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TOM TAT

Pé hiéu cic K-Ni thuyét Morava K(n) (=) twong img véi sé nguyén t6 p=2, mét trong
nhitng diém khoi dau quan trong la tim hiéu cdu tric tw nhién cia ham tir thudn bién
V > K(n)'(BVY), trong d6 V' 1a mét 2-nhém abel so cip (néi cach khac, N 1a mét khéng gian
vecto hitu han chiéu trén trieong F,), BV " la khéng gian phdn loai ciia doi ngdu tuyén tinh ciia V .
Mot s6 tinh chat sdu vé cdu tric cia ham tir K-1i thuyét Morava thir hai K(2)" (<) da dwoc nghién
cieu trong bai bdo (Nguyen, 2020). Bai bdo nay nham tong quat mét phan két qua ciia bai bdo
(Nguyen, 2020), trinh bay vé cdc loc tir nhién ciia ham tir V +— K(n) (BV"). Cu thé, bai bdo
nghién citu cdc ham tir con ciia ham tir V +— K(n) (BV"), dinh nghia cdc loc N chiéu cia ham tir
nay. Tir dé chirng minh rdng cdc thirong lién tiép cua loc ndy chinh la tich tenxo ciia cdc ham tir
liiy thira ngoai.

Tir khéa: K-1i thuyét Morava; biéu dién tong quat; N -loc

1.  Giéi thiéu

Xét ham tir thuan bién V — K(n) (BV*), trong ¢6 K(n)"(-) 1a ham tor K-Ii thuyét
Morava thtt n twong (mg véi s6 nguyén t6 p=2 (Wurgler, 1986). Vi K(n)"(-) tuan hoan
chuki (2" —2) nén ta chi cAn xét phién ban Z/(2"* —2) -phén bac V > K(n)" (BV*) . Ham
tir ndy 1a mot vt ciia pham tri § gOm cac ham tir bién mot [F, -khong gian vecto hiru han
chiéu thanh mot [, -khong gian vecto. M&éi vat F cia pham tru § duoc xem nhu mot biéu

dién tong quat cia nhom tuyén tinh tong quat trén F,, nghia 1a F(V) luén cé cau tric

Cite this article as: Tran Vu An, & Nguyen Le Chi Quyet (2020). Natural filtration of the Morava K-theories
of elementary abelian 2-groups. Ho Chi Minh City University of Education Journal of Science, 17(9),
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IF,[GL(V)]-mddun. Thong tin chi tiét vé pham tri § co thé dugc tham khao trong bai bao
(Kuhn, 2000).
Theo Nguyen (2020), ta c6 mot déng cdu ty nhién giita cac ham tir Z/(2"* —2) -phéan

bac

STV L KM)(BVY,
U+Vv) =)+ W)+W)°" )’

trong d6, J(V) la ideal b6 sung ciia dai s6 nhém F,[V], J(V)|=2, (u):=[u]-[0] va
S™(~) 1a ham tir dai s6 d6i xtng. Ta Ki hiéu ham tir thusn bién twong ing & vé phai la K, .
Ciing theo Nguyen (2020), trong K, (V) c6 cac quan hé co ban nhu sau:

o U =W+ W

* (" =0,

o (U+V)? =) +(v)?, Vi=1.

Bai bao nay dung cac quan hé bén trén dé nghién ctru cic ham tir con, ham tir thuong
va c4c loc tu nhién clia ham tir K, (v6i n>2). Cu thé, bai bao duoc trinh bay véi cau tric
nhu sau:

Muc thtr hai nham dinh nghia cac ham tir con K, = K cia K voi | =(iy,...,1,),
xac dinh mot vai dac trung cua K, tir d6 xac dinh giao cua cac ham tir con nay.

Muc thir ba nham st dung céc tinh cht ctia ham tir K, dé chirng minh dinh Ii sau:
Dinh 1i 1.1.

(Xem Pinh Ii 3.3) V6i moi sb tu nhién k, dit D, =Z ., trong do

S(1)=k K
S() =i, +2i, +---+2""i , thi {D,}., 12 mot loc gidm ctia ham tor K, c6 cac thuong lién
tiép D, /D,,, ding cAu véi ham tir S (S) 1a ham tir bién mdi F,-khong gian vecto hitu
han chiéu V thanh thuong cua dai s6 d6i xtmg S™(V) boi quan hé vZ =0 véi moi veV).

Muc thtr tu nhim ching minh mot Kkét qua vé n-loc cua ham tir K, ma céac vat
thuong duoc xac dinh béi tich tenxo cua cac ham tir lily thira ngoai. Ta trinh bay mot s6 ki
hiéu dugc dung dé phat bicu dinh Ii: ki hiéu A' =A"®-- @A™ (1 =(iy,...,i,) eN"), dat
R =(2-10,...,0), R,=(0,2,-1,0,...,0),..., R ,=(0,...,0,2,-1) va R, =(1,0,...,0,-2) .
Dinh li 1.2. (Xem Dinh i 4.7)

Véimoi | =(iy,...,i,) e N", ta c6 dang cau ty nhién

~A".
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2. Céachamtircon K; ., ciaa K
V6imoi | = (iy,...,i.) € N", dung cau tric tich ctia K, ta thu dugc dong ciu tu nhién
I . 10i i i in
017" ®S:, ® B OA" > K .

Dinh nghia 2.1.

Ham tir K, 1a ham tir con ctia K, x4c dinh boi anh ciia dong cdu 0'; nghia la K,
bién moi T, -khong gian vecto hitu han chiéu thanh F,-khong gian vecto con cia K (V)
sinh boi cac phan tir c6 dang

[(ull)...(u]ﬁ)}[(uzlf (U, )2]---[(%)2”_1 (U )2“‘1]
Dinh nghia 2.2.

bat R =(2,-10,...,0), R,=(0,2,-10,...,0),... , R ,=(0,...,0,2,-1) wva
R =(0,...,0,-2) . Ta dinh nghia quan hé thtr ty bd phan < trén N" nhu sau: 1 <J néu
tdn tai cac sb tu nhién A,..., A, sao cho

J=1+AR +--+A4R,.
B6 d@é 2.3.

| <J khi va chi khi ton tai cac s6 A,...,4 €N théa min

IM =M +(2" -1)L,

trong do
1 2t 2n? 2
2 1 2"t 4
M=l 4 2 1 - 8|,L=(-4 4 - Z4.4).
ot iz gnd g
Chirng minh. Dé dang suy ra tir dinh nghia. O
Bo de 2.4.

K, duoc nhung trong K, néu 1 <J.
Chitng minh. B6 dé dugc suy ra truc tiép tir cac quan hé trong K, (V). O
M¢nh dé 2.5. Véimoi F,-khong gian vecto V c6 chiéu d . Ta co
, d d
dImK(il,...,in)(v): Z [ J[ j
(i Jn ) 2 (se- i) Jl Jn

Churng minh. Chon e = {el, €y } la mQt co s¢ cua V . Dung cac quan hé

U+v)? =u)? +(v)?,vi>1,
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Ta thu duoc h¢ sinh sau day cua K, . (V):
{[(ull)...(u]ﬁ)}[(ezl)z...(eziz)2}...[(%)2“71 ...(enin)zﬂ}:uh eV,ekl ee}.

Duing cac quan hé

U+ =W+ +W)7" W
dé biéu dién lai cac phﬁn tur cua h¢ sinh bén trén, ta thu duge mot co so cia K;; (V) tao
thanh boi cac phan tir c6 dang

(&) () |[€)7(e, ) || (&) (e, ) |,
trong d6, k, <---< kjk voimoi 1<k <n va (j;,.-o J,) 2 (...

B6 dé duoc chimg minh. L

Keét qua sau day cho phép ta tinh giao ctua cac ham tir K, .

Ménh d@é 2.6.
Ko, MK g =K, véimoi a,feN val<k<l<n.

Chitng minh. Ta ching minh két qua cho truong hop a =B =1. Cac truong hop
khac dugc ching minh twong ty. Hon nita, dé chimg minh ta chi can dung Ii luan vé s6
chiéu. Gia sir s6 chiéu ctia khong gian vecto V 1a d . Chon €1, VA &g 1an luot 13 co s&
cia K, (V) va K,z (V) (cic phan tir clia co s& dugc xac dinh nhu trong ching minh

ciia ménh dé 2.5). Ta nhéc lai mot két qua trong (Hopkins, Kuhn, & Ravenel, 1992) (c6 thé
tham khao thém trong (Ravenel, & Wilson, 1980):

K(N) BV =F,[x,.... x, 1/ (... x%").
Tir dang cau nay suy ra Ep MELg lamotcosocua K, o MK, ;. Dat
J=(jp--- J,), theo Bo @& 2.3,
J=1+R,
{JjI+R
khi va chi khi ton tai
L=(-40 A0 = 49).4% en
LI =(—/1n“) ﬂl(l) ﬂé'_)l)'il(l) e N
thoa man
IM =M + (2" -1)(L, -U,,,)
{nwzJM+(T—Daﬂ—qﬂf

) Loy ) . -1 khii=1
trong d6 U, =(0,...,0,4,,0,...,0) voi 6, xuat hién ¢ vi tri thir i va o, = L.
1 khii=#l
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Do d6, L=L -U,, =L —U,, théa min diéu kién cia B6 dé 2.3. Tur day suy ra
J <1 . Ménh dé dugc chimg minh. O
H¢ qua 2.7.

K, dugc nhing trong K; khivachikhi | <J.

Chitng minh. Nhan xét rang néu K, va K so sanh dugc thi

iy + 20, +- o+ 2" = f+2],+--+2" 1], (mod 2" -1).

Hon nita, ta con c6 K, duge nhung trong K, khi va chi khi K, "K, =K, . Néu
| <J thi K, dwoc nhing trong K, (theo bd d& 2.4). Néu | £J thi giao K, NK, thyc su
nhé hon K, (theo Ménh dé 2.6). H¢ qua dugc chimg minh. [
3. Loc giam cua ham tir
Ki higu 3.1. Véimoi | =(iy,...,i ) e N", ta dat S(1) =i, +2i, +---+2""i .
Dinh nghia 3.2.

Véimoi k eN, ta dinh nghia D, = z K, . Khi do ta thu dugc mét loc giam cua

S(1)=k
ham tir X, nhu sau:
K=D,525D >-.
Loc D, hoity vi K, =colim K, .
Dinh 1i 3.3.
D /Dy = S:n :
Pé ching minh dinh Ii ndy, ta can cic bo dé sau:
Bo dé 3.4. Tacé:
e S(H=S(+R) voimoi 1<k<n-1,
e S()=S(+R)+(2"-1).
Chitng minh. B6 dé duoc chirng minh bang tinh toan truc tiép. L]

Chitng minh. DUng B6 dé 2.3, ta tinh cac s A, va chi ra rang chung déu khong am.
Thuc vay, 4, =0, 4 =%(k—i1—2i2 —+.=2) véimoi 1<t<n-1. 0

M¢énh dé 3.6. D, /Dk+1 = K(k,O ..... 0)/K(k—1,o,...,o,2) .
Chitng minh. Ta cO

(ZS(I)=k K, )+(ZS(I)ZI<+1 Ki )
(ZS(I)ZKHK' )

Dk / Dk+1 =
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(zsmzk K')
(ZS(I):k K, )m(Z:S(I)Zk+1 Ky )

1

K |
~ (k0...0) — (theo Ménh de 3.5)
Kio...0 0(28(.)%1*9 )mlCn
K(k,o,...,O)

ntzo K(k+(2"—1)t,0,.4.,0)

Theo Ménh dé 2.6 va Bo dé 3.4, ta c6 [ ) = K 10,..02 - Ménh dé

>0 K(k+(2”—1)t,0,...,0)
dugc chirng minh. O

Chitng minh cia Pinh |i 3.3. Xét toan cdu %% 9 :J% - Kiko...0)- Nhic lai rang

ham tor J c6 mot loc giam

J=J,0J),5->J DI, D

théoa man J,/J,,, = A* (tham khao trong (Kuhn, 2000), §6). O day, véi moi [, -khong
gian vecto hiru han chiéu V , J,(V) la F,-khong gian vecto con cua J(V) sinh boi cac
phan tir 6 dang (U +V) + (u) + (V).

Xét tiép dong céu hop thanh voi 6% boi phép chiéu chinh tic tr K, o 1&n
Koo/ Kito. .02 - Anh ctia (J(V))*"P ®J,(V) thong qua ddng cdu nay bang khong vi
Ki10...02 (V) duoc sinh béi cac phz‘in tir ¢6 dang (u,)---(u,_)(U)+ )+, +uy)).

Hon nira, do J/J, = Id nén ddng cau nay duoc phan tich thanh hop ctia hai dong cu

thong qua J®*“™ ® Id. Bang quy nap, ta thu duoc dong ciu ty nhién:

T > K(k,O,...,O)/K(k—l,O,...,O,Z) ;

trong 6, T* 1a ham tir tich tenxo. Py ciing 1a mot toan cau. Hon nita, nd duoc phan tich
thanh hop cua hai dong cdu thong qua S:n vi cdu tric tich trén K, giao hoan va ta c6 quan
hé (u)? =0 trong K, (V).

Do d6, dé chimg minh dinh I, ta chi can dung Ii luan vé sb chiéu. Thuc vay, gia st sd

chiéu cua khong gian vecto V 1a d , theo ménh dé 2.5, ta co:

dim[ Koo o0/ Kecroon ()] Y (djm .

S =k \ 1 I

Day ciing 1a s6 chiéu cua S:n V). O

4. N-loc cua ham tir C,
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Dinh nghia 4.1. Xét graph dinh hudng lién két v6i ham tir K, dugc cho boi:
e Cac dinh lacac hamto K|,
e Chi c6 duy nhat mot miii tén tir K, dén K, néutontai 1<k <n théamén I'=1+R, .
ChG ¥ 4.2. Cho hai bo s6 1,1” bat ki thuoc N". Nhan xét rang K, dugc nhung trong
K, néu ton tai mot con duong tr K, dén K, . Hon nira, ta suy truc tiép tir Ménh dé 2.6
rang K, "K, =K,. néu K,, thoa man “bdi todn twa phé dung”:
e Ton tai cac con duong tir K, dén K, va K.,
e Néuton tai K, va cac con duong tir né dén K, , K, thi ton tai it nhat mot con duong
tir K, dén K,..
Chly 4.3. Ham tt K, 1a Z/(2"" —2) -phan bac va c6 phan tich boi trong 1a

K=K oK@ oK .

Graph dinh huéng lién két voi ham tir K, do d6 ciing phan bac. N6 dugc phan tich

thanh cac graph con bat kha phan lién két v4i cac hang tir ICna, ICnE, oo K

n

Vi du 4.4. Hinh vé dudi 1a mot minh hoa cia graph dinh huéng lién két v6i ham tir

K, , tuong tmg v61 hang tu K'SZS(') trong phan tich boi trong cua X :

KI+2R3.
K
K I+Ra+Rz
’+Rﬁ.4,.
_KI+Rry+Ry+Ry
}\!+R1+R3. L . @
Kig_1

KI+1?1./ .
/ Kiyri+Ro
Kr-o-zz?l.
Dinh nghia 4.5.

Cho ¢ 1a mot pham tri abel va C 1a mot vat bat ki caa & . Mot N-loc ciia C 1a mot

ho {f

() }ik eN, vk

cdc vat con cua C thoa man F; ;)< F, oy neu iy <if,...,i, <i/.
iy o

Phan béc lién két véi n-loc nay dugc dinh nghia béi
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F. .
grC:=® gr, ,,C,trongdé gr, . C:= (i--2dn) .
[ ooy 5l ‘f(.il—l,.“,in) +.“+‘¢(.i1,...,in—l)

Chu y 4.6. Graph dinh huéng lién két v6i ham tir K, xac dinh mot N-loc cua K, .
Nhung dé don gian, ta chi xét cic hang tir trong phan tich béi trong. V&i moi
2i € 7/(2"* - 2), graph bat kha phan lién két véi K? xéc dinh mét N-loc cia A2 Phan
bac lién két v6i n-loc nay dugc xac dinh boi cac thuong c6 dang

I<I
KI—Rl +eoet K,_Rn

DPinh i 4.7.Cho | =(ij,...,i.) e N". Ki hiéu tich tenxo A* ®---® A" bai A'. Khi d6 ta co

mot dang cau tu nhién
KI

+ot K g

=A'.

K g

Chirng minh. Xét toan ciu

0': 1" ®S2, ®---®S ®A" > K.

Lap lai cac bude nhu trong chirng minh ctia Pinh i 3.3 ta thu duwoc mot toan cau
KI

Klle oot KI—Rn

S"®S2, ®-- @S @A -

DPong cau ndy c6 thé duge phan tich thanh hop cta hai dong cdu thong qua A' bai vi
AN =S'[(x*=0)=S, /(X =0) (véimoi keN").

Dinh li dwgc chimg minh boi cac tinh toan truc tiép vé sb chidu cua F, -khong gian
vecto K, (V)/(K, g (V)+---+K, ¢ (V)). Thuc vay, ta co

K, (V)
Kig(V)++K ¢ (V)

dim

=dimK, (V) —dim(K, o (V)+--+K, 5 (V))

k=0 \ 1<l <--<l<n

Tir Hé qua 2.7 suy ra graph dinh huéng lién két voi thi tu bo phan < ciia N" tuong
thich v&i graph dinh huéng lién két voi ham tir K, . Hon nita, nhd Ménh dé 2.5 ta thu duoc

: K d d C
dim V) :(_ J[ ] (d 1a so chiéu cua V).
KI—Rl(V)+'“+KI—Rn(V) I n
Pay ciing chinh 1a s6 chiéu cua A' (V). Pinh Ii dugc chimg minh. O]
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% Loi cam on: Nghién ctu nay duoc tai tro béi Truong Pai hoc S pham Thanh phé
Hé Chi Minh trong dé tai trong diém ma sé CS.2018.19.03TPH.
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ABSTRACT
To understand the Morava K-theory K(n) (-) at the prime p =2, one of the starting points

is to study the structure of the covariant functor V — K(n) (BV"), where V is an elementary
abelian 2-groups (i.e. the finite dimensional vector space over F,), BV is the classifying space of

the dual of V . The functorial structure of the second Morava K-theory K(2) (=) has been studied
in the paper (Nguyen, 2020). This paper aims to generalize some results of the paper (Nguyen,
2020): study the natural filtration of the functor V — K(n)" (BV"). In detail, the paper defines the
subfunctors of the functor V = K(n) (BV*), then its n-filtration. It also demonstrates that the

successive quotients of this n -filtration are the tensor product of some exterior power functors.
Keywords: Morava K-theory; generic representation; n-filtration
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