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TOM TAT

Trong bai bdo nay, ching t6i tinh todn sé Betti thir hai ciia cdc dai sé Lie liy linh kiéu
Jordan dwoc ra trong Duong, Pinczon va Ushirobira (2012) thong qua cdch tinh tich super-
Poisson trén dai sé cdc dang da tuyén tinh phan xirng ciia chiing.

Tir khéa: dai s6 Lie toan phuong; di dong diéu; tich super-Poisson

Mé dau

Dai s Lie toan phuong 1a mot dbi tuong dai sb xuat hién trong thoi gian gﬁn day va
da dugc nghién ctru 6 nhiéu khia canh khac nhau. Xét vé mit céu triic, mot dai sb Lie toan
phuong 1a kiéu tong quat cua dai s6 Lie nira don, & d6 dang Killing s& tong quat thanh
dang song tuyén tinh dbi ximg, bt bién va khong suy bién. Khi ton tai mot dang song
tuyén tinh nhu thé, moi dai sé Lie toan phuwong déu c6 thé tach thanh tong truc tiép truc
giao cta cac ideal khong suy bién hodc 1a tong truc tiép truc giao cia mot ideal tam khong
suy bién va mot ideal c6 tim dfmg cu toan bo (Bordemann, 1997; Favre, & Santharoubane,
1987; Pinczon, & Ushirobira, 2007). Xét vé mit xdy dung, mét dai s6 Lie toan phuong
khong tam thuong c6 thé coi nhu 12 mot mo rong kép cua mot dai sb Lie toan phuong khac
¢6 s6 chiéu nhé hon boi nhitng dao ham phan xing (Kac, 1985; Medina, & Revoy, 1985),
hodc dugc xay dung tir mot mé rong T* cia mdt dai s6 Lie bdi mot ddi chu trinh cyclic
(trong truong hop giai duoc chin chiéu) trong Bordemann (1997). Nhimg tmg dung trong
vat li cua cac dai sd Lie toan phwong doc gia c6 thé xem trong Figueroa-O’Farrill va
Stanciu (1996).

Mot trong nhitng bai toan li tha khi nghién ctru mot dai sd Lie noi chung va dai sb
Lie toan phuong ndi riéng 1a mo ta dugc cac nhém d6i dong dicu ciia né. Santharoubane

(1983) da mo ta duge ddi dong diu cia dai sb Lie Heisenberg 2n+1 chiéu b, . Géan

day trong Pouseele (2005), tac gia da dua ra mot phuong phap khac dé mo ta ddi dong diéu
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ctia mot s6 dai s6 Lie chira dai s6 Lie Heisenberg sao cho dai s6 Lie Heisenberg nay 1a mot
ideal d6i chiéu 1 ctia né. Trong trudng hop g 1a mot dai s6 Lie toan phuong, bai toan mo
ta nhom d6i dong diéu hé s6 trong C ciia g c6 lién quan mat thiét dén tich super-Poisson
trong bai bao Pinczon et al. (2007). Cach tiép can nay mé ra mot hudng di trong viée tim
kiém nhimg ho dai sé Lie thich hop voi cach tinh théng qua tich super-Poisson va tir d6
gitip cung cp nhiéu thong tin cho bai toan nghién ctru dai sd Lie toan phuong. Muc tiéu
ctia ching t6i trong bai bao nay 1a tinh duoc s6 Betti thir hai ciia ho cac dai s6 Lie lity linh
kiéu Jordan duoc dua ra trong Duong et al. (2012).

Bai bao dugc chia 1dm 3 muc: Muc dau tién nhic lai mot s6 khai niém co ban va
két qua vé ddi dong didu cua dai s6 Lie toan phuong; Muc 2 va Muyc 3 trinh bay két qua
mo ta sd Betti thir hai ctia ho céc dai sb Lie liiy linh kiéu Jordan; dwoc tinh bang phuong
phap dua trén tich super-Poisson.

Céc khong gian vecto dugc xét trong bai bao nay 14 hiru han chidu va trén truong sb
phic C.
1.  Doi dong diéu cihia mét dai sé Lie toan phwong

Cho g 1a mot dai s6 Lie, ¥ 1a mot khong gian vecto va p: g — End(V) 1a mot

biéu dién ciia g trong V. Véi k > 0, ki hidu C*(g,V) 1a khong gian cac anh xa k -tuyén
tinh phan xtng tir g X g X...X g vao ¥V néu k >1 va C°(g,V) = V. Toan tit doi bo
6, : C*(g,V) — C**(g,V) dugc dinh nghia nhu sau:
k —
6.F (X X, ) = (—1)”p(Xi)(f(XO,...,Xi,...,Xk))
=0

1

k —~ o~
+Z(—l)”ff([xj,xj],XO,...,XZ,,...,Xj,..., ;
i<j

véi moi f € C*(g,V), X, » X, €9, 6 day ki hi¢u 3{7 dé chi X, khong co trong
cong thire. Ta néi rang f € C*(g, V) 1a mot k-doi chu trinh néu 8, f = 0 va f lamot k-
doi bonéucéd g € C*'(g,V) saocho f =6, g.Kihiéu Z*(g,V) la tap hop cac k-dobi
chu trinh va B*(g,V) 1a tap hop cic k-ddi bo, tic la Z"(g,V)=Kers, va
B"(g,V) =Im§, . Khéng gian thwong Z*(g,V)/ B*(g,V) duoc ki hidu la H"(g,V)
va duoc goi 1 nhém doi dong diéu thir k cia g hé sb trong V.

Mot trong nhing trudng hop dang cha ¥ nhat cua dbi dong diéu dai sé Lie 1a khi V
mot chiéy, tic 14 V = C (hodc R). Khi do C°(g,C) = C, C*(g,C) 1a khong gian cac
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anh xa k-tuyén tinh phan ximg tir g X g X...x g vao C, tic la C*(g,C) = A" (g*>

va 5kf(X0,...,Xk>:i(—1)i+jf([Xj,X].],XO,...,;(i,...,;(j,...,Xk). Trong trudng

i<j
hop nay, viéc md td nhom dbi dong diéu H"(g,C) ciing nhu tinh toan sd Betti
b.(g) = dim H *(g,C) 1a bai toan ma ching t6i quan tam.

Cho mdt khdéng gian vecto phirc V' hitru han chiéu dugc trang bi mot dang song
tuyén tinh d6i ximg B (ta con goi (V, B) 1a mét khong gian vecto todn phuong). Pinczon
et al. (2007) da gidi thiéu khai niém tich super-Poisson trén khong gian A (V*) chtra cac

dang da tuyén tinh phan xiémg trén V' nhu sau:
[2.0) =030 @A @), ¥Q e A (V] va e A(V)
=1 J J

n 5 L. L. A 4 . \
o day, {Xj} la mét co so truc chuan cua V. Ddi voi mot dai s6 Lie toan phuong
j=1

(9, B) 3-dang lién két véi g xac dinh boi I(X,Y,Z)=B((X,Y],2), VX,Y,Z € g.
Pinczon va Ushirobira da chimg minh dugc {I, 1} =0 vadéQ=— {1, Q} Nho két qua
ndy, viéc mo td cac nhom déi dong diéu H"(g,C) c6 thé thong qua tinh toan cac tich
super-Poisson.

2. Két qua chinh
Cho céac khdi Jordan lity linh

0o 1 0 - 0

0o o0 1 - 0
Jo=(0),d, = | i o ,n>2,

00 - 0 1

00 0 — 0

va khong gian vecto q¢ = C*" véi mdt co sé chinh tic {X,,..., X,V ,...,Y, }. Xét 4nh xa
J, 0

X . Y SR o 4 £ s n . s
tuyén tinh C :q — g v&i ma tran doi vdi co s chinh tac la C' = . Khi do,

Jt

C €0(2n).Goi j,,=qP® CX, ® CY| la mdt mo rong cta q boi C' voi tich Lie duge xac
dinh boi [V, X] = C(X), [X,Y] = B(C(X),Y)X,, VX,Y €4, [X,,},,] = 0. Dinh nghia
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dang song tuyén tinh B dugc xac dinh boi B <X7-,Yj > =6, VOi 1,5 = 0,n.Khido B la
mot dang song tuyén tinh ddi xtng bét bién, khong suy bién va jo, cung voi B tré thanh
mot dai sé Lie toan phuong. Vi véi n =1, jo 1a dai s6 Lie giao hoan 4 chiéu. Pay la
truong hop tim thuong nén trong truong hop nay ta chi xét n > 2.

Ta xét tiép khong gian vecto gq = C*>"'™' v6i mot co so chinh tic
{X,,...,X,,T,Y,,...,Y, } . Dinh nghia 4nh xa tuyén tinh C' :q — q véi ma tran ddi véi co
o M

Jt

—=—1.Khidé C €0(2n+1). Goi jp,.,=q® CX, ® CY,

so chinh tic C' = , trong d6 M 1a ma tran (n + 1) xn co tat ca cac so hang

bﬁng khong ngoai trur My 1n

la mé rong cia q bdi C' véi tich Lie dugce xac dinh nhu sau:

[¥,,X]=C(X), [X,Y]=B(C(X),Y)X,, VX,Y €q, [Xy,ip 1] = 0.

177 ]

Va dang song tuyén tinh duoc xac dinh boi B (X. Y. ) =6, voi i,j=0,n, B(T,T)=1.
Cac dai sd Lie j,,, Jp,.1 nhu trén duge goi la dai s6 Lie lily linh kiéu Jordan (xem
Duong et al. (2012)). Két qua chinh cta bai bao nay 1a dinh 1i sau:
Dinh li.
Véi cac ki hidu nhw trén, sé Betti thir hai ciia cdc dai sé Lie liy linh kiéu Jordan
duwoc cho boi cong thirc:

n

(D) 0,(3,) = 8, b, iy, ) = n +2 5| H2voin =3,

n

(ii) b,(i,) = 3,b, iy, ) = n +2 S| H2voin>2.

3.  Chiung minh két qua chinh
3.1. Déi dong diéu thir hai ciia i, (n = 2)

Db véi ju» ta cO6 cac tich Lie khac khong nhu sau:[YU,Y1 } =-Y,,
Yy, V) |=C(Y;)=-Y,,[X,,Y;|=X,. Dang song tuyén tinh xac dinh boi
B(X,Y,)=6, voi 4,7=02. Goi {af,0,0,0,,6,} 1a co s6 d6i ngdu cia
{XO,YO,Xl,X2,Yl,Y2} va V :span{ozl,%}, W% =span{ﬁ1,ﬁ2}. Dé& dang kiém tra
dugc 3-dang lién két voi j, duoc xac dinhbdil = A oy AS,. Tacod

B? (j4) = spcm{LX(I) X € j4} = span{% ABLBA B A ﬂl}vé

dim B (j,) = 3.
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Ta tinh todn {I,.} trén cac hang tir truc tiép ta suy ra

[a Ao, LlanB LB A LB AB Loy Aoy,
(B, AB Ll A B+, AB,L[aAB—oy A

3.2. Déi dong diéu thir hai ciia j,, véi n > 2

H2<j4>:span vadodé b,(j,) = 8.

12> n—12

Ta o6 cic tich Lie khic khong nhu sau:|Y,, X, |= X, , .., |V, X, |=X

[YO,YI]:—Y, [YO,Y ]:—Y

2 n—1 n?

[X27Y1}:X0, [X:saYQ]:XOa

[Xn_l,Yn_Q] = X, [X7l,}@_1} = X,. Dang song tuyén tinh xac dinh béi B (Xi,Yj) =0,

Goi {Oz,ﬂ,al,...,a”,ﬂl,...,ﬂn} la c& s& d6i ngau cﬁa{XO,YO,Xl,...,X Yl,...,Yn} va

V = span{al,...,an}, W = span {Bl,...,ﬁn}. Dé dang kiém tra dugc 3-dang lién két

n—1

Z & NG,

1=1

VOi j,, duge xac dinh boi I = B A . Taco

n—1

B? (j2n) = span{LX(I) X e an}: span{ NGB, BN, BAG = 1,n—1}

i=1
va dim B (j,, ) = 2n — 1. Khéng gian C* (j,,,C) dugc phan tich thanh tong truc tiép cac
khong gian cac 2-dang: a A (V@ W), BAV @W), A*(V), A (W), VAW, (aAB).
Sau day ta tinh todn toan tir {I,.} trén cac hang tir tryc tiép nay.

(DTrén a A (Ve W), tacod ker{I,a A(V O W)} ={0}.

(2)Trén B A (V & W), tinh toén truc tiép ta duge dimker {I,5A(V & W)} = 2n.

(3) Trén A*(V), ta c6

{I,a,,H /\%} =0, {I,Ozi /\%} =BNo Aoy, voi1<i<n-—1,
{I,ai /\a¢+1}:5/\az Nag o voil1<i<n—1,

{[,Oéi/\Oéj}:ﬁ/\Oéi_,rl/\Oéj—i-ﬂ/\Oéi/\Oéj_H voil1<i<j—1j7<n-1.

Do do6 a,_, A a, € ker {I, A (V)} Chii ¥ rdng moi w € ker {I, A? (V)} déu c6 dang

n—1 n—2 n—2
w= Y ez, Aoyt by Aoy + Y e Aoy, +day_ Ao, € loer{],/\2 (V)}
2<i+l<j<n—1 i1 j=1

n—2 n—2
Gia sit w = Zbiai Aoy g+ chaj A q, € ker {I, A2 (V)} sao cho cac b, khong dong

i=1 j=1
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n—2 n—2
thoi bang khong. Ta ¢ {I,w} = Zbiﬂ Ny Aoy o+ ch.ﬁ Nagy Ao, =0.Goi i, 1a
i=1 =1

chi s6 sao cho b, = 0(khong mét tinh tong quat, ta co thé chon b, =1). Dé triét tiéu
{I, o, A %H} =B AN, Na, o, taphaico iy +2 =mn,c, _; = —b, nén

w=aq, s N, 1 —q, 3 AN, hay a, ; N, —, 5 N, ; € ker {I,/\2 (V)}

n—1 n—2 n—2
Gia st w= Y a0 Ao+ by Aoy +Y cajAay, eker{l,/\2(V)} sao cho

2<iH<j<n—1 i=1 =1
cac a;; khong dong thoi bang khong. Ta co

n—1

{I,w}: Z ai]..(ﬁ/\aiﬂ/\ozj—l—ﬁ/\ozi /\ozjﬂ)

2<i+1<j<n—1

n—2 n—2
+Zbiﬂ Ny, Nay o, + chﬂ Nag  Nay, = 0.
j=1

i=1

Goi ¢, la s6 nho nhét sao cho ton tai Jo >t +1 dé @i F 0 (khéng mit tinh téng
quat, ta 6 thé chon a,; =1). Néu j, <n—1,de triét tiéu a,, BAa, Aa, ., phiico
G 1 =~ ; =0, mau thudn véi tinh nho nhat cia 4,. Do d6 j, =n —1. Néu
o = 1 thi {I,o% A aj“} ={l,ay Ny, } =B ANay, ANy, + B Aa; Aa, . Theo cach tinh

{I,w}, ta khong thé triét tieu 3 Aoy Aay,, vo i, do d6 i, > 1. Do

no

{]7%, /\aj“}: BAo  Na;, + BNy ANy,

nén ¢, ;| = —q,

A a;,, Vo1 4 =14, +1,7, = j,—1.Talaico

ano’alljl - Jo
{I:% /\ozjl}: BAa  Nay + B Aoy ANy

nén g, =-—a voi i, =4 +1,j, =45 —1. Tiép tuc qua trinh niy ta duoc

iljl
a, . =—a

s Ls1Js—1

Vol i, =4 +1=14 +s,j,=j,_, —1=n—s—1 sao cho j, =i, +2
hoac j, =, + 3.
Néu j, =i, +2 thi {I,a, Aa; }=BAa, . Ay, +BAa, Aa, . Ticich tinh
{I,w} trén, ta khong thé triét tidu G A @; 11 N\ @; .y, dodo trudng hop nay khong xdy ra.
Néu j, =i, +3 thi {I,a, Aa, }=BAa, Ao,y +BAa, Aa,,,. Khi do dé

triét tiu S Ao, 4 A, 4, tacan chon b, ., = —a,; . Nén ta can chon 4, >1,s > 0 sao

cho iy +s+3=n—s—1 hay i =n—2 vdi2§l§[g —1.
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’.

k .
Do d6 ker {I, A2 <V)} == span {Z (—D'a, oy Na, k=12,
3)Tren VAW, v6ii=1n—1, j=2n tacd

i=1
{La, "B} =BNay AB = BN AB,,
{I,an/\ﬂj}:—ﬁ/\an AB_ys {I,ai /\ﬁl}zﬁ/\aiﬂ/\ﬁl, {I,an/\ﬁl}ZO.

2

(4) Trén A? (W), tuong tw nhu trong tinh toén trén A (V), ta co

n

2

/{EI“{I,/\2 (W)} = spanii(—l)zﬂi AByiir k=12,
i1

n—1 n
Do d6 o, A By € her {I,V AW}.Giastt Y hoy A +> oy, AB; € ker {L,V AW}
=2

=1
sao cho cac b, khong ddng thoi bang khong. Ta ¢6
n—1 n
{ILw}= Zbiﬂ Ny A By — chﬂ Na, NB;, =0.
i=1 j=2
Goi 4, 1a sb5 nho nhidt sao cho b =0. Néu 4,<n—1, do

%o

{Ia, AB}=BNa,., AB, takhong thé triét tiéu dugc nén 4, = n — 1. Khi do dé triét
tiéu {I s A ﬁl} =BAa, N3, ta chi can chon ¢ =b,, do do

a, 1 AB +a, NG, € ker{I,V AV}.Gidsu

n—1 n
w= > auo ABT DY by ABL+ Y ey, AB; € ker {ILV AW}

i=Ln—1, i=1 j=2

Jj=2,n

sao cho cdc a;; khong ddng thoi bang khong. Ta c6

{I,w}: Z aij.(ﬁ/\oziﬂ/\ﬁj - BAa /\/ijl)

Ln—1,

1=Ln

1=2n

n—1 m
+) b BAa AR =D e BAa, AB, =0.
i=1 j=2
Goi ¢, la s6 nho nhat sao cho ton tai Jo dé QG 7 0 (khong mat tinh tong quat, ta co
the chon a,, =1).Néu j, > 2, dé triét tiéu —a,, 3 A a, A3, , phaico
@, 1 ;1 =@, ; =0, mu thudn véi tinh nho nhét cia %,. Do d6 j, = 2. Néu 4, = 1thi

{La, A8} ={l,ay AB} =B Ay ABy =B Aay A B,
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khi d6 ta khong thé triét tisu —B A oy A B, vo 1i. Nén 4, > 1. Do
{[’% A 5]'0} =B N ABj =B Na A

nén b, ; =a a, . Voi 4 =iy + 1,5 = j,+1.Talaico

tyJy? ailjl = %Jo
{Lay AB =0 A B —Bnra nB,

nén a,;, = a,
J2

i i, VOl =14 + 1,5 = j +1. Tiép tuc qua trinh nay dén lic nao do, ta dugc

G =0 ; VO 4 =i, +1=14+sj =j_+1=s+2 sao cho 4 +s=n—1
hoac s +3 =n.
Néu iy +s<n—1vias+2=n th
{Iaaz‘,, N 57} =pBA Q; 41 N B, —BA a; A Bt
ta khong thé triét tiéu 5 A @, .1 A\ B, nén trudong hop nay khong xay ra.
Néu i, +s=n—1vas+2<n thi
{Lay A }=Bra, NB —BAa,  AB; .
D& triét tiéu B A, A3, cnchon c¢; ., = a; . Do d6 dé c6 w € ker {I,V A W} ta phii

c6 4y >1,5>0, sao cho 4, +s=n—1 va s+2<n. Diéu nay twong duong véi

1 <4, <n—1.Tachi can chon iy = 2,...,n —1.Do do

a ANB, +a, ANBy +....ta, AB

lﬂer{I,V/\W}:span w
a”72/\ﬁ1 +04n71/\ﬂ2 +an /\ﬁS’a’nfl/\ﬁl +an /\ﬂ2’an /\ﬂl

n n—1 n—2
hay ker {I,V AW} = span{z% /\@,Zjozwrl /\ﬁi,z:ozﬂr2 A By, /\ﬁl}.

i=1 i=1 i=1
n—1

Z @1 N

i=1

(6) Trén (a A B),taco {I,a N3} =B A thuoc {I,(V/\W)}.

Dong thoi, ta tinh dugc

n n
{I,a/\ﬁ—Z(n—Fl—i)% /\@}:0 nén a AB—> (n+1—ia; AB; €ker{l,.}
i=1 i=1

Tir tat ca cac diéu tinh toan trén, ta suy ra két qua vé cac 2-ddi chu trinh va di dong
diéu nhu sau.

2 (i, )= BA(V & W) EBker{I,AQ (V)}EBkJer{I,A(W)}@lﬂer{I,VAW}

J2n
69<oz/\ﬁ—i(n+1—i)ai /\5¢>'
i=1
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Do d6 dim Z° (jy, ) = 2n+2[§ tn4l= 3n+2[g]+1.Véy bz(an):n—i—Q;l—i—Z

3.3. Doi dong diéu thir hai ciia i, (n =1)

Ta c6 cac tich Lie khac khong nhu sau: [YO,T] =X, [YO,YI] =-T, [T,Y1 } =X,-
Dang song tuyén tinh xac dinh boi B (Xi,Y]. ) =6, VOl i,j = 0,2, B(T,T) =1.Goi
{a, By 7,5, } 1a co so dbi ngau cﬁa{XO Yy, X TY) } Dé dang kiém tra duoc 3-dang
lién két voi j, duge xédc dinh boi 1= BAy A,

Khi do B*(i,) = span{y A 6.8 A B,,6 Ay} va dimB’(j,)=3. Tinh toén ta
duoc H> (jS) = spcm{[ﬂ ANayli[B, Nal[BAa— B, /\ozl]} va b, <j3) =3.
3.4. Déi dong diéu thir hai ciia jy, ,, v6i n > 2

Ta co cic tich Lie [V,,X,|=X VX, =X, [ =

102 0’71 2
[YonTH} ==Y, [Yonn } =T, [szvyl } = Xy, [szyz} = Xgss [Xn—vYn—z} = Xy,

[Xn,Yn_l] = X,. Dang song tuyén tinh xac dinh boi B(Xi,Yj): b; VO 1,5 = 0,n,
B(T,T)=1. Goi {804,007, 858, 1a 6 s d6i nglu cua
{XO,YO,Xl,...,Xn,T,Yl,...,Yn} va V :span{al,...,an}, W zspan{ﬂl,...,ﬂn}. Dé

dang kiém tra dugc 3-dang lién két v6i Jons1 duge xac dinh boi: 1 = A . Taco
B? (anH) = span{Q,ﬁ Na,BABBANYy: i=1n—17= L_n}

va dim B*(j, ) =2n+1. C*(j,,.,) duoc phan tich thanh tong tryc tiép céc khong gian
cac 2-dang:

aNVaW), BAVeW), (any), (BAY), N (V), A2 (W),
((V@’y@W)AW)\(/\2W), YAV, {a A B).
Sau day ta tinh toan toan tir {I,.} trén cac hang tir tryc tiép nay.
() Trén a A (Ve W), ker{l,a AN(V & W)} ={0}.
(2) Trén BA(V @ W), dimker {I,B A (V & W)} = 2n.

n—1

() Trén (a A7), tacd {LaAv}=7yAD a  AB —aABAB,.

i=1
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(@) Trén (5 A 7). taco {16 Ay} =0.Vaten A*(V), taco ker {I, A2 (v)} = {o}.

(5) Trén A? (W) , tuong ty nhu trong tinh toan ddi dong diéu cta Jy,, » ta €O

}.

k

ker {I, N2 (W)} = span lZ(—l)iﬁn_%H AB, k=12,

1=1

n

2

(6) Trén ((V@W@W)/\W)\(/\QW),V& i=1n—1j=2n tacod
{I,ozz./\ﬂj}zﬁ/\aiﬂ/\ﬁj—ﬁ/\ai/\ﬁj_l,
{I,an/\ﬁj}:ﬁ/\’y/\ﬁj—ﬁ/\an/\ﬁj_l,
{I,ozi/\ﬂl}:ﬁ/\aiﬂ/\ﬂl, {I,anAﬁl}:ﬁAw\ﬁl.

Nen {LVAW}C(BAVAW)@(BAyAW).
{LAANBY=-BAB,NB—BAYAB_, ,i=2n—],

{LynB,}==BryAB,_, {LynB}=—BNB, AB.
Nén {I,y AW} C(BAB, AW)@(BAyAW).Gidst

n—1 n

w = lem a,Q; A ﬁj + Zbiai AB + chan A ﬁj +da, A B,
i=1 =2

j=2n

n—1 n
+ Z a;jﬂiAﬁj+Zbi/ﬁi/\ﬂi+l+ZC;61/\ﬂj+d/ﬂl/\ﬁ2
=2 j=3

1<i+1<j<n

n—1

S @A AB A Yy AB, + 2y AB, € ker{l,((V@v EBW)AW)\(/\QW)}.

1=2

Ta céd {I,w} = Z

n—1
a (ﬁ Nag  NB; =B Ay A ﬁjq) + beﬂ Nag NGy
i=1

i=ln—1, i

j=2,n

n

+ch(ﬁ/\7/\ﬁj—ﬂAaTLAﬁj71)+d.ﬁA7Aﬂl

Jj=2

— > (BAB NS +BAB NG

1<i4+1<j<n

n—1 n
_sz’ﬂ AB A ﬂzﬂ - ch/ﬂ A By A 5]'71
i=2 Jj=3
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n—1
—in(ﬁ/\ﬁn/\ﬁj+6/\7/\6i71)—y.ﬁ/\7/\6n71—zﬁ/\ﬂn/\ﬁl:0.
=2

Dé triét tieu B Ay A B, taphaicé ¢ =0.Taco
{I,cn.an /\Bn} =c, (ﬁ/\v/\ﬁn -BAa, /\ﬂnq)'

bé trigt tieu SN, AB | taphdico c = a, y, - Taco

{I a A ﬁnfl} =0, 1, <ﬁ Na NB —BANa, | A [3"72).

Y n—1n—1"n

Tiep tyc trigt tieu A, | AB, ,,tacd @, 4, 4 =0, 5, - Tiép tuc qua trinh triét

ti€u nay, ta dugc 0 = ¢ = I T T b, DE triét ti€u

BAyYNB,  taphaico y=c ,.Taco

{I,cnil.an A Bnq} =c, (ﬁ ANYNB, | —BANa, A BW?).

Dé triét tiéu 3 A a NGB, _,taphdicoc = @, ., _,-Taco

{I’ an—l,n—?'an—l A ﬂn—?} =0 102 (ﬁ A @, A ﬁn—Q o ’8 A ] A ﬁn—&)
Lap luan tuwong ty nhu trén ta duoc

y= Cnfl = anfl,n72 = an72,nf3 = anf37n74 == a3,2 = b2

0=z, ,=c ,= 3 =0y 9y g =0 3y 5= =0y = b,.

Chu y rang dé triét tiéu 5 A a, A\ B, taphdico a, =0.Gid st k> 1 sao cho
z, , = 0.Déwisttiéu {ILz_ yAB,_ }=-2,_ (BAB,AB,_, +BAYAB,_, ) ta
phai co:

@z ,=c , . Taco

{I’ €10y N ankq} = C i (ﬁ ANYNB, =B Aa, A ankq)'

Dé trigt tidu B Ao, NS, , taphdicoec, , =z, ., trdodantoi
xn—k = cn—k—l = an—l,n—k—l = an—?,n—k—2 = an—3,n—k—3 == ak,? = bk—l
b z, , = a:%kﬂ’n .Tacéd
{I’avlz—k-‘rl,n'ﬁn—k-&-l.n A /Gn} = _ar/L—k’+1,n (6 A ﬁn—k A /gn + 6 A ﬁn—k-&-l A Bn—l)'
Dé triét tidu B A ankﬂ A B, , taphaico a:Hch = _a:kkJrQ,nfl , tir 46 suy ra
Ty = a’r/z—kz-‘rl,n = _a’rlz—k:-‘rQ,n—l = “;—k+3,n—2 =..=(-1 larll,—k+1+l,n—l’

trongddo n—k+1+1+3=n—lhoaicn—k+1+1+2=n—1.
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e Néeun—k+1+1+3=n—1,tavitlaik=2+4,datn—k+1+1=m, tacod
{I’a’r/nwm+3'ﬁm/\Bm,+3}:_ar/n,,7n+3 <B/\ﬁm—1/\ﬁm+3+ﬁ/\ﬂm/\ﬁm+2>'

A ! g1 ) / Y, A oan
Nén am,m+3 - _bm-‘rl va {I’ bm+1’5m+l A 5m+2} - _bmﬁ A ﬁm A Bm+2' ben day ta
triét tidu duoc tat ca nén truong hop k& chan nay nhan.

e Nbun—k+1+1+2=n—1,tavibtlai k=2+3,ditn—k+1+1=m, taco
{‘[7 a’:n,,erQ"Bm A ﬁm+2} = _a’;n,,erZ (ﬁ A ﬁmfl A ’Bm+2 + ﬁ A ﬁm A /ngrl)'
Dén day ta khong thé triét tisu BA 3, A, . Do d6 truong hop k 1¢ khong xay ra.

Cu thé hon, ta tim nhimng 2-dang triét tiéu qua tac dong cua toan tir {1,.} bang cach xét hai
truong hop cua n .

(i) Néu n chin, n = 2p: ker{[,((V &y eW)AW)\ (/\QW)}
n—1 n—3
:Span{fy/\ﬂn +Zai+l Aﬂi”y/\ﬁnf2 +Zai+3 /\Bi _6n71 Aﬂn’
i—1 i=1

YAy F g AB =By A By, + By A By, 4+ ()PP, AB Y

Do dé dimker {I,((V ©yOW)AW)\ (A2W)} — .

(i) Néun 16, n=2p +1: ker{],((V@v@W)/\W)\(/\ZW)}

n—1 n—3
:Span{/v/\ﬁn +Zai+1 /\ﬂi’ﬁy/\ﬂn72 +Zai+3 /\ﬁz +6n /\ﬂnfl’
i=1 i=1
3
eV AByFay A+ ay NG, =B, ABy B A B, — et (1B AR
YAB =By NByyy + B3 ANBy, =By ABy,  +F (_1)17—15]372 A ﬂpfl}.
Do d6 dimker {J,((V ©y O W)AW)\ (/\QW)} — p+1. N6i chung ca hai truomg

n+1
5|

hop clia n ta déu nhan duoc dimker {I, ((V Dy D W) A W) \ (/\QW)} =

(N Tren y AV, {I,yAa,} ==BAB, Ao, +BAvAa,, voii=1n—1va

{Lyna,t=-8r8 Na, nén {IyAVIC(BAB, AV)&(BAYAV). Gidst
n—1

w= aﬂ/\ai—l—bq/\anEker{],y/\V}.
i=1
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n—1

Ta cd {I,w}:z—:ai(ﬂ/\ﬁn/\% —I—ﬁ/\v/\aiﬂ)—bﬂ/\ﬁn/\an =0.Dodo b=0
i=1
dan dén a, = 0. Vivay ker{[,y/\V}: {0}

(8) Tren (anB),taco {LaAB}=pBA c {I, (VA W)} Péng thoi,

n—1
Z o, N
i=1

ta tinh duoc l[,a/\ﬁ—Z(n—l—l—i)ai Aﬁi] =0 nén

i=1

oz/\ﬂ—i(nle—i)ai NB; € ker{[,.}.

i=1
T d6 ta c6 két qua nhu sau:

7* (3, ) = ﬂA(V@W)@<[3/\7>@ker{[,/\2 (W)}

@((V@W@W)AW)\(AQW)®<0¢/\ﬁ—i(njtl—i)ai/\ﬁi>.

1=1

n

2

n n+1

Do d6 dimZ” (j,, ) = 2n + 5

+2va b, +

++ o)

% Tuyén bé vé quyén loi: Cac tac gia xac nhan hoan toan khéng cé xung dét vé quyén Ioi.
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ABSTRACT

In this paper, we calculate the second Betti number of nilpotent Jordan-type Lie algebras in
Duong, Pinczon and Ushirobira (2012) through computing super-Poisson brackets on their
algebra of multi — skew symmetric forms.
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