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TOM TAT

Phuwong phdp todn tir FK duwoc sir dung dé gidi phwong trinh Schrédinger cho exciton hai
chiéu trong dién truong déu. Phép bién doi Levi-Civita duoc sir dung dé chon bg ham song co' so
cho bai todn duéi dang dao déng tir diéu hoa. Két qud thu dwot cac yéu té ma trdn cua
Hamiltonian, la co s¢ dé xac dinh nghiém sé chinh xac cho bai toan.

Tir khoa: exciton, hai chiéu, phép bién dbi Levi-Civita, phuong phap toan tir FK, yéu tb ma tran.

1. Mé dau

Ké tir sau thanh cong cua graphene, mot loat céc vat liéu hai chiéu (2D), vi du
transition metal dichalcogenides (TMDs), hexagonal boron-nitride (h-BN)... da dugc phéat
hién. Du graphene dd mang lai nhiing tinh chit doc dao nhung vi ¢6 ning lugng viing cam
bang khong da lam han ché nhiing ng dung cua ching. Nén sau d6, su kham pha ra don
I6p TMDs véi ning lwong ving cam tryc tiép nam khoang trong viing gan hong ngoai dén
kha Kién, d thu hat dugc rat nhiéu sy quan tam. Do d6, nghién ciru vé TMDs ngay cang
tang va chiém ti 1¢ kha cao trong s lugng céng bé nghién ciru vé vat ligu 2D. TMDs don
I6p bao gdm mot don 16p cua nguyén tir kim loai chuyén tiép dugc kep giita hai 16p
nguyén tir chalcogen trong ciu triic lang tru tam giac. Hién nay, cac nghién ctiu vé don 16p
TMDs thugc nhom VI dang dugc chi y bao gdm MoS;, MoSez, WS,, va WSe,. Pay 1a chat
ban dan véi nhitng tinh chat quang hoc va dién tir dic biét, htra hen c6 nhiéu tng dung
trong linh vic quang dién tir vi du nhu té bao quang dién, diode phat quang... Cac nghién
cau ciing chi ra rang dich chuyén quang hoc cha yéu trong TMDs Ia hinh thanh exciton
(Choi et al., 2017).

Exciton 1a mét chuan hat duoc tao thanh khi co tuwong tdc Coulomb gitra dién tir
mang dién tich am va 15 tréng mang dién tich duong, twong tw nguyén t hydro. Trong
TMDs, exciton duoc tao thanh khi mot photon dugc hip thu, kich thich dién tir tir viing
hoa tri 1én ving dan va dé lai mot 16 trong mang dién tich dwong. Sau do, dién tur va 15
tréng két hop vai nhau bang twong tac Coulomb tao thanh chuan hat exciton dong thoi phat
ra mot photon. Exciton ¢ y nghia dic biét véi 2D TMDs. Khi s6 chiéu caa hé vat Ii giam
di, tuong tac Coulomb giita dién tir va 18 trong dugc ting cuong (Xiao, Zhao, Wang, &
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Zhang, 2017), kéo theo viéc hinh thanh exciton va cac hi¢u ung lién quan chiém uu thé.
Céc hiéu tng nay 1a co s& dé ché tao mot sd thiét bi ¢ kich thudc nano vi dy nhu: laser
exciton, ngudn photon don...(Wu, Cheng, & Wang, 2017).

Pho ning luong cua exciton 1a thong tin dé tim hiéu truc tiép vé tinh chat vat Ii trong
chat ban dan. N6 ciing 1& nén tang dé nhan biét hiéu tng cua exciton trong thi nghiém phd
quang hoc. Vi thé, viéc nghién ctiu phd ning luong rat ¢6 y nghia. Tuy nhién, du tuong tac
gitra dién tir va 13 trong ting dang ké khi sé chiéu cua hé giam di (Huang, Liang, & Yang,
2013), ning lrong cua exciton & trang thai kich thich cao van kho do trong thyc nghiém
(Miller, Kleinman, Tsang, & Gossard, 1981). Vi thé nguoi ta thudng tim cach dat truong
ngoai bao gdm dién truong hoac tir truong vao dé dé dang quan sat cac vach phd. Ngoai ra,
dién truong song song c6 cuong do I6n khi dat vao cac vat liéu khac nhau la mot phuong
phép hiéu qua dé diéu chinh tinh chat quang hoc cua ching. Vi du khi khao sat pho quang
phét quang cia don 16p va hai 16p WS, trong trudng hop dit dién truong song song, két
qua cho thiy 1a khi ting cudng d6 dién truong ddi véi don 16p WS, thi dan dén dap tat
quang phat quang (PL quenching) trong khi d6i vai hai lop WS thi 1am tang phat xa quang
phét quang (He et al., 2015); kham pha nay c6 thé gitp ich rat nhidu trong viéc phét trién
hiéu qua hon cac cac thiét bi quang dién tir dua trén co s¢ vat liéu 2D TMDs. Trong mét sb
nghién ctru, dién truong ngoai co cudng do I6n duoc sir dung dé diéu chinh ning lugng
viing cdm cua hai 16p graphene, hai I6p TMDs... (Ramasubramaniam, Naveh, & Towe,
2011). Thém vao d6, dién truong dong vai tro quan trong trong cac qué trinh ion hoa trong
TMDs. Trong nhiing vat liéu cé nang lugng lién két exciton I6n nhu TMDs, viéc ion hoa
bang nhiét khéng hiéu qua nén thay vao d6 ngudi ta thuong sir dung dién truong manh
(Pedersen, Latini, Thygesen, Mera, & Nikoli¢, 2016). Ngoai ra, thi viéc dat dién truong
ngoai vao gilp ta co thé quan sét hiéu ung vat Ii quen thudc nhu hiéu ng Stark (Scharf et
al., 2016). T d0, ta co thé noi bai toan exciton hai chiéu trong dién truong vai cac cuong
d6 khac nhau déng vai trd quan trong ddi vai ca Ii thuyét va thuc nghiem.

Phuong phap toan tir FK (viét tat 12 FK - OM) dugc dua ra boi nhém nghién cau caa
gido su Komarov ¢ Pai hoc Belarus (Feranchuk & Komarov, 1982). Phuong phap nay da
tng dung thanh cong cho cac bai toan hé nguyén tir hai chiéu trong tir truong déu
(Feranchuk, Ivanov, Le, & Ulyanenkov, 2015). Viéc tiép tuc 4p dung FK — OM cho bai
toan hé nguyén tir hai chiéu trong dién truong 1a mot hudng phat trién méi va cd y nghia.
Trong cong trinh ndy, chlng t6i budc dau &p dung FK — OM cho bai toan exciton trong
dién truong dé tinh toan yéu té ma tran ciia Hamiltonian, day la co s¢ dé xac dinh nghiém
chinh xac bang s6 cho bai toan.

2. Phwong trinh Schrodinger ciia exciton hai chiéu

O trong phan nay, dau tién chlng tdi s& xay dung phuong trinh Schrédinger dang
khéng thir nguyén cho exciton hai chiéu dit trong dién truong déu trong khéng gian (X, y).
Tiép theo, phuong trinh ndy s& dugc chuyén vé dang phuong trinh dao dong tir phi diéu

73



TAP CHi KHOA HQC - Trwong DHSP TPHCM Tap 16, S8 6 (2019): 72-80

hoa trong khéng (u,V) bang cach sir dung phép bién ddi Levi-Civita. Cudi cung, ching toi
viét lai phuong trinh thu dugc trong biéu dién theo cac toén tir sinh hay dé thuan loi cho
cac tinh toan dai sb.
2.1. Méi lién hé véi phwong trinh dao dgng ti phi diéu hoa

Phuong trinh Schrédinger khong thir nguyén cho exciton hai chiéu trong dién trudng

déu c6 cudng do dién truong & =(¢,,¢,,0) c6 dang nhu sau:

I:|y/(x,y)=Ez//(x,y), @
1(o* o 1
S| —+— |- ——1+ B+ X,¥)=Ew(X,Y), 2
[ e Bt ﬂzy}v/( )= Ev () @
4 *
O day, don vi cta ning luong la hiang s6 Rydberg hiéu dung R = %, don vi
167°g4h
A AN NN Leso Lo . 4re h’ . TR . R , A
do dai la ban kinh Bohr hi¢u dung a =—-~—. Cuong d¢ dién truong khong thir nguyén
e u
B, B, 1an lugt duoc xac dinh bang biéu thic: g, = %,ﬂz = % .

Ta s& giai phuong trinh (2) bang phuong phap toan tir FK dya trén y tuong Ii thuyét
nhiu loan véi thanh phan chinh 1a dao dong tir diéu hoa. Céc nghién ciru trude (Feranchuk
& Komarov, 1982) da chi ra méi lién h¢ giira bai toan nguyén tir trong khong gian (x, y)
V6i bai toan dao dong tir phi diéu hoa trong khong gian (u,v)thdng qua phép bién doi

Levi-Civita:

X=U?—V?,
3)
y =2uv,

v6i dxdy =4(x* +y?)dudv, r =x* +y* =u”+v?,
Ta sé& sir dung phép bién dbi nay dé viét lai phuong trinh Schrédinger cho bai toan:

HY (u,v)=0, 4)
trong do
H = r(l:| - E)
¢6 dang Hamiltonian cua dao dong tir phi diéu hoa trong khéng gian hai chiéu (u,v):
H _ 1 az 62 4 4 2 2 2 E 2 2 1
=5l 27" o7 + B, (U —v*)+2B,uv (U +v* ) —E (uP +v? ) - (5)
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2.2. Phwong phdp dai 56
Phuong phép dai s6 s& duoc str dung dé giai phuong trinh Schrédinger (4)-(5) théng
qua céc toan tir sinh, huy Dirac duoc dinh nghia 1an luot sau day:

a—L(MEJ i —i(u_ij
J2 ou)’ NAUEGIA

\A/:i(v+£j \A/+:i(v—ﬁj
2L ) 22U o)

Cac toan tir nay théa man hé thirc giao hoan [G, LT} =1, [\7,\7} =1.

Khi sir dung phuong phép toan tir FK ngudi ta thuong quan tim dén tinh dbi xung
cua bai toan. Trong cAc bai toan exciton hai chiéu, exciton hai chiéu trong tir truong vudng
goc... thi hinh chiéu moment dong luong quy dao 1én truc Oz bao toan, nghia 1a toan tir
Hamilton va toan tir hinh chiéu moment dong lugng quy dao Ién truc Oz (I;) giao hoan
vai nhau. Vi thé ta s& sir dung bo ham song co so la cac ham riéng cua toan tir I;. Céch
don gian nhét dé thyc hién diéu nay la dinh nghia toén tir sinh hiy méi 1a t6 hop tuyén tinh
cua toén tur sinh huy ca sao cho I; c6 dang trung hoa. Mic du ddi véi bai toan nay, do anh
huong cua dién truong nén dai luong nay khong bao toan, nhung dé thong nhat voi cac
cong trinh truéc (Nguyen & Hoang, 2018), ta van s& sir dung bo ham séng co sé la cac
ham riéng ciia todn tir L, dé tinh toén.

Ta dinh nghia cac toan tir sinh hity méi nham chéo hoa L, nhu sau:

a= 2\/12_a) [(a)Jrl)(L]+i\7)+(a)—1)(0+ +i\7+)]

a' = le_w[(w—l)(a_m)+(w+1)(a+_iw)],

. )
b= le_w[(w+1)(a—i\7)+(w—1)(a+—i\7+)],

at 1

b = 2@[(w—1)(0+i\7)+(w+1)(0++i\7+)}
Cac toan tir nay cting thoa mén hé thuc giao hoan: [5, 5? =1 [6, Bﬂ =1.

O day, ta dua vao cac toan tir (6) mot tham sb tu do, dong vai trd diéu chinh téc do
hoi tu. Tham sé nay s& khong anh huong dén két qua bai toan vi nd khong c6 mit trong
toan tir Hamilton toan phan ma chi xuét hién trong thanh phan chinh va thanh phan nhiéu
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loan, n6 déng vai trd diéu chinh sy chénh léch d6 lon giira hai thanh phan nay nham thoa
man diéu kién nhiéu loan, do d6 ciing lam ting toc d6 hoi tu caa bai ton.
Toan tir Hamilton (5) duoc biéu dién dudi dang toén tir sinh huy (7) nhu sau:
H=H"-ER, 8)
Voi

~ ~

R :Q(N_M —|\7|+)+ P (N+I\7I +M+)(éz+é*2+62+6+2+2§6++2§+6)

B 20° ©)
L2 (NN i) (8080 B 2867 - 286) L
R=(N+M M) (10)

trong do6 cac toan tir maoi M , M i N dugc dinh nghia lai nhu sau:
M=4ab, M"=4ab", N =(a+a+6+6+1). (11)

Khi d6 ta thu duoc toan tir hinh chiéu moment dong lugng quy dao dudi dang toan tu
trung hoa:

i 1(é+é—6+6). (12)

3. B0 ham song co sé&
B6 ham song duoc chon 1a nghiém riéng cua toén tur trung hoa nhu sau:

Im,nz>=ﬁ(é+)m(5+)nz 0(e)), (13)

véi n,n, 1a cic sb nguyén khdng &m va trang thai chan khong duge dinh nghia tir cac

phuong trinh sau:
4(w)[0(w))=0, b(@)|0(@))=0, (0(@)|0(@)) =0. (14)
Ta s& xac dinh nghiém cua phuong trinh (8)-(9) dudi dang té hop tuyén tinh cua cac

ham song co sé (13) nhu sau:

|y/n1‘nz>=|n1,nz>+ZZCjk|j,k) . (15)
S,
4.  Céc yéu té ma tran cia Hamiltonian
Ta giai phuong trinh (4) voi ham song khai trién (15), khi d6 phuong trinh dugc viét lai:
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+00  +00 400  +00

HE )+ 30 > Colik) [ =B Rl nung)+ > > C| k) (16)
i=0 k=0 i=0 k=0
J=n k=n, J=n k=n,

Nhan trai hai vé (16) voi (j',k'|, ta co:

+00  +00 +0  +0

(WK [H¥ [n,n,)+ Z 2. Cylik) |=E,, (i"K'[R |”1'”2>+Z 2. Clik)
Jnkon, J2, kon,

hay

Hf..+§§C.kH5=Enn Rn..+§§c.kR... : (7)

nﬁ( j=0 k=0 ! ka v né{( j=0 k=0 ! I{{<
J#n, k#n, J=n k=n,
trong do H JF} ,R;; lacac yéu t6 ma tran duoc dinh nghia nhu sau :
Kk *

Kk '

Hy = (00K AT 5.K) = [y B av,
Kk | B o as)
RH(',:<J,’k,|R|J’k>=”l//j',k'R‘//j,de-

Khi ¢4 xac dinh duoc cac yéu to ma tran (18), phuong trinh (17) ¢ thé duoc giai
bang céch 4p dung so @6 Ii thuyét nhidu loan hozc ciing ¢ thé giai truc tiép nhu hé phuong
trinh tuyén tinh.

5.  Kétqua

Chang t6i tién hanh cac tinh toan dai sb dé tim biéu thuc cu thé cua cac yéu té ma
tran (18), 1am co s cho viéc xac dinh nghiém sb chinh xac cua bai toan. Két qua thu dugc
biéu thirc cua céc yéu té ma tran khac khong nhu sau:

4.1. Yéuté matrgn cia R

n,n
ny,N,

1
R =—
w(nl+n2+1),
(19)
~ L D), +0).

N, +1
n,,Ny+1

4.2. Yéuté matrgn cia H
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HFR :%(nlJrn2 +1)-1,

H Rﬂl'”nlill _ _% (n, +1)(n, +1),

HRnlnl 3(B,- ﬁz) (n1+n +1)/n,(n, +1),

n,,n,+1

e (ﬁ1+ﬁ2) (n1+3n +3)/(n+1)(n, +2), (20)

nz ny

HRnl,n1 :(ﬁl_ﬁZi)za)Z

n,,Ny+2

(3n,+n,+3)/(n, +1)(n, +2),
(nzn—i?))!«/(n1 +1).

Céc yéu t6 ma tran trén khac khong khac c6 thé xac dinh dua vao tinh chit caa toan
ter hermit:

H n,n+3 _(ﬁl+ﬁ2 )

n,,n,+1

o 1
HRnl,n1+1 :(ﬁl_ﬁzl)za)z

n,,n,+3

=R HE  =(HR )
A ' l r T ' .
M,y My M,y M,y

' ) ' )
Ny, Ny .n, Ny .n, .M,

Céc yéu té ma tran H trong cong thirc (20) c6 chira ca phan thyc 1an phan ao. Diéu
nay du doan nang lurgng cua exciton ciing c6 dang phac E = A—-il'/2, phu hop véi ban
chat vat Ii ciia hé nguyén tir trong dién trudng ngoai, trong dé thanh phan ao dic trung cho
XAc suat ion hoa xuyén ngam I caa nguyén tir (Pedersen et al., 2016), 1a mot dai lugng c6
y nghia trong viéc xac dinh cac tinh chat vat Ii caa hé.

6. Kétqua:

Nhu vay trong cong trinh ndy, ching téi da xay dung dugc phuong trinh Schrédinger
cho exciton hai chiéu trong dién truong va ap dung phuong phép toan tir FK dé giai bai
toan. Két qua 1a thu dugc cac yéu té ma tran cua Hamiltonian, 14 co s& dé xac dinh nghiém
s6 chinh xéc cho exciton hai chiéu trong dién truong.

% Tuyén bé vé quyén loi: CAc tac gid xac nhén hoan toan khéng c6 xung dét vé quyén loi.

% Loi cédm on: Nghién ctu nay duoc tai trog béi Truong Pai hoc Sw pham Thanh phd
Hé Chi Minh trong dé tai co sé ma sé CS2016.19.13.
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MATRIX ELEMENTS FOR TWO-DIMENSIONAL EXCITON
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ABSTRACT

The FK operator method is applied to solve the Schrédinger equation for a two-dimensional
exciton in a uniform electric field. The Levi-Civita transformation is used to construct the basic set
of wave functions under the form of harmonic oscillator ones. That the matrix elements of
Hamiltonian are obtained allows retrieving the exact numerical solution of the problem.

Keywords: exciton, two-dimensional, Levi-Civita transformation, FK operator method,
matrix element.
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