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ABSTRACT 
The Yukawa-like screening potential is suggested to describe the effect of environment on the 

binding energy of an exciton in the monolayer semiconductor WS2. The FK Operator Method 
combined with the Levi-Civita transformation is used to retrieve energies for the states of  n= 1, 2, 
3 which agree with experimental data. Experimental values of the parameters in the screening 
potential expression are also obtained for further use in the case of presence of external field. 

Keywords: monolayer semiconductor, exciton, energy, FK operator method, Schrödinger 
equation, screening potential. 
TÓM TẮT 
Năng lượng liên kết của exciton trong bán dẫn đơn lớp WS2 với thế màn chắn dạng tựa Yukawa  

Thế màn chắn dạng tựa Yukawa được đưa ra để mô tả ảnh hưởng của môi trường lên năng 
lượng của exciton trong bán dẫn đơn lớp WS2. Phương pháp toán tử FK kết hợp với phép biến đổi 
Levi-Civita được sử dụng. Kết quả thu được năng lượng cho các trạng thái n= 1, 2, 3 phù hợp với 
số liệu thực nghiệm. Các giá trị thực nghiệm của các tham số trong biểu thức thế chắn tựa Yukawa 
cũng được tính toán để làm cơ sở phát triển cho trường hợp có trường ngoài. 

Từ khóa: bán dẫn đơn lớp, exciton, năng lượng, phương pháp toán tử FK, phương trình 
Schrödinger, thế màn chắn.   

 
1. Introduction 

Thanks to experimental achievements in growing two-dimensional semiconductor 
systems such as monolayer transition metal dichacogenides (TMDs), exciton in two-
dimensional semiconductor becomes an interesting researched object because the main 
optical transitions in this semiconductor system is forming excitons. These researches 
provide information for explaining physics nature as well as for applying in optical and 
electronic devices of TMDs [1-2]. 

In the previous works [3-5], the FK Operator Method (FK-OM) [6, 7] was applied to 
finding exact solutions (energies and wavefunctions) for the Schrödinger equation of a 
two-dimensional exciton in a magnetic field, in which exciton is considered an isolated 

                                                
* Email: ngoctramhd@gmail.com 



TẠP CHÍ KHOA HỌC - Trường ĐHSP TPHCM Tập 14, Số 9 (2017): 43-50 

 

44 

system. The Levi-Civita transformation is used to transform the problem under 
investigation into the one of an anharmonic oscillator. The energies (and wavefunctions) 
for any states corresponding to arbitrary intensity of magnetic field with the precision up to 
20 decimal places were obtained. In addition, highly accurate asymptotic solutions for the 
ground state and some excited states were also given.   

However, recent works show that effect of surrounding environment on energy 
spectrum cannot be neglected when explaining experimental data. In the work [8], the 
authors showed that theoretical calculations for the ground state energy of exciton in 
monolayer semiconductor WS2 when neglecting the environmental effect is 1 eV, while 
corresponding experimental result is 0.32 eV. This difference is regulated by taken into 
account of screening effect of surrounding electrons on Coulomb interaction between the 
hole and the electron in exciton which described by the variation of dielectric constant. In 
addition, the author used the formula of screening Coulomb potential suggested by 
Keldysh [9] for explaining obtained experimental result. Thus, experimental result can be 
explained by considering environmental effect via screening Coulomb potential when 
calculating theoretically.   

For the goal of developing the FK-OM for obtaining exact solutions which 
appropriates with experimental results, considering screening effect is essential. However, 
the formula of Keldysh screening potential is too complicated to apply the FK-OM to the 
problem and develop for more complex physics system. In the work [10], the FK-OM was 
used to calculate energy of two-dimensional exciton with taken into account of 
environment effect under the form of Yukawa screening potential [11]. However, only 
theoretical results were given without comparing with experimental data. For developing 
previous researches, in this work, we modify the Yukawa screening potential in order to 
appropriate with the curve of Keldysh screening potential and still keep the convenient 
form for calculation. Then, the FK-OM combined with the Levi-Civita transformation [7] 
is applied to find energy of two-dimensional exciton under screening effect and retrieve 
screening parameter by comparing the obtained results with experimental data.   

The paper is presented in following structure: first is an introduction; then the 
Yukawa-like potential modified to appropriate with the Keldysh potential is given; after 
that, the FK-OM combined with the Levi-Civita transformation is applied to two-
dimensional exciton in screening potential; results and discussion is also presented; finally 
is conclusion. 
2. The Yukawa-like screening potential 

In the work [9], Keldysh suggests the screening potential under the form: 
2

0 0
0 0 02K

e r rV H Y
r r r

     
      

    
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in which  0H x  and  0Y x  are Struve and second kind Bessel functions, respectively; 0r  

is screening distance characterizing for the semiconductor, values of 0r  are determined by 

fitting theoretical results and experimental data. The Keldysh screening potential is used in 
theoretical calculation to explain experimental energy of a two-dimensional exciton in 
monolayer semiconductor WS2 [8].  

In the work [10], the FK-OM is applied to the problem of two-dimensional exciton in 
a magnetic field with the presence of the well-known Yukawa screening potential:  

 exp
Y

r
V

r


  , (2) 

in which   is screening potential characterizing for environmental effect.  
The Yukawa screening potential has a much simpler form than the Keldysh potential 

form, so it is convenient for using in calculating. However, this potential is not exact 
enough to explain experimental results. From the expression of the Yukawa screening 
potential and the asymptotic behaviors of Keldysh screening potential, we suggest the 
Yukawa-like screening potential as follow 

 exp r
V

r
  




 , (3) 

in which ,   and   are parameters for regulating the curve of potential. In the work [8], 

the screening distance value in (1) is 
o

0 75Ar  . Fitting the functions (1) and (3) by using 

the least square method and fixed the curves at two points *
1 0.5 or a  and *

2 9.5 or a  which 

is the boundary of the effective zone of screening potential [8], in which *
oa  is effective 

Borh radius of exciton in two-dimensional semiconductor. Corresponding to the screening 

distance 
o

0 75Ar   in formula (1), we obtain the parameters in the Yukawa-like screening 
potential in the formula (3) are 0.636509, 0.670462    and 0.174423  . At that 
time, the relative error between the two curves is below 6.5% (see Fig. 1). However, these 
values are just for illustrating the ability of replacement the Keldysh potential by the 
Yukawa-like potential. Experimental values of these parameters will be determined in the 
next part when we fitting the theoretical results with experimental data [8]. 
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Fig. 1. Comparing Keldysh screening potential KV  (solid curves) and the Yukawa-like 

screening potential fitted using least square (dashed curves), the two curves have similar 
shape and the relative error is below 6.5%. 
 

3. The FK-OM for two- dimensional exciton with screening potential 
In the previous works [3-5], the Schrödinger equation for a two-dimensional exciton 

in a magnetic field in the space ( , )x y  is transformed into the Schrödinger equation for a 
two-dimensional anharmonic oscillator in the space ( , )u v which is convenient for algebraic 

calculation by using the Levi-Civita transformation: . Similarly, in 
this work, the Schrödinger equation for a two-dimensional exciton with the presence of the 
Yukawa-like screening potential is rewritten in the two-dimensional space  ( , )u v  as 
follows: 

 , 0H u v  , (4) 

 
2 2

2 2

1 ( ) exp .
8

2 2 2 2H E u v u v
u v

  
                 

  (5) 

Here, the notations and units are the same to the work [3]. 
For finding the solutions of equation (4)-(5), we use the FK-OM with the process 

described in the work [3]. There is only one difference that the term of Coulomb 
interaction in [3] is replaced by the term of the Yukawa-like screening potential  

 ˆ exp 2 2
YukS u v         (6) 

which can be easily represented in the algebraic form for applying the FK-OM [4]. 
Here, we remind the main idea of the FK-OM which is similar to the perturbation 

theory: the Hamiltonian is divided into two parts, in which the main part is an operator 
having exact analytical solutions; these eigenfunctions become the basic set of 
wavefunctions. When applying the FK-OM for problems of two-dimensional atomic 
system, thanks to the Levi-Civita transformation, the Schrödinger equation for two-
dimensional atomic system in the space ( , )x y  is rewritten under the form of the 
Schrödinger equation of a two-dimensional anharmonic oscillator in the space ( , )u v  [3, 7]. 
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Therefore, the basic set is chosen as the set of eigenfunctions of two-dimensional harmonic 
oscillator in the space ( , )u v  with the frequency of   being considered a free parameter. 
The total Hamiltonian of the problem does not depend on this parameter while the two 
separated parts of Hamiltonian depend on it. Thus, we can regulate the value of   in order 
that the main part becomes much larger than the perturbative part to increase the 
convergent rate [3]. 

The zeroth order approximate energy corresponding to the basic set of two-
dimensional harmonic oscillator wavefunctions  n m as follow:  

 
2

(0) 2
02 1

2 2 , ,
2 2 1 (2 1)( 1)nm nE F n m

n n
  


   

  
,   (7)  

with
2





  ; ),,(0 xmnF  is hypergeometric function defined as follow: 





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k

k
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)!()!(!);1;,(),,( .      

From the condition that the exact solutions of the problem do not depend on the value of 
the free parameter , we can rewritten the expression describing this condition at the 
zeroth-order approximation as follow  

0
)0(





nmE

 (8) 

for determining value of  . 
Higher order approximate solutions can be obtained by using the perturbation theory 

scheme via the two following equations [3]: 
( )

,( )

( )

,

n s
R s R
nn k nk
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n n s

s
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k m k n
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E

R C R



 



 









.    (9) 

 ( 1) ( ) ( 1)

, ,

n s
R s s s R
jk k nj nj

k m k n k j
H E C R E H


 

  

   , (10) 

in which , 1, , 1, 1, ,j m m n n n s       and non-zero matrix elements of 

Hamiltonian are: 
2

2 2
3(2 1) (2 1)(5 5 3 3 )

4 4 32
R
nn nn
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2
2 2 2 2

, 2 , 23

3 (2 3) ( 1) ( 2)
64

R
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


  
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

  
  (12) 

and 2 1( ) ( )
2nn
nR n m R n m



  , 2 2
, 1

1( ) 1( ) ( 1)
2n nR n m R n m n m
       . (13) 

By using symmetric property R R
nk knH H  , we can find out other non-zero matrix elements. 

4. Results and discussion 
By using the scheme (9)-(10) and the matrix elements (11)-(13), we program on the 

language of FORTRAN 77 to build a code for calculating exact numerical solution of the 
problem. This program allows calculate energy and wavefunction for any states with the 
precision of up to 20 decimal places. The parameters in the expression of the Yukawa-like 
screening potential (3) are chosen in order that obtained energies fitted with experimental 
data in [8]. The results show that with 0.754095, 0.680177   and 0.163479  , 
theoretical results agree with experimental data. In the Table 1, we show the values of 
theoretically calculated energies and experimental ones. Here, the experiment energies 
have the precision of only two decimal places with a measurement error, so the two results 
are considered agreed when the theoretical values is in the range of significant values of 
experimental data. In addition, notice that the screening effect decreases its influence for 
high excited states; we can see that the theoretical and experimental values agree well in 
the 1s and 2s state. The small difference between theoretical and experimental values can 
be explain that the sample in experimental was supported by SiO2 while theoretically 
calculated binding energies for ideal, isolated samples ("floating in vacuum"). 

Although having simple form, the Yukawa-like screening potential allows describing 
environmental effect on binding energy of exciton in monolayer WS2. The process of the 
FK-OM for the problem under investigation still remains the same as in the work [3]; the 
calculation is applied to concrete system of WS2 but can be applied for similar monolayer 
semiconductor. Therefore, the FK-OM can be applied to investigate various similar 
systems and can be developed for more complex two dimensional atomic systems such as 
considering the presence of external field or applying to charged exciton. 
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Table 1. Comparing experimental binding energies of exciton in monolayer semiconductor 
WS2 [8] and theoretical ones by using the FK-OM with taken into account of Yukawa-like 
screening potential. These results agree with each other 
 Theory Experiment 
 

 *2Ry =0.16Ry

bindingE
 

 eV
bindingE

 
 2.41eVgap

n gap binding

E

E E E



 
  eV

nE
 

1s 0.073998 0.322039296 2.088 2.088 ± 0.01 
2s 0.032911 0.143228672 2.266 2.25   ± 0.01 
3s 0.018011 0.078383872 2.331 2.308 ± 0.01 
4s 0.011313 0.049234176 2.360 2.34   ± 0.02 
5s 0.075167 0.032712678 2.375 2.368 ± 0.02 

 
5. Conclusion: 

In this work, effect of environment can be described by the simple expression of the 
Yukawa-like screening potential which allows applying the FK-OM to find the binding 
energy of a two-dimensional exciton in monolayer WS2. Although the problem under 
investigation is more complex and more reality than previous problems without 
considering screening effect, the calculation by the FK-OM still remains the same process. 
The obtained energies coincide with experimental data. This result is also a foundation for 
developing the FK-OM for more complex two dimensional atomic systems with taken into 
account of screening effect. 
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