be a sequence defined by recursion (2.1)

such that (p,x,),(x,,p) T EG) withp T F. Then {X } converges stronglyto q T F.
Proof.

By Proposition 2.3, we obtain r!g@ng [|x, - Tx, |I= 0 foreachi= 12 3. By Proposition
2.2, we conclude that {x_} is bounded. By the semicompactness of one of T,,T, and T,
there exists a subsequence {x .} of {x }such that {x ,} converges strongly to ql C.

Then, by the property G of C and the transitive property of G, there exists a subsequence
Koind Oof {x, 4} such that (xn(k(i)),q)T E(G). Therefore, for each j = 1,2, 3 we have

G- TalEl A X T+ X6 = T Xy 1H 1T Xy - Ta 1l
A= Xy 1+ 11 %00y = TXagay T+ Mgy = Al
This implies that T,q=qfor each j =123 and hence gl F. As in the proof of

Theorem 2.5, we conclude that I!@ng d(x ,F) exists. Furthermore, from
d(xn(k),F)£||xn(k) - g]|, we see that kIé)q;d(xn(k),F) = 0 and hence r!gg d(x,,F) = 0. By using

similar arguments as in the proof of Theorem 2.5, we conclude that {x } converges

stronglyto g1 F. O

Finally, we provide an example to illustrate for the convergence to common fixed
points of three G-nonexpansive mappings by CR-iteration process which generated by
(2.1). In addition, the example also shows that the convergence to common fixed points of
given mappings by CR-iteration process is faster than SP-iteration process in (Sridarat et
al., 2018).
Example 2.7.

Let X =i be a Banach space with norm given by || x|=|x| for all xTj,

C =[02], G = (V(G),E(G)) be adirected graph defined by V(G)=C, (x,y) T EG) ifand
onlyif 0.45£ x,y £ 1.7 and x,y T C. Define three mappings T,,T,,T,:C ® C by
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Tx= JX, Tx= ;—itan(x- D+1 Tx= %arcsin(x- 1)+ 1 forall xT C.

Consider a = n+1,b - n+4 and g = "*2 forallni ¥ Then
" 5h+3 " 10n+7 " 8n+5

(1) T,.T,.T, are three G-nonexpansive mappings. Indeed, for all (x,y) T E(G), we
obtain 0.5£ x,y £ 1.7. Thus, for each i = 123, we get 0.5£ Tx,Ty £ 1.7 and hence
(Tx,Ty)T E(G).This implies that T ,T,, T, are edge-preserving. Moreover, by calculating
directly, we conclude that [|[Tx- T,y |E |[x- y|| for all (x,y)T E(G) and for each
i = 1,2,3. Therefore, T ,T,, T, are three G-nonexpansive mappings.

(2) Itis easy to see that F = F(T,) CF(T,) CF(T,) = {1}* A& By choosing x, = 1.4,
we obtain (p,x,),(x,,p)T EG) forall pT F.

Furthermore, other assumptions in Theorem 2.6 also are satisfied. Then, CR-iteration
process {x_} generated by (2.1) which has the following form converges to common fixed
point p = 1.

,x1:1.4,

f 7n + 3 n+2
[z = X + X,
L " 8n+5" 8n+5V"
! On + 3 n+4 10
[y, = X, +

—tan(z - 1)+ 1),
on+7Vv" 10n+7(31 @-D+1

an + 2 n+1 20 .
[ X = + —arcsin -1+ 1).
™loBn + 3y” 5n + 3(31 O,- D+ D

However, by choosing x = 0.5,y = 0.05,u = 1.99,v = 1.96,p = 1.95and q = 1.45, we
see that [Tx- Ty >[x- y[,|T,u- Tup|u-v]and |[T,p- T,qP|p- q|. Therefore, T, T,,T,

are not nonexpansive mappings. Thus, some convergence results to common fixed point of

three nonexpansive mappings are not applicable to given mappings and the above CR-
iteration process.

Notice that SP-iteration process {x } was introduced in (Sridarat et al., 2018) which
has following form also converges to common fixed point p = 1.

[ x. = 1.4,

et

i n+ 3 n+2

[z = X + X,
" 8n+5 " 8n+5\/7"
On + 3 +n+4 10

X —tan(z - )+ 1),
won+7" 10n+7(31 @-D+1

an + 2 n+1 20 .
[ X = + —arcsin -1+ 1).
™loBn + 3y” 5n + 3(31 ¥, - D+ D)

Y, -
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However, the convergence of CR-iteration process to common fixed point p = 1 is

faster than the convergence of SP-iteration process. By using Scilab-6.0.0 numerical
computation software with n = 30, we show the convergence behavior of CR-iteration

process and SP-iteration process to common fixed point p = 1 as follows.

1.4

o—o0—o0 Day CR4ap
O—O— Day SP-ap

T T T T T T T T T
o 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
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SU'HOI TU CUA DAY CR-LAP PEN PIEM BAT PONG CHUNG
CUA BA ANH XA G-KHONG GIAN TRONG KHONG GIAN BANACH VOI PO THI
Nguyén Trung Hiéu, Phgm Thi Ngec Mai
Truong Pai hoc Pong Thap
Téc gid lién hé: Nguyén Trung Hiéu — Email: ngtrunghieu@dthu.edu.vn
Ngay nhén bai: 30-01-2019; ngay nhén bai stra: 20-3-2019; ngay duyét dang: 21-3-2019

TOM TAT
Trong bai b4o nay, ching t6i gisi thidu ddy CR-lgp va thiét lap mét sé két qua vé s hgi tu
yéu va hgi tu cia dy CR-lgp dén diém bar déng chung cia ba anh xa G-khong gién trong khong
gian Banach loi déu véi do thi. Pong thoi, ching toi ciing xdy dung vi du dé minh hoa cho si hgi tu
cia day CR-lgp dén diém bat d@éng chung ciia ba anh xa G-khong gian.
Tir khéa: anh xa G-khong gidn, ddy CR-lap, khong gian Banach vai do thi.
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