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TOM TAT

Trong bai b&o nay, ching tdi ching minh si hdi tu cua thugt todn phan mién Schwarz
waveform relaxation (SWR) #ng véi day tham sé gidi phwong trinh déi heu — khuéch tan mét chieu.
Cu thé, chling t0i sé dira ra mgt diéu kién di dé xay dung ddy cac tham sé sao cho thudt toan téi wu
SWR twong irng véi ddy tham sé dé héi tu. Cudi ciing, chiing t6i dé xudat mét vi du cac day tham sé
théa man diéu kién cia dinh Ii.

Tir khoa: ddy cac tham s, phuong phap phan mién SWR, su hdi tu.
ABSTRACT

Convergence of the Schwarz waveform relaxation domain decomposition methods
corresponding with the sequence of parameters

In this paper, we prove the convergence of the Schwarz waveform relaxation (SWR) domain
decomposition method corresponding with the sequence of parameters for solving one dimensional
advection — reaction — diffusion problem. More precisely, we present a sufficient condition to
construct the sequence of parameters such that the optimized SWR method corresponding with it
converges. Finally, we propose an example of the sequence of parameters which satisfies the
condition of theorem.

Keywords: sequence of parameters, Schwarz waveform relaxation domain decompostion
method, convergence.

1. Giéi thiéu
Vé6i Q=0 , xét phuwong trinh d6i luvu — khuéch tan c6 dang

ou+Au=f  trong Qx(0,T) (1.1)
véi diéu kién dau
u(x,0)=u,(x), trong Q, (1.2)

trong d6, A=-ad’ +bd, +C véi a la hing sé duong, ¢ la hing sb khong &m va b, ¢
khong ddng thoi triét tidu.
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Y tuong cua phuong phap phan mién SWR Ia chia mién Q thanh hai mién con:
Q, =(-,0) va Q,=(0,+), sau d6 giai lap hai bai toan con trén Q, x(0,T) va
Q, x(0,T) véi diéu kién bién cu thé nhu sau
ou ™+ Aut=f, trong x(0,T), |
- i=1 2 (13)
U (x,0) =u,(x), trong €,
(6,+S,)uy™(0,t)=(0,+S,)u; (0,t), trong (0,T), (L)
(—0, +S,)us™(0,t) = (-0, +S,)ur (0,t), trong (0,T), |
trong d6, S,, S, 1a c4c toan tir tuyén tinh dugc xac dinh trugc. DAy cac nghiém sb thu
duoc sau khi giai 1ap cac bai toan con trén s& hoi tu vé nghiém giai tich cua bai toan (1.1),
(1.2) va sy hoi tu nay phu thudc vao viéc chon cac toan tr S;, S, .
Trong [1], cAc tac gia da chi ra rang néu chon céc toan tur S; la céc toan tur Dirichlet
— Neumann @i thi thuat toan phan mién SWR s& hoi tu trong 2 budc lap. biéu nay duoc
phat bidu trong [1, BS d& 2.2]. Tuy nhién, c4c todn tir Si 14 cAc toan tir khong dia phuong
theo bién thoi gian nén viéc tinh toan cu thé cac toan tur nay rat phuac tap. Do vay, mot ¥
tuéng rat ty nhién d6 chinh la xap xi cdc toan ta d6 dudi dang S, =p,l, hodc
S, =p,l, +Q0,, y tusng niy sinh ra phuong phép t6i wu phan mién SWR. Cac tac gia
trong [1] d4 dua ra dinh Ii vé diéu kién du cho cac tham s6 p;, @; dé thuat toan phan mién
SWR wng véi cac toan tae S; = p,1, hodc S, = p,l, +0,0, hoi ty, thé hién qua cac dinh Ii
bén dudi.

Pinh Ii 1. ([1, Pinh |i 2.6]). Gia si rang p, >2£, p, > —21, g, >0vaq,>0.Khids
a a

thugt toan phan mién SWR (1.3)-(1.4) itng véi cac toan t S, = p;l, va S, = p;l, +q,0,,
voi 1 =1, 2 hgi tu.

Dich dén cudi cing cua phuong phép toi uu phan mién SWR d6 chinh 1a chon cac
tham s6 P,, G; thoa man Dinh Ii 1 sao cho téc do hoi tu cua thuat toan 1a nhanh nhét. Viéc
tinh toan t6i uu cac tham sd trén di dugc thuc hién trong [2]. Tuy nhién, phuong phap ma
cac tac gia dua ra trong [2] quéa phuc tap va rit kho dé ma rong cho céc 16p phuong trinh
dao ham riéng khac. Do vay, cac tac gia trong [1] di dua ra mot phuwong phap khac dé tim
cac tham sb 4y, don gian hon nhung van thu duoc két qua du tot. Phuong phap nay bao
gom hai bude, budc thir nhat 1a giai bai toan tim cuc tiéu cua ham sb

Qi(pi):Hgig—pig VoI =1, 2, (1.5)

2
L*(0x(0.T))
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ddi véi trudng hop xép xi Si dusi dang S, = p;l,, va giai bai toan tim cyc tiéu cia
ham s6

Q(p)=[Sig-(p +a0)g

2

Vi i1=1, 2, (1.6)

L*(0x(0,T))
d6i voi truong hop x4p xi Si dusi dang S, =p,l, +0,, trong d6 ham g dugc chon ngau
nhién c6 chuan trong khong gian L*(0x(0,T)) bang 1. Cac diém cyc tiéu thu dugc & cac
bai toan trén duoc phét biéu trong [1, Binh Ii 3.1] va [1, Pinh 1i 3.2].

Pinh 1i 2. ([1, Binh 1i 3.1]). Gid sir P la cdc diém cuc tiéu twong img cua cac ham so
(1.5). Khi do ta co

st _ <§ig’ g>

=L
o

Hon nita, phirong phdp SWR héi tu khi sir dung cac tham sé trén, nghia la

p;

! >£ va p; > LS
' 2a 27 2a’

Dinh 11 3. ([1, Binh Ii 3.2]). Cdc diém cuc tiéu ( pj*, g ) cia cac ham sé (1.6) thoa man

hé phuong trinh sau

”9”2 Pi +<g’6tg>qi :<§ig’g>,
<g’atg> P; +||8tg||2 =<6tg,§ig>.

Homn nira, ta con co
b b b
nd nd nd nd nd nd
> — , > —— , — =—, = > O .
Py 24 P, 2 P — P a 0 =0,

T c4c két qua Ay, cac tac gia trong [1] st dung thuat todn backtracking — Armijo téi
uru hoa cac tham sb nay dé thu dugc cac tham sb mai tot hon cho phuong phap phan mién
SWR. Tiép ndi y tudng nay, ching toi nhan thiy ring dé co thé dat dugc tham sé tdi vu thi
can phai trai qua hitu han cac bugc lap. Chang tdi mong muébn xay dung mot phuong phap
méi véi cac tham sé thay d6i qua timg budc lip, sao cho qua mdi budc 13p 1a s& thu dugc
tham s6 tot hon tham sé trude d6. Pé lam dugc didu d6 thi trude hét ching toi s& chung
minh thuat todn SWR (1.3) - (1.4) van hoi tu khi thay cac tham sb P, O; khong doi qua
moi budc lap boi mot ddy tham sé thay ddi qua ting budc 1ap.

2. Kétquachinh
Xét khong gian Sobolev H"*(Qx(0,T)) dinh nghia nhu sau
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HY* (0 (0,7)) = (0T )5H' (2)) A H* (0T ().

Véi T, s 1a céc sb nguyén duong. Lop cac khong gian nay cé thé dugc md ta mot cach cu
thé nhu sau

H™(Qx(0,T))={we L’ (Qx(0,T)): Djw,Dywe L*(Qx(0,T))},
voi D;w 1a dao ham riéng cAp r theo bién x ctia w.

Khéng gian Sobolev trén Ia khéng gian Hilbert véi tich vo hudng

(w,v), , =(w,v), . < DIw, Dxrv>L2 oy T < D;w, Djv>L2 or)

Tir d6, ta dua ra chuin trén khong gian tich H"*(Qx(0,T))xH"*(Qx(0,T))
nhu sau

”(W’ V)”Hr's(Qx(O,T))xH"S(QX(O,T)) - ”W”r,s + ”V”r,s '

Nhu di dé cap ¢ muc trudc, ching toi s& xay dung lai cac bai toan (1.3), (1.4) véi cac
day toan tur thay doi qua timg budc lap. Cu thé, ching tdi s& xét cac bai toan sau

ou ™+ Auft = f, trong €, x(0,T),
u (4 0)=u, (), trong Q,, (2.1)
(8, +S5™)uf™(0,-)= (0, +S5™)us(0,-),trong (0,T)

va
ous™+ Aust = f, trong Q,x(0,T),
uy™ (- 0) =uy (), trong Q,, (2.2)
(-0, +8)us™(0,-) =(-0, + S/ )uf (0,),  trong (0,T)

trong d6, S = pfl, hoic S = pl1, +qd, véi i =1 2. Tiép theo, chiing tdi s& dua ra
mot diéu kién du cho cac day {pik}k va {qik}k dé cac bai toan (2.1) va (2.2) hoi tu, day
ciing chinh 1a két qua chinh caa bai bao.
Dinh i 4. Gid sir cac day {pik}k va {qik}k (i=1, 2) théa mén cac gia thiét sau:
a) pf> 1, ps > LW Moi $6 tu nhién k.
2a 2a
b) lim P, >% va  lim ps > —%.

c¢) Cac day {ql" }k va {q'z‘ }k déu la cdc day dwong hoi tu vé gia tri diwong.
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Khi @6, nghiém {ulk,u;‘}k cia cac bai toan (2.1), (2.2) sé héi tu trong cac khong
gian H**(Q, x(0,T)) va H?*(Q, x(0,T)) vé nghiém u ciia bai toan (1.1), (1.2).

Chizng minh. Xét day céc sai sb {el",ezk}k véi €f =u—u/ va e5 =u—ujs véi moish

tw nhién k. Khi do, e/ va e;™ thoa méan céc bai toan sau
0.8+ At =0, trong Q,x(0,T),
e (-,0)=0, trong Q,, (2.3)
(0, +S5™)ef*(0,))=(8, +S5™)es (0,-), trong (0,T)
va
0.5+ Aes™ =0, trong Q,x(0,T),
;™ (-,0)=0, trong Q,, (2.4)

(—6)( n Slk+1)e§+l(0’ ) — (_ax + Slk+1)elk (0’ .)’ trong (O,T)
Trudc hét, thuc hién bién d6i Fourier 1én phuong trinh thu nhat cua ca hai hé, ta s&

thu dugc hé sé Fourier cia cac e ™ va es™

B (xo) =AM 0)e, B (0)= A ()

V6i r*, r lan luot 1a nghiém cua phuong trinh dic trung

dudi dang

—ar’+br+c+iw=0.
Tiép tuc thuc hién bién d6i Fourier 1én phuong trinh thir ba cua hé (2.3), (2.4) va

thay pl‘” , pz‘” vira tim dugc, ta s& thu duoc

(r* +0'§+1)21k+1(a)):(r’ +0'§+1)/12k (o), (2.5)

(—I‘_ + O'Ik”)/izkﬂ(a)) = (—I‘+ + le”)ﬂlk (o), (2.6)
véi o, oy laki hiéu dai dién cho cac toén tir S, Sy . Ta lan luot xét cac truong hop sau:

o Trwong hop 1: S = pXl, vsi i =1, 2, véi moi sé tu nhién k. Ldc nay, (2.5) va (2.6)

s€ tro thanh

(14 B5) 2% 0) = (1 + pE7) 2 (),

(=r + p )4 (@) = (-1 + i) A (o).

Tur day, ta sé co
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k+1

kel r +p2 ._r++p1k k-1
)= B T )

Két hop voi Ql‘*l (x,@)= 4" (w)e"*, tasé tinh duoc

& (% @) =R} (@) Rl ()€ (x,0)

VGi
k - 2i k 2i-1
RY(@)=TT—Pe. () TT TP
2 ((0) 1;1[ r+ + p22| ' Rl (0)) l;l[_r + p12|—1

Tuong tu, ta cling s€ ¢

& (x,0) = Qk () Ql ()8l ()

Véi
: 4t TR
Q2 (Cl)) Hr + pz2|+1 ]I:l[_r + pl )

Dé ching minh day { } hoi tu vé 0 trong khong gian H* (Ql x(O,T)) thi ta can
phai chi ra riang

lim

K—+o0

el]..

Trudc hét, ta s& xem xét cu thé cac chuan ||e2k||

, ap dung tinh bao toan tich vo

huéng cua khi thuc hién bién d6i Fourier theo bién thoi gian t, vai moi s6 tu nhién k, ta cd

HEZk” H €' 2 L(ax(0)) iz(q x(0.T)) iz(Qw(&T))
sz
L(yx0)

- ILZ(QXH) R; <a))'le (a))glb (X’ a))r d (X’ a))
Jore[ o] R ()R (@) (x0)f

()
k k 2
_ JLZ(QX”) R! ()R (0)€! (x,0) d(x0)+ jﬂw

o PR @ 0] 810

Tiép theo, ta s& ching minh |Rik (a))| <1, véi i =1, 2, véi moi sb ty nhién k va voi

2,2k

+|D, ¢

Bz 2%

“ 12k

Bl 2

(@) (@)

d(X,a))

(r') RE (0) R ()€ (x0)| d (x,0)

moi @, dong thoi chi ra rang
lim

K—+o0

R ()| =0 voi i =1 2, véi moi .
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Dau tién, ta co
|R;(w)|2:ﬁ(b+2ap§i—Re«/a)z+(lm\/a)j
4 (b+2ap22'+Re\/a) +(|mJE)
voi d =b® +4a(c+iw) va Rev/d lasé duong Dat
(b+2ap'2‘—Re\/a)er(lmx/a)2
(b+2ap2k+Rex/E)2+(lm\/a)2’

Hy =

b . " . T S
do py >——— véi moi sb tw nhién k nén g4 <1 véi moi sé nhién k, suy ra |R; (@) <1
2 2a k 2

;. 4 -A N ,o. - ~ - k b ~ - < A~
véi moi s6 nhién k va voi moi @. Hon nira, do lim p, >——— nén lim g, <1, vi vay

k—>-+0 2a K—+o0
ton tai s6 tw nhién N va mot hang s6 0 <M <1 sao cho
<M, <1, ¥Vn=N.

Khi d6, xét sb tu nhién K, thoa 2K, —1> N thi véi moi k > K, ta co

2 k No—1 k N1 k—Ng+1
|R; (a))| = Hﬂzi = HIUZi'H/uZi Sl_lzuzi-Mw :
i-1 i1 =N, i-1

Cho k tién ra v6 cung, ta thu duoc

lim

k—>-+oo

Ry (a))|2 =0, véi moi o,

hay
lim

K—+o0

Ry (a))| =0, véi moi .
Tuong tw, ta cling s& chi ra duoc |R1k (a))| <1, véi i =1, 2 véi moi sb tu nhién k, voi
moi o va

lim

kK—>-+o0

Rl"(a))|:O,véi =12 véimoi .
Két hop véi chu  ring iwe® (x, @), (r" ) €% (x, @) 1a céc ham kha tich cip hai trén

Q x(0,T) do e thuéc Hz'l(le(O,T)) _ta cO cac ham

R (0) R (0)8 (x.0)]

2

(r) RE ()R (o)(r) & (x.0)| |
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va

R} (0) R} (@) (x.0)

bi chin bai cac ham kha tich véi moi sb tu nhién k va hoi tu timg diém vé 0 nén theo Pinh
li hoi tu Lebesgue, ta cd cac tich phan

RY ()-R! ()€ (x,0)

2d(x,a)),

.[LZ(ij )
2

oR ()R (0)&) (. 0)

d(x,)

,[LZ(ij )
va

2d (x, o)

Jon () RE (@) RE(@)(r) & (x,0)

hoi tu vé 0, do d6  chuan |ef

k||21 hoi tu vé& 0. Tuong tu, ta ciing s& chi ra dugc chuan

2k+1
Je

,, hoi tu vé 0, vay chuan ||e1k||21 hoi tu vé 0 va ta thu dugc su hoi tu vé 0 trong
H 2’1(Q1 x(O,T)) cua day {elk} Lap luan tuong tu, ta cling s& thu duoc su hdi tu vé 0
trong H>*(Q, x(0,T)) cua day {eg}. Do do, trong trudng hop ndy, cac bai toan (2.1),
(2.2) hoi tu.

o Truwong hop 2: S = pfl, +q‘0, véi i =1, 2, voi mei s6 tw nhién k. Trong truong
hop nay, ta ciing s& chiing minh |Rik(a))|<1, |Qik(a))|<1 v6i i =1, 2, véi moi s6 tu
nhién k va véi moi @, dong thoi chi ra rang

K _ T
R, (a))| =0va lim
Vi S = pfl, +078, voi i =1, 2, véi moi sb tu nhién k, ta co

o (b+2ap§i—Re\/a)2+(lm\/a—2aq22ia))2
|R2 (a))| =H o 2 o \2
i1 (b+ 2ap? + Re\/a) +(Im\/a+ 2aq2'a))
va ddy u, duoc xay dung ¢ truong hop 1 sé co dang
(b +2apk — Re\/a)2 + ( Im~/d — 2aq§ca)2
(b +2ap; + Re\/a)2 +(Im\/a+ 2aq§co)2

lim

k—>-+o0

Q' ()| =0, vsi i =1, 2, voi moi .

He =
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do p;‘ > g’ q'z‘ >0 voi moi s6 tu nhién k, két hop vai |m\/6a>z 0 v6i moi @ (xem
a

chig minh trong [1, Dinh 1i 2.6]) nén 1, <1 véi moi sé nhién k , suy ra |R2k (a))| <1 Véi

moi s6 nhién k va véi moi @. Hon nita, do lim pg >—— va lim qg >0 nén

k—+o0 2a K—+00

lim 2, <1, luc nay ta lap luan twong ty nhu truong hop 1, ta s¢ chi ra dugc

K—+00
lim
k—>+o0

véi 1 =1, 2 véi moi sb tu nhién k, véi moi @ va

R (@)| =0, lim|Q (@)[=0, vei i =1 2 véi moi @,

R; (a))| =0, vai moi @ . Mot cach tuong tu, ta ciling s€ ¢O |R1k (a))| <1, |Qik (a))| <1

lim
k—>-+o0

tur do, ta co cac bai toan (2.1), (2.2) cting hoi tu trong treong hop nay. L
3. Xaydwng vidu

Cudi cuing, chling toi s& dwa ra mot cach xay dung day {pik}k , {qik}k thoa man cac

gia thiét ciia Dinh 1i 4. Trudc tién, xét ddy { pr }k x4c dinh nhu sau
b b
0
el —,—+1],
P (Za 2a J

Mot cach cu thé, ddy sb nay duoc xay dung bing cach lay lién tiép trung diém cua

céc khoang (plk,zi+lj voi sb hang du tien p) dwoc ldy bit ki trong khoang
a

(L,L+l} do 0, chung ta c6 thé d& dang chi ra duoc plk >1, Vk >1. Hon nita, bang
cach quy nap, ta c6 thé chi ra duoc véi moi s6 tu nhién k 16n hon 0, ta déu c6
b 1 1 1 b 1 1
k 0 0
= —+1|| =+ = |+=Pp, =| —+1||1—— |+ =P,
P (Za j(z 2kj o P (Za J( 2“) o Px
tir d6, cho k tién ra cong vo cung, ta s& thu dugc
lim p; LNV
k—+00 2a 2a

Tuong tu, cac ddy { p; }k va {qik }k c6 thé duoc xay dung nhu sau
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2 2a
o €(1,2)
K\ .
{ql }k | qlk zi(qlk_lq_l), vk >1,
q €(0,1),
{q;}k : qk :E(qkl_p]_) vk >1
L~ o\ : -

Viéc chiing minh cac day trén thoa man gia thiét cua Dinh 1i 4 hoan toan tuong tu

nhu ddi véi day { py |

k.

% Tuyén bé vé quyén loi: Cac tac gid xac nhan hoan toan khéng c6 xung dét vé quyén loi.
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