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ABSTRACT
The Yukawa-like screening potential is suggested to describe the effect of environment on the
binding energy of an exciton in the monolayer semiconductor WS,. The FK Operator Method
combined with the Levi-Civita transformation is used to retrieve energies for the states of n=1, 2,
3 which agree with experimental data. Experimental values of the parameters in the screening
potential expression are also obtained for further use in the case of presence of external field.
Keywords: monolayer semiconductor, exciton, energy, FK operator method, Schrédinger
equation, screening potential.
TOM TAT
Ning lwong lién két ciia exciton trong ban dén don 16p WS; véi thé man chin dgng twa Yukawa
Thé man chan dang twa Yukawa dieoc dira ra dé md ta danh huong cia méi triong 1én ning
lirong cua exciton trong ban dan don 16p WS,. Phirong phdp todan tir FK két hop véi phép bién doi
Levi-Civita duwot sir dung. Két qua thu duwgc ndang heong cho c&c trgng thai n= 1, 2, 3 ph hop Véi
s6 liéu thuc nghiém. Cac gia tri thuc nghiém ciza cac tham sé trong biéu thic thé chan tia Yukawa
ciing duwoc tinh todn dé lam co s¢ phét trién cho trieong hop 6 trueong ngoai.
Tir khoa: ban dan don 16p, exciton, ning lugng, phuong phap toan tir FK, phuong trinh
Schrédinger, thé man chén.

1.  Introduction

Thanks to experimental achievements in growing two-dimensional semiconductor
systems such as monolayer transition metal dichacogenides (TMDs), exciton in two-
dimensional semiconductor becomes an interesting researched object because the main
optical transitions in this semiconductor system is forming excitons. These researches
provide information for explaining physics nature as well as for applying in optical and
electronic devices of TMDs [1-2].

In the previous works [3-5], the FK Operator Method (FK-OM) [6, 7] was applied to
finding exact solutions (energies and wavefunctions) for the Schrddinger equation of a
two-dimensional exciton in a magnetic field, in which exciton is considered an isolated
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system. The Levi-Civita transformation is used to transform the problem under
investigation into the one of an anharmonic oscillator. The energies (and wavefunctions)
for any states corresponding to arbitrary intensity of magnetic field with the precision up to
20 decimal places were obtained. In addition, highly accurate asymptotic solutions for the
ground state and some excited states were also given.

However, recent works show that effect of surrounding environment on energy
spectrum cannot be neglected when explaining experimental data. In the work [8], the
authors showed that theoretical calculations for the ground state energy of exciton in
monolayer semiconductor WS, when neglecting the environmental effect is 1 eV, while
corresponding experimental result is 0.32 eV. This difference is regulated by taken into
account of screening effect of surrounding electrons on Coulomb interaction between the
hole and the electron in exciton which described by the variation of dielectric constant. In
addition, the author used the formula of screening Coulomb potential suggested by
Keldysh [9] for explaining obtained experimental result. Thus, experimental result can be
explained by considering environmental effect via screening Coulomb potential when
calculating theoretically.

For the goal of developing the FK-OM for obtaining exact solutions which
appropriates with experimental results, considering screening effect is essential. However,
the formula of Keldysh screening potential is too complicated to apply the FK-OM to the
problem and develop for more complex physics system. In the work [10], the FK-OM was
used to calculate energy of two-dimensional exciton with taken into account of
environment effect under the form of Yukawa screening potential [11]. However, only
theoretical results were given without comparing with experimental data. For developing
previous researches, in this work, we modify the Yukawa screening potential in order to
appropriate with the curve of Keldysh screening potential and still keep the convenient
form for calculation. Then, the FK-OM combined with the Levi-Civita transformation [7]
is applied to find energy of two-dimensional exciton under screening effect and retrieve
screening parameter by comparing the obtained results with experimental data.

The paper is presented in following structure: first is an introduction; then the
Yukawa-like potential modified to appropriate with the Keldysh potential is given; after
that, the FK-OM combined with the Levi-Civita transformation is applied to two-
dimensional exciton in screening potential; results and discussion is also presented; finally
is conclusion.

2. The Yukawa-like screening potential
In the work [9], Keldysh suggests the screening potential under the form:

]
r0 r0 r0
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in which Ho(x) and Yo(x) are Struve and second kind Bessel functions, respectively; r,

is screening distance characterizing for the semiconductor, values of r, are determined by

fitting theoretical results and experimental data. The Keldysh screening potential is used in
theoretical calculation to explain experimental energy of a two-dimensional exciton in
monolayer semiconductor WS; [8].

In the work [10], the FK-OM is applied to the problem of two-dimensional exciton in
a magnetic field with the presence of the well-known Yukawa screening potential:

v, :_exp(—ir), )
r
in which A is screening potential characterizing for environmental effect.

The Yukawa screening potential has a much simpler form than the Keldysh potential
form, so it is convenient for using in calculating. However, this potential is not exact
enough to explain experimental results. From the expression of the Yukawa screening
potential and the asymptotic behaviors of Keldysh screening potential, we suggest the
Yukawa-like screening potential as follow

aexp(-Ar)+p
- . ) (3)

in which «, g and A are parameters for regulating the curve of potential. In the work [8],

V =

the screening distance value in (1) is r, = 75A. Fitting the functions (1) and (3) by using
the least square method and fixed the curves at two points r, =0.5a; and r, =9.5a, which
is the boundary of the effective zone of screening potential [8], in which a, is effective

Borh radius of exciton in two-dimensional semiconductor. Corresponding to the screening

distance r, = 75,& in formula (1), we obtain the parameters in the Yukawa-like screening
potential in the formula (3) are a =0.636509, 3 =0.670462 and A =0.174423. At that

time, the relative error between the two curves is below 6.5% (see Fig. 1). However, these
values are just for illustrating the ability of replacement the Keldysh potential by the
Yukawa-like potential. Experimental values of these parameters will be determined in the
next part when we fitting the theoretical results with experimental data [8].
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Fig. 1. Comparing Keldysh screening potential V, (solid curves) and the Yukawa-like

screening potential fitted using least square (dashed curves), the two curves have similar
shape and the relative error is below 6.5%.

3. The FK-OM for two- dimensional exciton with screening potential
In the previous works [3-5], the Schrodinger equation for a two-dimensional exciton
in a magnetic field in the space (x,y) is transformed into the Schrdédinger equation for a

two-dimensional anharmonic oscillator in the space (u,v) which is convenient for algebraic
calculation by using the Levi-Civita transformation: x =u®-v?, y=2uv. Similarly, in

this work, the Schrodinger equation for a two-dimensional exciton with the presence of the
Yukawa-like screening potential is rewritten in the two-dimensional space (u,v) as

follows:

H ¥(uv)=0, (4)
HZ—%[%-F%}—E(UZ-FVZ) +aexp[—/1(u2+v2)]+ﬂ. (5)

Here, the notations and units are the same to the work [3].

For finding the solutions of equation (4)-(5), we use the FK-OM with the process
described in the work [3]. There is only one difference that the term of Coulomb
interaction in [3] is replaced by the term of the Yukawa-like screening potential

Sy :ocexp[—ﬂu(u2 +v2)]+[3 (6)
which can be easily represented in the algebraic form for applying the FK-OM [4].

Here, we remind the main idea of the FK-OM which is similar to the perturbation
theory: the Hamiltonian is divided into two parts, in which the main part is an operator
having exact analytical solutions; these eigenfunctions become the basic set of
wavefunctions. When applying the FK-OM for problems of two-dimensional atomic
system, thanks to the Levi-Civita transformation, the Schrddinger equation for two-
dimensional atomic system in the space (x,y) is rewritten under the form of the

Schrddinger equation of a two-dimensional anharmonic oscillator in the space (u,v) [3, 7].
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Therefore, the basic set is chosen as the set of eigenfunctions of two-dimensional harmonic
oscillator in the space (u,v) with the frequency of @ being considered a free parameter.
The total Hamiltonian of the problem does not depend on this parameter while the two
separated parts of Hamiltonian depend on it. Thus, we can regulate the value of  in order
that the main part becomes much larger than the perturbative part to increase the
convergent rate [3].

The zeroth order approximate energy corresponding to the basic set of two-
dimensional harmonic oscillator wavefunctions |n(m)> as follow:

2
EQ =C 2P 200 (nm. ), ™
2 2n+1 (2n+1)(u+1)™"

with 4 =2i ; F,(n,m,x) is hypergeometric function defined as follow:
0]

n—=m)!(n+m)! K
Yn-m-k!n+m-k!

—|m|
F; y L, A)= F — == , , X =Z .
](n m, X)=,F (M-n-m-n; j+1x) - KIK + |

From the condition that the exact solutions of the problem do not depend on the value of
the free parameterm, we can rewritten the expression describing this condition at the
zeroth-order approximation as follow

oEL)
—m =0 8
0 (8)

for determining value of w.
Higher order approximate solutions can be obtained by using the perturbation theory
scheme via the two following equations [3]:

Hu+ 2 CIHg
En(s) _ k=|m| k=n . (9)

n+s

Rnt+ 2, COR,

nn

k=|m|,k=n
n+s

(Hi —EC?)C® =R,ECY —H] (10)

nj !
k=|m|, k=n, k=

in which j=|m|, [m[+1...,n-Ln+L...,n+s and non-zero matrix elements of

Hamiltonian are:

2
g§n=[9+ﬂJ(zn+1)+ 7 (2n+1)(5n*+5n+3-3m?) +aS,,,
4 Ao 2w

2
HE . =[—2+ﬂ+ 6?2/ ~(5n +1On+6—m2)}/(n +1)2-m? +aS, ..,
©

4 4o
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2
AP =%(2n+3) Jn+y —mJn 2 —m® +as,,.,, (11)
0]
2
HE = 62@3 \/(n +1)° —mz\/(n+2)2 —mz\/(n+3)2 -m*+asS, .5,
H~f$n+$ :asn,n+5’ (S 2 4) 1
. Y T ()
with s _1 j(nrs—min+stm)?_( “2) —F,(n,m, u?), (12)
' s! (n—-m)!(n+m)! @+ p)"="

and R, =(n(m)|R|n(m))= 22—;1 Ryna = {(N(M)[R[n+1(m)) = —iw/(n +1)>—m? . (13)

By using symmetric property H®? = H? , we can find out other non-zero matrix elements.
4.  Results and discussion

By using the scheme (9)-(10) and the matrix elements (11)-(13), we program on the
language of FORTRAN 77 to build a code for calculating exact numerical solution of the
problem. This program allows calculate energy and wavefunction for any states with the
precision of up to 20 decimal places. The parameters in the expression of the Yukawa-like
screening potential (3) are chosen in order that obtained energies fitted with experimental

data in [8]. The results show that with « =0.754095, B =0.680177and A =0.163479,

theoretical results agree with experimental data. In the Table 1, we show the values of
theoretically calculated energies and experimental ones. Here, the experiment energies
have the precision of only two decimal places with a measurement error, so the two results
are considered agreed when the theoretical values is in the range of significant values of
experimental data. In addition, notice that the screening effect decreases its influence for
high excited states; we can see that the theoretical and experimental values agree well in
the 1s and 2s state. The small difference between theoretical and experimental values can
be explain that the sample in experimental was supported by SiO, while theoretically
calculated binding energies for ideal, isolated samples (“floating in vacuum™).

Although having simple form, the Yukawa-like screening potential allows describing
environmental effect on binding energy of exciton in monolayer WS;. The process of the
FK-OM for the problem under investigation still remains the same as in the work [3]; the
calculation is applied to concrete system of WS; but can be applied for similar monolayer
semiconductor. Therefore, the FK-OM can be applied to investigate various similar
systems and can be developed for more complex two dimensional atomic systems such as
considering the presence of external field or applying to charged exciton.
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Table 1. Comparing experimental binding energies of exciton in monolayer semiconductor
WS [8] and theoretical ones by using the FK-OM with taken into account of Yukawa-like
screening potential. These results agree with each other

Theory Experiment
Ebinding Ebinding En = Egap - Ebinding En
(2Ry'=0.16Ry) (eV) (E, = 2.416V) (eV)

1s 0.073998 0.322039296 2.088 2.088 £ 0.01
2s 0.032911 0.143228672 2.266 2.25 £0.01
3s 0.018011 0.078383872 2.331 2.308 £ 0.01
4s 0.011313 0.049234176 2.360 2.34 +£0.02
5s 0.075167 0.032712678 2.375 2.368 £ 0.02

5. Conclusion:

In this work, effect of environment can be described by the simple expression of the
Yukawa-like screening potential which allows applying the FK-OM to find the binding
energy of a two-dimensional exciton in monolayer WS,. Although the problem under
investigation is more complex and more reality than previous problems without
considering screening effect, the calculation by the FK-OM still remains the same process.
The obtained energies coincide with experimental data. This result is also a foundation for
developing the FK-OM for more complex two dimensional atomic systems with taken into
account of screening effect.
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