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TOM TAT

Trong nghién ciru trude ddy, ching téi da xét bdi todn tim nghiém on dinh tiém cdn cia hé
phirong trinh tuyén tinh trong truong hop phé cia todn tir tuyén tinh di cho la 6n dinh (Nguyen,
2013; Konyaev, & Nguyen, 2014). Trong bai bao nay, ching tbi xay dung nghiém cua bai toan
bién cua hé phirong trinh vi phdn tuyén tinh khéng 6-t6-ndm

x=A®)x+ f(0),(t=0) 1)
théa mdén diéu kién ban dau
Y Fx(t) = avéiO=1t; <t <ty =1 )

trong treong hop phé cia todn tir tuyén tinh di cho la khéng on dinh. Thuc té bai todn bién véi
phé ciia todn tir tuyén tinh di cho khéng 6n dinh la mét bai todn khé hon. Tir két qud ciia cong thirc
nghiém tim duwoc, ta cé thé dp dung dé giai hé phirong trinh vi phan tuyén tinh thuan nhdr twong
dwong voi hé phuong trinh (1) da cho.

Ngoai ra, bang céch tiép cdn két qud ciia (Nguyen, 2013), ching t6i da gidi dwoc nghiém
cia bai ton bién co hé sé khuéch tan by nhiéu

ex = (tAo + €A1 (D))x, (t = 0)
théa mén diéu kién ban dau

Fix(0)+ F,x(1) = «a
va két qua nay dwoc minh hoa bcfng vi du cu thé.

Teor khoa: hé phuong trinh vi phan tuyén tinh; nghiém bié€n; ham ma tran; phé cua ma tran;
cAu tric nira nguyén t6

1.  Pitvan dé
Xet bai toan (1) — (2) véi x; f € R™; A(t); f(¢) € C[0; +0) va F;, (j =1,..,m) la

cac ma tran hang.
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Khi m=1, diéu kién (2) tr¢ thanh Fx(t, )=« . Bai toan (1) - (2) IGc nay la bai toan
Cauchy (Konyaev, & Nguyen, 2014; Nguyen, 2017), vi thé bai toan ton tai duy nhét
nghiém trén [0; +o0) .

Khi 2<m<n, nghiém cua bai toan bién (1), (2) khong phai liic ndo ciing ton tai.
Vay diéu kién nao dé ton tai duy nghiém cua bai toan nay trén doan hitu han [0; t,]J=R"
(voi t, >1).

2. Ton tai duy nhit nghiém ciia bai toan bién trén nira truc [0;+o) .
Dinh nghia 2.1.
Ma tran d)(t) dwoc goi la ham ma trdn cia hé phwong trinh tuyén tinh (1) thudn nhat
twong ung ( f(t)= O), néu q)(t) =A(t)D(t).
Dinh i 2.2.
Néu bai toan (1) - (2) thoa man dicu kién detF =0 (voi F=) Fd(t);
i1
F, (J =1,_m) la cac ma trdn vuéng cap n théa man (2), CD(t) = ZCDJ- (t) va @, (t) la ham
i=1

ma trdn ciia hé phwong trinh tuyén tinh thudn nhdt trong g (f (t) = 0) , thi bai toan (1),

(2) ¢6 nghiém duy nhat trén [O; to] vOi (to >1) duwoc cho duoi dang:

x(t):cD(t)C+eri16Dk (t)jd)l(s) f(s)ds (3)

m

trong do C:Fl[a—Zm:FjZd)k (tj)tjdbl(s)f(s)ds] @)
ER= !

Ching minh:

Do @, (t), (k=1,...,m) 1a ham ma tran ctua hé phuong trinh tuyén tinh thuan nhat
tuong ing ( f(t)= 0) , (Lancaster, 1978), tirc 1a @, (t)=A(t)®, (t) néntacéd x=d(t)C
1a nghiém tong quat ctia phuong trinh tuyén tinh thuan nhat twong ting (f(t)=0) cua (1).

Thét vay, tacd x=®d(t)C =A(t)D(t)C =A(t)x.

Mit khac, ta d& dang kiém tra dugc rang nghiém riéng cua phuong trinh tuyén tinh
khong thuan nhét (1) duoc cho dudi dang:

- Fo, ] (5)1 (5
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Taco y(t)= kzn:‘cbk (t)j@l(s) f(s)ds +§:‘®k (t)™(t) f (1)

Suy ra y(t):iA(t)CI)k (t)_t[dbl(s) f(s)ds+f(t)
y(t)= A(t) Y @, (t j@ (s)ds+ f (t)= A(t) y(t)+ f (t).
Tur d6, suy ra nghi¢m tong quat cuia phuong trinh (1) Ia

=d(t)C +y(t C+Z<I) )j@‘l(s)f s)ds

Ngoai ra, ta cling dé dang chimg minh dugc rang nghiém nay thoa man diéu kién
bién (2). That vay, ta co:

vi C= Fl(a—Z;FjZd)k () [@(s)f (s)ds].

Vay dinh li da dugc chirng minh.
H¢ qud 2.3.

Gid sir ta bién déi dwoc hé (1) twong dwong véi hé phirong trinh vi phdn tuyén tinh
thudn nhat:

x=B(t)x, t=0. Q)
Trong do, ||A(t —B t) || du nho trén doan [0;t,]. Khi do, néu det F, =0 (voi

F = le Fj‘P(tj )) va ‘P Z‘I’ la ham ma tran cua hé (5) thi nghiém cua bai toan
j=

bién (1), (2) dwoc cho boi cong thirc:
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x(t)="¥(t)C +g‘1’k (t)j?l(s)[(A(s)— B(s))x+f (s)} ds

m

Trong dé, C = FIL(Z—,ZT‘ ijZ;‘Pk (tj ):jj‘Pl(s)[(A(s)— B(s))x+ f (S)]dSJ

Chirng minh:
Taco x=A(t)x+ f (t) =B(x)+A(t)x—B(x)+ f (t) =B(x)+g(xt), (6)
trong do, g(x,t)=A(x)-B(x)+f(t).

Ta chiing minh X(t) = ‘I’(t)C 1a nghiém tong quat cua hé phuong trinh tuyén tinh
thuan nhat (6), (trc 1a tmg v6i g(X,t)=0). Thay vay, do ¥ (t)=> ¥, (t) 1a ham ma tran
k=1

ciia h¢ (5)nén X(t)="¥(t)C =B(t)¥(t)C=B(t)x.
Ngoai ra, nghiém riéng ctia hé phuong trinh tuyén tinh khong thuan nhat (6) dugc cho
bdi cong thirc:

z(t):g\pk(t)j\y-l(s)g(x,s)ds

t

Thét vay, taco 2(t)=> ¥, (t)j‘P’l(s) g(x,s)ds +i‘1’k (P (t)g(x.t)

k=1 t, k=1

z'(t):‘i’(t)j‘lf1(s)g(x,s)ds+‘P(t)‘Pl(t)g(x,t)

t

2(t)= B(t)‘P(t){[‘P‘l(s)g(x,s)ds+g(x,t)

2(t)=B(t) Y, (t) [ ¥ ()9 (x5)ds+ g (x.t)

k=1 t,

2(t)=B(t)z(t)+g(x1).

Twr do, ta nhan dugc nghiém cuia bai toan bién (1) - (2) dugc cho bdi cong thure:
m t

x(1) =¥ (1)C+ D ¥, (t)J"I"1 (s)[(A(s)— B(s))x+ f (s)] ds
k=1 t,

m m

Trong d6 C = Fl[a—g Fjéwk (t, ):jj\yl(s)[(A(s)— B(s))x+ f (s)}ds}.

]

H¢ qua 2.3 da duoc chung minh.

1559



Tap chi Khoa hoc Trwdng BPHSP TPHCM Tdp 17, 86 9 (2020): 1556-1564

Nhin xét 2.4. Trong thyc hanh dé giai hé phuong trinh tuyén tinh (1), ta xdy dung hé
(1) gn voi hé khéc (5), trong d6 chuan |A(t)—B(t)| du nho trén doan [0;t)]. Ma ta da

biét ¥ (t)=> ¥, (t) la ham ma tran cta hé (5).
k=1
3. Ton tai duy nhéit nghi¢m ciia bai toan bién cé hé¢ s6 khuéch tan bi nhiéu tai diém
ki di
Xét bai todn bién c6 h¢ s6 khuéch tan bi nhidu

ex=(tA +£A (t))x, t=0. @)
thda mén diéu kién bién ban dau:
Fx(0)+Fx(1)=a. (8)

Trong d6, x(t)eR", Ay, A(t) la cac ma tran vudng cip n, A (t) 12 ham ma tran,

& 1a tham sb du nho.
Dinh nghia 3.1.
Ma tran vuong A, dwoc goi la co cdu tric nira nguyén 16 néu nhw ton tai ma trgn
khong suy bién S, théa man Ay =S;"AS; =diag {Ay; Api-i A}
Dinh i 3.2.
Gid sir bai todn bién (7), (8) théa man cdc diéu kién:
(D1) Ma tran A, co cdu triic nira nguyén t6, nghia la ton tai ma tran khong suy bién

S, thoa man  Ay=S;"AS,=diag{Ay; Ay}, véi  Ag=diag{ Ay Apyiei Aoy}

A, =diag {%,q+1; Avqeare /10”} .

(D2) Phé cua ma trgn A, théa man Re(/ioj)ﬁ—@ <0, Vvj=12,..,9 va
Re(ﬂOk)Zé‘z >0, Vi=q+1,q+2,..,Nn; 0,0, la cic hc%ng $0.

(D3) detK =0 va chudn |A(t)| d@i nho, trong d6 K=(K, K, )T , K.=FS,,
K,=FS,.

Khi @6, bai todn (7), (8) ¢6 nghiém duy nhdt chira hai ldn cén tai bién t =0t =1.

Churng minh:

Do S, la ma tran khong suy bién (Lancaster, 1978; Konyaev, 2001), nén nghiém
X(t)=S,y(t) s& dan dén két qua

(0)= Ay (D) +9 (1) ©)

Ky(0)+K,y(1)=«
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trong do, g(t)=S,"A (t)S,y(t)= B, (t)y(t).
Gid st @(t, &) 1a ham ma tran ciia hé phuong trinh tuyén tinh thudn nhat twong tmg

(f(t)=0) cua(9)taco
D(t,e) = éAO D(t,¢) (10)

Khi d6 nghiém tong quat ctua phuong trinh tuyén tinh thudn nhét twong tng véi (9) 1a
Y (t.€)=D(t,&)C. (11)
Ngoai ra, theo (10) ta c6
2 (1t t?
D(te) =" ©(0,) - oz ®(0,).
0 0
Chon ®(0,&) =e", v6i M {0 ﬂJ.Tacé
2¢

t°Ay, 0 0 0
O(t,e)=D,(t, ) +D,(t, &), voi D, (t,e) =| 2¢ , D, (t,e)= 0 12 -1, |
0 0 2¢

Mit khac, nghiém riéng ciia phuong trinh tuyén tinh khong thuan nhat (9) dugc cho

boi:
t

2(t.2) = Y0, (t.2) [ (s,2) 0 (s)ds.

j=1 t;

T6m lai nghiém tong quat ctia phuong trinh (9) 1a

y(t.e)=0(t,&)C +j221:c1>j (t,g)j(l)l(s,g)g(s)ds.

]

1
Trong d6, C=H l(a —(CD(l, £)—-®(0, 5))_.‘(1)*1 (s.€)g (S)dSJ ,
0
voi H=K®(0,&)+K,®(L,¢).
Diéu nay chimg to rang, hé phuong trinh (9) c6 nghiém duy nhét chira hai 1an can tai
bién t, =0, t, =1. Dinh li 2.6 da dugc chiing minh.
Dé minh hoa cho Dinh 1i 2.6, ta cho mét vi du.

4. Vidu

Vidu 4.1.
Xét phuong trinh vi phan c6 hé sé khuéch tan bi nhidu tai diém ki di, véi phd khéac

nhau nhu sau:
eX(t)+tx(t)—-tx(t)=0 (12)
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thoa man diéu kién ban dau x(0, &)=, va x(1, &) =a,.
t

Ta thé nghiém x(t)= e%y (t) vao (12), ta dwgc phuong trinh
£y(t)-e(2-t)y(t)-[t(1+£)-1]y(t)=0 (13)

bat ey=v, o= (\)I/] , phuong trinh (13) tré thanh

o [V 0 1 \(y
gw(t)_(g\'/]_(t(l+g)—1 Z—J(Vj (14)
tiép tuc dit t, =t+10, hé phuong trinh (14) dwoc bién d6i thanh
zo(t) = (LA +A)o(t) (15)

(0 0 A 0 1
ViA=L 1) AT La10e 12)

. 1
Nho nghiém o(t,)=S,z(t,), trong do S, = (1

j la ma tran khong suy bién, ta nhan
+&

dugc hé phuong trinh sau day

2(t)=B(t)2(t). (16

' ) B 0 0
Vi B(tl):tlAO+Bl, Ay =S,"AS,, B, =S,"AS,, /\oz(o _J.

Ta d& dang kiém tra dugc rang cac didu kién (D1), (D2) va (D3) duoc thoa man. Do
d6 bai toan c6 nghiém duy nhat. Bay gio ta s& tién hanh tim nghiém ciia bai toan nay.
Ap dung két qua (Konyaev, 2001), ta c6 nghiém ctia hé¢ phwong trinh (16) dugc cho boi
2(t)=H(t)u(t) (17)

trong do, H(tl):E+%+t1—22, |-=|l:Hl—|-_|1, Hl:diag{hl,hzz}.

Tt phuong trinh (17), ta suy ra

2(t)=H(t)u(t)+HL)u(t). (18)
Thé vé phai ctia phuong trinh (18) vao phuong trinh (16), ta nhan dugc két qua
et (t,) =Q(t Ju(t). (19)

Véi Q(t,) :t{A0 +%+%+6(g2)).
Ciing tir phuong trinh (18) ta lai suy ra
eH (L) =B(t)H (t)-H(1L)Q(t)- (20)
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Khai trién phuong trinh (20) va dong nhét cic hé sb theo bac ciia t, ta nhan dugc

A0ﬁ1 - I_:|1A0 =A,-R,R=8 (21)

AH,-H,A,=A,—-P,, P,=BH,-HA_ (22)
tor (21) va (22) suy ra:

A,=P,A,=P, (23)

o

( J [pﬂ _plz}

Nho vy, ta tim duge A_,, A_,, H, va H Tirdo suyra H(t,) va Q(t,).
Sau d6 phéi hop (17), (19) va e(t,)=S,z(t,) cho phép ta tim dugc nghiém

w(t)=S,H(t)Ce", M =ng(t)dt (24)

cho nén nghi¢m y(t, g) la tim duogc, va cudi cung ta di dén nghiém can tim la

-t
x(t,2) =67y (t,2,6,6,)(1+0(t+10) ) (25)

Vv6i C;;C, 14 cac hang sb.
5.  Kétluin

Noi dung bai bao giai quyét van dé vé diéu kién t6n tai duy nhat nghiém ctia bai toan
bién ctia hé phuong trinh vi phan tuyén tinh trong trudng hop phd cia toan tir tuyén tinh da
cho khong 6n dinh. Khi diéu kién ay dugc thoa man thi cong thirc nghiém ciing duoc xac
dinh. Mot van dé khac ciing dugc quan tim va giai quyét dé 1a sy ton tai duy nhit nghiém
clia bai toan bién c¢6 hé sé khuéch tan bi nhiéu tai diém ki di. Ngoai ra, Vi du 4.1 gép phan
minh hoa van dé nghién ctru dugce hiru hi¢u va sinh dong hon.

% Tuyén bé vé quyén loi: TAc gid xac nhan hoan toan khéng cé xung dét vé quyén loi.
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ABSTRACT

In the previous studies, the problem about the asymptotical stability substitution of the linear
differential systems in the case of a given linear operator's spectrum has been shown to be stable
(Nguyen, 2013; Konyaev, & Nguyen, 2014).

This paper investigates the existing conditions of boundary solutions of non-autonomous
linear differential equations systems

x=At)x+f(t),(t =0)
satisfied original condition

YT Fix(t) = awith0=t; <t; <ty =1
in the case of a given linear operator's spectrum that is not stable. It is a harder problem. Then it
will be used to solve the solution of the linear differential equations systems which is equivalent to
system (1).

Besides, with the result-based approach by Nguyen (2013), the solution of the boundary
problem with disturbed diffusion coefficient has been solved.

ex = (tAo + €A1 (D))x, (t = 0)
satisfied initial condition

Fix(0) + F,x(1) = «
and the result is illustrated by an specific example.

Keywords: linear differential equation systems; boundary solution; matrix function; spectrum
of matrices; half elemental structure
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