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TOM TAT

Trong bdo cdo ndy, ching t6i chitng minh sw ton tai nghiém cia phwong trinh p-Laplace véi
dir liéu d¢ do trong khéong gian Marcinkiewicz. Y twong chinh cia chirng minh la dwa vao dinh li
diém bat dong Schauder cho m¢ét anh xa lién tuc, xac dinh trén mot tdp 16i, dong, co anh la tap tien
compact. Pé xdy dung dnh xa théa cdc tinh chdt nay, ching t6i dp dung mét sé danh gia gradient
ciia nghiém phwong trinh elliptic tia tuyén tinh véi dit liéu dé do, dirge nghién civu trong mét vai bai
bdo gan day.

Tir khoa: nghiém renormalized; khong gian Marcinkiewicz; phuong trinh p-Laplace

1.  Giéi thiéu
Trong bai bao nay, ching t6i chimg minh su t6n tai nghiém renormalized cho phuong

trinh p-Laplace c6 dang nhu sau
{—Apu = b(x)| Vul" +u, xeQ,

1
u=20, xedQ), )

voi Q 1a mot tdp mo bi chdn cua R" (n>2) va u la mot do do Radon hiru han trong Q;
b 1a ham do dugc va bi chan trén Q; v6i A la toan tir p-Laplace A u =div(|Vu |’ 2 Vu),
thamsd p>1va p—-1<g<p.

Phuong trinh (1) duoc biét ¢én nhu mot mé hinh mé phong 1i thuyét tang trudng trén
bé mat trong Vat li, dugc dua ra boi (Kardar, Parisi, & Zhang, 1986). Ngoai ra, phuong trinh
nay con c6 thé xem 1a dang 6n dinh cua phuong trinh doc 1ap thoi gian Hamilton-Jacobi.
Dang tong quat hon ciia phuong trinh nay chinh 1a phwong trinh dang Riccati tya tuyén tinh,
duogc khao sat boi mot s6 nha toan hoc nhu Mengesha, Martio va Nguyen trong cac bai bao
(Mengesha, & Nguyen 2016), (Martio, 2011) va (Nguyen, 2014). Trong do, cac tac gia
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chtng minh su ton tai nghiém renormalized cta phuong trinh dang Riccati tia tuyén tinh
v6i mot sb gia thiét khac nhau ciia mién Q va cac tham s p, ¢.
Chung minh sy ton tai nghiém renormalized ctia phuong trinh p-Laplace (1) dua trén
moét s6 danh gia gradient ctia phuong trinh elliptic twa tuyén tinh c6 dang
{—diV(A(x,Vu)) =u xeQ,
u =0, xeoQ,

trong d6, d6 A 1a toan tir tya tuyén tinh Caratheodory thoa hai diéu kién sau

A(x,y) <¢ |y|p_l ,

2

2
s

p-2
<A(x,y)—A(x,z),y—z> >c, (|y|2 +|Z|2) ? |y—z
Vi c1, ¢21a hai hang s6, x, y, z thudc R”. Lién quan dén bai toan danh gia gradient ctia phuong
trinh (2), c6 kha nhiéu két qua dugc cong bd gan day, voi nhiing gia thiét khac nhau cuia toan
tr 4, mién Q va tham sd p. Chang han nhu bai bao (Nguyen, 2014) danh gia trén mién
Reifenberg khi 4 c6 chuan BMO nho, bai bao (Tran, 2019) dénh gia trén mién p-capacity
trong khong gian Lorentz, bai bao (Tran & Nguyen, 2019) danh gia trén mién p-capacity

3n—2< <2_l
w1 T

Chung minh vé sy ton tai nghiém renormalized ctia phuwong trinh dang Riccati tuong

trong khong gian Morrey-Lorentz cho truong hop

{mg ciing dugc cac tac gia nghién ctru nhu mot ing dung cia danh gia gradient. Tiép tuc
chudi nghién ctru nay, chung t6i 4p dung két qua danh gia gradient ciia nghiém phuong trinh

3n-2

(2) trong bai bao gan ddy (Tran, 2019) trong trudng hop ki di 5

<p§2—% dé chung

minh dugc sy ton tai nghiém renormalized ctia phuong trinh (1) trong khong gian
Marcinkiewicz, con duoc goi 1a khong gian L? yéu. Két qua chinh cta bai bao duoc phat
biéu trong dinh 1i sau day.
Dinh li 1.1.

Cho n>2, QcR" la mét mién bi chin cé phan bii théa mén diéu kién p-capacity va

b la ham do dwoc, bi chan trén Q. Gid sit rang

3n_2<ps2—l, va p—l+l<qu—l+M. 3)
2n-1 n n n
Khi dé, ton tai 0, >0 sao cho néu dé do Radon hiru han u thoa ||| 1 Il ..o @ 0y, thi phuwong
trinh (1) ¢é it nhat mét nghiém renormalized u théa danh gia
V2 e S (S M 221 ) 4)

n(g—p+1)
q

trong do s = va ¢, la hang sé khéng phu thudc vdo u.
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Chung t6i nhan manh rang phuong trinh (1) khong phai 1a dang dic biét ciia phuong
trinh dang Riccati dugc nghién ctru trong (Tran, & Nguyen, 2019) do sy xuét hién ctia ham
do dugc b & vé phai. Trong bai bao nay, chiing t6i chi ra rang ta van ching minh dugc su
ton tai nghiém ctia phuong trinh (1) v6i cung ¥ twong. Chiing t6i nhan xét rang chimg minh
nay so voi chimg minh trong (Tran, & Nguyen, 2019) khong c¢é su khac biét vé phuong
phap, ma chi can mot s6 danh gia ki thuat cy thé khi danh gia chudn trong khong gian
Marcinkiewicz.

Trong chimg minh dinh li chinh, chiing t6i ké thira mot sé két qua trong nhimng bai bao
gan day c6 chira mot vai khai niém nhu nghiém renormailzed va diéu kién p-capacity. Ching
t6i khong trinh bay lai dinh nghia chi tiét dé tranh sy phirc tap khong can thiét cho bai bao.
Cac khai niém nay cé thé doc trong nhiéu tai liéu tham khao nhu (Maso et al., 1999) va
(Tran, 2019).

2.  Khong gian Marcinkiewicz

Trude hét, chung toi nhic lai dinh nghia va mot so tinh chat da biét cua khong gian
Marcinkiewicz. Mic du cac tinh chat nay 1a khong méi va xuat hién trong nhiéu tai liéu tham
khao, nhung chiing toi van trinh bay chi tiét chimg minh ciia cac tinh chat nay trong bai bao
nham tao su lién mach cua bai viét va thuén lgi cho nguoi doc.

Dinh nghia 2.1.

Véi méi 0< s <o, khéng gian Marcinkiewicz L (Q), hay con goi la khéng gian LP

yéu, la tdp hop cdac ham f do dwoce Lebesgue trén Q sao cho || f ||LM(Q)< +00, trong do

1
s
b

1S )= s;lg)l‘{er: |f(x)|>/‘t}

voi ki hiéu |W | la do do Lebesgue cua mot tap do duwoc W < R”.
Lién hé gitta khong gian Marcinkiewicz va khong gian Lebesgue thé hién nhu sau:
Vol 1<r<s<ow tacd L'(Q)c L' (Q)c L'(Q). Lién hé nay c6 thé dugc suy ra tir Bo dé
2.2 tiép theo.
Bo dé 2.2.
Cho Q la mét tdp con cua R" va EcCQ do dwoc sao cho |E|>0. Khi do, vdi

0<r<s<o, tacodanh gid

r N 175 r
£|f<x>}| xS E| | f I o

Chirng minh: Pau tién, tir dinh nghia tya chuan trong khong gian Marcinkiewicz, ta co

7 ;m=iu£>zf|{xeg:|f(x)|>/1}|2a5 {xeQ:|f(x)]>al.
Tur d6 suy ra
a’|f ZM(Q) 2|{er:|f(x)|>a}|.
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Ngoai ra, hién nhién |{x eE: |f(x)| > a}| < |E| . Do do, ta thu dugc danh gid sau day

a

|{er:|f(x)|>a}|£min{|E ;,x(m}.

-5
,

Mit khac, v6i chii y ring

El<a [l < 1EF A 5 = I ]
ta suy ra dugc
min{|E a|f sN(Q)}_{E[ S ,0<a<a,,
Sl &> %-

Ap dung cac bat dang thirc trén, véi mdi a, >0, ta thu dugc danh gia nhu sau

[ 7T de=r[a|[xe B £(0] > alfda

o 0
:rfoz”1 {er:|f(x)|>a}‘da + rJ.a"’l‘{er:|f(x)|>a}‘da
0
a “ o
< rj a™ min{|E|,a’S ||f ;m(g)}da + rJ. a min{|E a | f SL‘L,,(Q)}da
0
a w0 “
:rj a™ |E|da + rJ. a7 f ;"‘(Q) da
0 a,
= o) |E|+——a)* |f ]y -
0 . 0 L'(Q)

Bing cach chon ¢, = |E|% v

Ly TONE danh gia trén, ta suy ra diéu phai ching minh. [J

Ngoai ra, nhan xét rang ||. | trong Pinh nghia 2.1 & trén chi 1 mot tya chuan trong

L' (Q)
khong gian L (Q), do khong thoa bat ding thirc tam giac trong trudng hop tong quat. Piéu
nay khong bao dam dugc tinh 16i ctia cc tap bi chin theo tua chun nay. Dé giai quyét khod
khin nay, chiing t6i xét mot chuan khéc ||| | trong khong gian L (Q) . Diéu thii vi ¢

r'”(Q)
day 1a chuan méi duoc xét 1a twong duong vdi tua chuan trong Dinh nghia 2.1. Viéc ching

minh |||.]|| 1a chuan trong khong gian L (Q) 1a rat d& dang.

7 (Q)
Ménh dé 2.3.
Trén khong gian L (Q) voi s >1 ta dinh nghia

et
|||f|||L§,@o(Q):=O<§Eu§Q[|E| : Ilf(x)ldxj-
Ec E
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Khido, |||. |||L\.,w(9) la mét chudn trén L' (Q).
Bé dé 2.4.
Cho Q la mét tdp con ciia R". Khi d6 véi moi s € (1;00) va f € L' (Q)ta c6

N
< <
||f||LS%(Q)_|||f|||L51(Q)_s_l||f||LS%(Q)

Chitng minh: Vi mdi s6 thue & >0, xét tap E ={xeQ:|f(x)|>af.
. —1-%—l _1+1
Khi d6, ta c6 || ..o, = Sup (| E[ 7 [1/@)] dxj 2 E| [ /(x)|dx.
0<|E|,ECQ o o

Matkhac, [| f(x)|dx=" [ | f(x)|dx> a‘{x e Q:|f(x)|> a}‘ = alE|.
E {re@lf (v)>a}

T do, voi moi @ >0, ta ¢6 danh gia sau day

= 1 1
1S Mo 2 ET | B = |} =alf er:|f(x)|>a}S.

Danh gia nay dan dén ||| f||| .. >supa‘ er |f(x)|>a}

L)

Bét dang thuc ||| £ ... ¢6 duge tir bang cach ap dung B6 d& 2.2 voi

ey =TT || e

r:1<s,va‘1E={er:|f(x)|>a}Vé’im(_)ia>0. ]
Tiép theo, trudc khi bat dau ching minh két qua chinh, chiing téi trich dan lai mot s6

danh gia gradient trong mot s6 bai bao gan day. Tong hop cac két qua nay, ching toi dua ra

Hé qua 2.7, 1a co sé chinh cho chitng minh ctia Pinh i 1.1.

Dinh li 2.5. (Tran, 2019)

3n-—

Chon>2, pe ( ,n} va Qc R" la mét mién bi chan co’phc?n bir théa man diéu

n —
kién p-capacity. Khi d6 ton tai hang s6 C > 0sao cho véi moi nghiém renormalized u cho
(2) voi do do Radon hitu han pt, s € (0, p] va t € (0,0], ta cé

1

1Vt < CIIM (0]

’

L (Q)

L (Q)
trong do, M la ham cuc dai voi hé $0 khong nguyén cua do do hitu han p, dwoc dinh
nghia boi

M, () (x)= supM VxeR",

1
R>0 R

voi By (x)la ki hiéu cua qua cau tam x béan kinh R.
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Bé dé 2.6. (Maso et al., 1999)
Cho I <s<nva f la métdj do Radon hitu han trén R". Khi do ton tai hcing $6
C=C(n,s)>0sao cho

MLl <Cllull g

s (R")

H¢ qua 2.7.
T Y R v p A A T () . 3. A
Duéi gia thiet cua Pinh Ii 2.5 va Bo de 2.6, gia su thém rang —— < p. Khi do, ton
n—s
tai hang sé C >0 sao cho véi moi nghiém renormalized u ciia (2), cho truée do do u va

voi ¢ >0 ta co

q
1V s, <Cla

L a(n=s) (Q)

-1
5°(Q)
Chung minh:

PAu tién, tir dinh nghia tua chuin trong khong gian Marcinkiewicz, ta c6 thé viét lai

TP e, = S o,

Lq('lﬂ)' Q) L (n=s) Q)
Ti Dinh 1i 2.5, ton tai C, > 0sao cho v6i moi nghiém renormalized u ctia phuong trinh (2)
véi dir ligu 1a do do Radon hiru han 2, s €(0, p] tacod

1 |19

IVl o, < CHIM, (0]

L (=) ) Q)

)

s(pn
1 () ’ Q)

[M, ()]

1

= oM,

L(n—s)' Q)

Tir d6 suy ra
s(p-hn
L () ’ Q)

Theo Bb dé 2.6, ton tai C, > 0sao cho

1 1 1
IIMl[ﬂ]II”;w ) <Gl g, - (6)
= (R")
Két hop (5) va (6) ta thu dugc

1 q

| | vu | ||q5(p*l)nt S Cqu2p_1 || /u ||P—1

. LS’W(]R”) .
L= ()

1
Véi hang s6 C = CICP™', ta c6 diéu phai chimg minh. O
3.  Chung minh Pinh li 1.1
Trong toan bd muyc ndy, chiing t6i trinh bay chi tiét chimg minh ca Pinh 1i 1.1. Chung
minh nay bao gdm bdn budc, v6i y twdng chinh 13 4p dung dinh 1i diém bit dong Schauder
cho mét anh xa lién tuc 7, di tir mot tap 161, dong vao chinh né va c6 anh 1a tap tién compact.
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Cu thé, trong budc dau tién, chung t6i s& xay dung mot tap v, 16i, d6ng g voi topd manh
ctia khong gian Sobolev W, (Q). Tinh 16i ctia tip hop nay thu dugc nh chudn trong khong
gian Marcinkiewicz duoc gidi thiéu trong Ménh dé 2.3. Trong budc chimg minh thir hai,
ching t6i s&€ xay dung mot anh xa 7 di tir tdp hop V), vao chinh n6. Su xac dinh cuia 4nh xa
nay duoc chimg minh nhd Hé qua 2.7. Tiép theo, chung t6i chimg minh tinh lién tuc va tap
anh cua V, qua anh xa 7'la tién compact & bude thir ba. Cudi cling, su ton tai nghiém ciia
phuong trinh (1) thu dugc bang cach 4p dung dinh 1i diém bt dong Schauder cho 4nh xa 7.

Chung minh Pinh li 1.1:

Buoc 1. Voimoi A >0, xét tap hop

v, ={uem @: IVull <2}.

L"(‘]’P‘rl ). (Q)
Truéc hét, ta chimg minh rang ¥, 14 tp déng trong topd manh 7, (Q2). Xét {u, } fen
12 mot day ham trong ¥, ma hoi tu trong "' () dén ham « . Ta cAn ching minh u €V, .

Lay E 1a mot tap con cia Q sao cho |E| >0,do|||Vu, || <A, Vk €N nén ta suy ra

1@ P= ()

1

—1+; [ (P
[E| "™ [|Vu, (x)] dx < sup [|E| S J|Vuk(x)|dx]
E E

0<|E.ECQ

= || Vu, | <1, VkeN.

[(a-pthe [
Vi Vu, hoitu vé Vu hau khap noi nén tir theo dinh 1i hoi tu bi chan Fatou ta c6

1

e
|E| "D j | Vu(x)| dx < A
E

Vivay, [[|Vull|

Ln(quﬂ ) (Q) -

IR S
sup {| E| e J| Vu(x)| deS A, hay u e V,. Trong chiing
E

0<|E|,EcQ
minh trén, ta luu ¥ rang véi gia thiét (3) ctia Pinh 1i 1.1, ta suy ra dugc n(g—p+1)>1.

Tiép theo, ta chung minh V, 1a tap 16i. V&i moi u,ve V, va te[0,1] ta can chi ra
w=tu+(1-t)velV,. Goi E la mét tap con cia Q sao cho | E [> 0. Khido

T ISP
[E[ "0 [|Vw(x) e E| "D [z_ﬁ Vu(x) | dx+ (11| Vv(x) de
E E E

<OVl e

<ti+(1-0)A=A.

+H1=)[[| Vv

Ln(quﬂ),ac (Q)

Suy ra |||VW|||L”(11*17+1).’3(Q):0 \E| B
<|E|,Ec

I
sup (| E| ") j| Vi(x) | dx]ﬁ A, hay weV,.
E
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Buée 2. Véimdi v eV,, goiula mot nghiém renormalized duy nhét ctia phuong trinh

—Au=b(x)|Vv[' +u, xeQ, )
u=0, x e o0Q

Ta dinh nghia 7:V, -V, xac dinh bo1 7(v) =u. Ta s€ chimg minh ton tai 0,>0va4,>0

sao cho néu ||| u|| ey <0, thi T'duge dinh nghia nhu trén 12 mot anh xa.
L ¢ (@
Dau tién, vé su ton tai va tinh duy nhét ciia nghiém renormalized ctia phwong trinh (7)
¢6 thé tham khao trong (Maso el al., 1999). Do d6, phép ddt T'(v) = u 1a x4c dinh. Tiép theo,
ta s& chimg minh T(v) =u eV, v6imdi veV,.

Baszn@—p+D
q
dé v6i moi nghiém renormalized u cua (2), ta c¢6

, tir gia thiét (3) ta suy ra dugc s > 1. Ap dung Hé qua 2.7, ton tai C >0

q

VUl e <Gl
L9107 (Q) L5°(Q)
X 1 % -p+1 -1
D& thiy tir s = 24 =PHD 4y o6 S0 _ 0 sy
q q(n—ys)
9
HVal il o< Gl ()
5°(Q)
. N N \
Taco |1Vl o, A Ve e, 2= WV e g =~ NIV g dgre suy ra i

e 4
B6 dé 2.4. Mt khac, ciing 4p dung B6 dé 2.4, taco C,||u|”" <C ||l 1 |||‘:Cl( .
£5°(Q) (@

q

Vay tir (8) ta suy ra—— | Var|[f.. o < C, [l ]| hay mot dang tuwong duong

e sC ¢
|||Vu|||ﬁ,,.ﬂx(ms(—s_lj el

Khi d6, ton tai héng $6 C = (S—Clj " >0 sao cho

s—1

Iva iz < Cllall . ©)

L57(Q)
v&i moi nghiém renormalized u cua (2).
Mit khac, do 4 1a ham bi chin nén tdn tai héng s6 K sao cho |b(x)| <K, VxeQ.Dé
chimg minh u e ¥, , ta s& chi ra rang ton tai 5, >0 sao cho néu ||| x| < 0,, thi phuong

o)
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9
-1 I Ca n R , . Z
trinh (S— Ct + [l |l o JP =¢ c06 it nhat mot nghiém ¢, > 0. That vay, xét ham so

thuc mot bién sau
q

=)
f(r)=(—lcr+|||u|||L . j 1, 120,

Véi chi y rang £(0)> 0, lim f£(£) =+ va phuong trinh /() =0 c¢6 duy nhat mot nghiém
t—+0

t*>0 thda
f(t*)_|||/’l|||L (Q) 0’

trong do 5, >0 la hing s6 khong phu thude vao ||| x| Vay ham f c6 mot nghiém

£eQ)”

t, € (0,¢%] néu ||| 1 {1 @S 5,. Néi cach khéc, ton tai sb thuc ¢, > 0 sao cho:

p-1

C=t9
(@) C=t".

—Cf + 1l e
s—1

1

Vé&i A, =t , tir dinh nghia cia T, véi mdi veV, , u=T(v) 1a nghiém renormalized duy
nhét cua phuong trinh (7). Ap dung danh gi4 (9) va B6 dé 2.4, ta c¢6
Vel o, < CNB(X) VY +ull . =€ 6 () [ Vv Il + [l 4 ...

(@)~
SC( ||Lq W(Q) + |||ﬂ |||L"=°°(£2))
S q
<Cl—4 + el
s—1 ()
sK e
=C( P el j:toq = A
Tu déy suy ra [[|[Vu || ,. (Q)</I tecla ueV, . Dodé T:V, —»V, la mét anh xa.

Buéc 3. Ta s& chiing minh anh xa T': V 2>V, la anh xa lién tuc, va tdp T (Vlﬂ) la
compact tmg véi topo manh W," (Q).

Trude hét, ta chimg minh 7T 1a lién tuc duéi topo manh 1, (Q2). Gia sir {v, } iy 12mot
day trong ¥, sao cho v, hoi tu trong W;"'(Q) Vé ve V,- Véimoi keN, u,=T(v,) la
nghiém renormalized cua phuong trinh

{—Apuk = b(x)|Vvk T +u, xeQ,

u, =0, x € 0Q.
véi ||| Vv, |l <A

L”(‘]’p‘rl).oc (Q)
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Hon nita, do [| Vv, || , <[l Vv, |l v6i moi g <r <n(qg—p+1), nén ta suy

(@)

< oo, dan dén Vv, € L'(Q). Tir do, theo Ménh dé 2.8 trong (Tran, 2019)

[1arE ()

ra duge ||V, ||L,,(Q)

ta suy ra co diy con {v,{_} ciia {v,},_ hoi tu hdu khdp noi vé Vv, tir d6 din dén day

jeN keN

Vv, hoitu manh vé L/(Q). Vi vay, diy Vv, hoitu vé Vv trong L!(Q).

Mit khac, tir Pinh 1i 3.4 trong (Maso et al., 1999), ton tai mot ddy con {uk} sao

jeN
cho {u,(_ } hoi tu vé u hau khép noi trong Q, véi u 1a nghiém renormalized duy nhat ctua
—Au= b(x) IVv[T +u, xeQ,
u=20, x €0Q).
Hon nira, Vu, hoity vé Vu hau khép noi trong Q. Twong tu nhu 14p luan trén, u, hoi ty
manh vé u theo topo ¥,"'(Q). Vay ta di chiing minh dugc T 1a lién tuc.
Tiép theo, dé ching minh T (V,,) la tap compact, ta lay day {uﬂ} = {T (v )} trong
TV, ) voi v, eV, ,Vk. Tudo, ta cling co
A, =b(x)| Vv !+, xeQ,
u, =0, x €0Q),

véi ||| Vv, |l < J,. Ap dung két qua [1, Theorem 3.4], tdn tai mot ddy con {uk} va

[a-phe @~
ueW,"(Q) sao cho Vu, - Vu hau khép noi. Ap dung Pinh i hoi ty Vitali, ta co {uk}
hoi tu manh vé u trong topo ;"' (Q).

Burée 4. Nhu vay, ta dd chimg minh duogc c6 cac hing sé duong 0, va A, sao cho néu

I 2]l o), <0, thi anh xa 7:V, >V, lién tyc va T (Vjﬂ)lé compact dudi topo
AN ()

W, (Q) va 7, latap 16i, dong. Ap dung dinh li Diém c6 dinh Schauder, ton tai mot diém
bat dong u trong V, cuaanhxaT. Diém bt dong u d6 cling chinh 13 nghiém cua (1). Mt

khac, trong chimg minh & Budc 2 va 3, nghiém u trén phai thoa bat ding thuc (4).
Dinh 1i 1.1 dugc ching minh hoan toan. ]

% Tuyén b6 vé quyén lgi: Céc tac gia xac nhan hoan toan khéng cé xung dét vé quyén loi.

% Loi cdm on: Bai bao nay duoc tai tro béi Trwong Pai hoc Sw pham Thanh phé
Hé Chi Minh, dé tai cdp co s, ma sbé CS.2018.19.02TPH.
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ABSTRACT

The aim of this paper is to prove the existence of a renormalized solution to the p-Laplace
equation with low-integrability measure data in Marcinkiewicz spaces based on the Schauder fixed
point theorem for a continuous map defined on a closed and convex set with the image being a pre-
compact set. The gradient estimates for a solution to a class of quasilinear elliptic equations with
measure data are applied in this study.

Keywords: renormalized solution; Marcinkiewicz spaces; p-Laplace equations
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