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ABSTRACT

Method of separation of variables plays an important role in mathematical physics
problems, especially in the scattering problem containing hyperbolic equations with the survey
domain limited by coordinate surfaces of arbitrary shapes. In this paper, the method of separation
of variables in the spherical coordinate system is developed for calculating the scalar stationary
scattering problem on a prolate spheroid with an arbitrary ratio between wavelength and size of
the spheroid.
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1. Introduction

Generally, the problem of scattering is extremely difficult and there have been few
problems whose solutions can be expressed in analytical form. There have been a number of
studies on spheroids (oblate and prolate) by (King, & Van Buren, 1972; Bowman et al., 1969;
Handelman, & Sidman, 1972) and many others. However, the solution has always been in
terms of spheroidal wave functions (radial and angular functions).

Figure 1. Shapes of a prolate spheroid with £ =0, 1, 2, 3 (from left to right)
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In this work we consider the axial symmetry scalar stationary scattering problem on a
prolate spheroid by using the method of separation of variables. Prolate spheroid is an
oblong ellipsoid whose semi-major axis is Oz (Acho, 1992). Choosing semi-minor axes of
prolate spheroid for a unit length, the equation of a prolate spheroid in a spherical
coordinate system has the form (Meixner, 1959; Flammer, 1962):

r=r(6)=+1+e’cos’6,

where & is a parameter depending on the ratio between the semi-major and semi-minor
axis of a prolate spheroid. Shapes of a prolate spheroid are shown on Figure 1 at

£2=0,1 2, 3.

Scattered wave

- ¥

Incident wave @

Figure 2. Scattering geometry for a prolate spheroid.
On Figure 2 the scattered field in the far-field zone is represented in the spherical
coordinate system (r,6,¢). © is the scattering angle. The origin of the Cartesian

coordinate system is at the center of the spheroid while the Oz axis coincides with its axis
of revolution. « is the incident angle (the angle between the direction of the incident wave
and the Oz axis in the Oxy plane).

2.  Method of separation of variables

In the Helmholts equation Ay +k*y =0, where r>rmaX:\ll+e2 (outside the

spheroid with =0 or &=, then cos*d=1) the wave function y is expanded into
series:
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v =X [0 (16, ()] Y, 0),
)

(1
P (cosd), x,(r)= %H‘z)l(kr), P —Legendre polynomial,
2

where Y (0) =

V2n+1
2
®
H @) (kr) — Hankel function of the first and the second kind.
n+E

+ +* + - +' - 2 - -
Dueto x,(r)=x, (1), XaXn = Xo Xn = thus #,Y, and 4"y, are incident and

outgoing waves, respectively.
In scattering problem, the amplitudes of incident wave ¢ are given, and the ones of
outgoing wave ¢’ are expressed by c. with the boudary condition on the surface of the

scattering spheroid, i.e: w(0,r(0)) =0, then: —ikz«1+ & sin? 9.%—":|r:r(9)z q(é) .

For the coefficients ¢, we have: ¢ = [ q(0) z. [r(0)]Y, (0) sin 6dé. D
0

Based on the expression (1), we need to find ¢’ with the given value of ¢, and the
unknown quantity q(&).

First, we expand the function q(@) into a series of spherical functions:

(OEPEANCE @)

Substitute (2) in (1) and denote: a;, :]T ZiIr(@)1Y.(0)Y,,(0) sinddo, we obtain an
0

infinite system of algebraic equations for the coefficients of «,:
> a a.=c, n=012.. (3)
m=0

After solving this system we obtain ¢, , then the amplitudes ¢ are calculated by the
formula:
Co = 2 8ty
m=0
With the obtained values of c, the differential scattering cross-section can be

calculated by the following formula:
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o, oy oy’ 2
1(6)=lim— ——y, — |, here w =3>c" yi(r)Y.(9).
@) r+w2ik[+ a arJ v, ngon)(n()n()
Dueto y zk—i‘”‘leikr at the large of r we have:
r

0

1l =.
—>i"c’Y (0).
ik - n n( )

n=0

@)= (O, f(6)= 4)

The main difficulty of solving this problem is the infinite number of equations of the
system (3). However, in principle the system (3) can be considered finite because effective
scattering can be calculated in the case of a finite number of waves, i.e:
Nn<N =kyl+e&? +3.

. . . ) _ cnn (@
This is easily confirmed in the case £ =0, then a,, = . 1) 5, , c: = m

m®
cn
At the large of n (n>k) we have: — ~1-iexp[-(2n+1)(a—cha)], where
Cn
1
n+E
ha = —=
cha = —
- -2
Table 1. The values of ¢, and |c, | at n=0,1,2,3,4,5
n 0 1 2 3 4 5
c -0.7071 -1.2247i 1.5811 1.8708i -2.1213 -2.3452i
n
-2 05 15 2.5 3.5 45 55
c, |
3. Calculation of scattering

In this section with given values of the amplitudes of the incident wave ¢, we will
calculate the amplitudes of outgoing wave ¢’ and differential scattering cross-section.

Suppose that the incident wave is plane and has the form y/, = exp(ikr cos ) and

Lo - . [2n+l
¢, can be given in the form: ¢, = —|n,/T+ .

. : -2
The values of ¢, with corresponding squared modulus |cC, |
shown in Table 1.

are evaluated and
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Table 2. The values of ¢/, |C, 2, S: (n=0,N,N=4)and o at k=% withe? =0,1, 2, 3
=0 s> =1 g2 =2 g°=3

o 0.382-0.595i 0.268-0.633i 0.193-0.648i 0.111-0.644i
c, 0.089+1.222i 0.173+1.212i 0.268+1.195i 0.365+1.168i
o -1.581+0.002i -1.587-0.002i -1.595-0.004i -1.604-0.002i
cl -1.871i 0.001-1.871i 0.003-1.871i 0.006-1.182i
o 1.121 2121 1.121 2121
Co+ 2 0.5 0.483 0.458 0.427
C1+ 2 15 15 1.499 1.498
¢ 2 2.5 2.517 2.543 2.573
o 2 35 35 3.501 3.503

CZ 2 4.5 4.5 4.5 4.5

5! 125 12.5 12.5 12.501

o 0.935 1.215 1514 1.815

The values of ¢! with corresponding squared modulus ICrT

and Table 3.

2
|

are shown in Table 2

The solution of the problem depends on two parameters: k and &. We choose

1
k =— and k =1 with £2 =0,1,2,3. (Senior, 1960; Barlow, & Einspruch, 1961).

2
Table 3. The values of ¢, |C, 2, S (n=0,N,N=5)and o at k =1 with £ =0,1, 2, 3
g°=0 g =1 =2 =3
(o -0.294-0.643i 0.350-0.456i -0.315-0.284i -0.220-0.165i
¢, 0.510+1.114i 0.806+0.908i 1.013+0.626i 1.111+0.316i
c; -1.582+0.054i -1.629+0.119i -1.66+0.249i -1.654+0.427i
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c; -0.002-1.871i 0.013-1.878i 0.032-1.898i 0.051-1.932i
c; 2121 2.121+0.002i 2.121+0.99i 2.123+0.021i
ot 2 0.5 0.332 0.18 0.075

0
o 2 1.5 1.474 1.418 1.335

1
o 2 2.5 2.669 2.819 2.917

2
ot 2 3.5 3.529 3.604 3.736

3

+]? 4.5 4.5 4.501 4.509
Cy

+]? 5.5 5.5 5.499 5.496
Cs

s 18 18 18 18.006
o 0.846 1.044 1.271 1.511

N
The quantity Sﬁ =2 |crf |2 characterizes the consumption of the flow of incident
n=0
and outgoing waves. The values of this quantity are evaluated and expressed in Tables 2
and 3.
For calculating the differential scattering cross-section, the loss part of the series (4)

1
is expressed in the form: —k o(1—cosd).
i

The quantity f (@) at @ == 0 is considered as a sum of series:

1l .n [2n+]l | ._n- . .
-y [c: —|”4/ r12+ :|I " 1Yn (0), the coefficients of which gradually decrease at

The total scattering cross section ¢ is calculated by the following formula:

2

20 = j J' | (0)sin0dode .
00
The values of & are expressed in table 2 and Table 3.
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Figure 3. Normalized scattering function T_(6) at k :E (left) and k =1 (right)
The normalized scattering function T () is expressed in the form (Wallander, 1963):
1,02

o

1
and is shown on Figure 3 at k = 3 and k =1 with ¢2 =0, 1, 2, 3.
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Figure. 4. Probability density function |y/(r,9)|2 (left), real Re(y(r,0)) (middle) and

1
imaginary part Im(y (r,8)) (right) of the scattering wave function w(r,0) at k=5 with
gl =1 (upper panel) and k =1 with g2 =3 (lower panel)
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Probability density function |z,//(r,<9)|2, real Re(w(r,0)) and imaginary part

Im(w (r,0)) of the scattering wave function  (r, &) are shown on Figure 4.

4.  Conclusion

The calculation results have shown that the method of separation of variables
developed in this work gives practical convergence for solving scattering problems
containing Helmholts equation. In general, this method can be applied for calculating
boundary scattering and diffraction problems on objects of arbitrary shapes in the case of
medium and long waves. Furthermore, the calculation results obtained in this problem can
be compared to the ones calculated in an analytical form in a spheroidal coordinate system
of other works.
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TINH TOAN TAN XA VO HUONG TREN PHONG CAU DAI
Lwong Lé Hai"', Vii Hoang Thanh Trang', Gusev Alexander Alexandrovich?
! Khoa Vit li — Truong Dai hoc Sw pham Thanh phé Ho6 Chi Minh
2 Vién Lién hiép Nghién ciru Hat nhdn Dubna — Thanh phé Dubna, Lién bang Nga
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Ngay nhdn bai: 07-3-2020; ngay nhdn bai sira: 22-3-2020; ngay duyét dang: 25-3-2020

TOM TAT

Phirong phdp tach bién déng vai tro quan trong trong cdc bai todn vt li todn, ddc biét trong
bai todn tan xq cé chita phirong trinh dang hyperbolic khi mién khdo st dwoc gidi han boi cdc bé
mdt toa dé cé hinh dang bdt ki. Trong bai bao nay, ching ta sé sir dung phirong phap tach bién
trong hé toa do cau cho viéc tinh toan tén xa dung vo huong trén mot phong cau dai véi ti 16 bat ki
gita burde séng va kich thuée cia phong cau.

Tir khéa: phong cau dai; tach bién; tan xa
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