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TOM TAT

Anh xa nghich ddo dwoc nghién cizu va sir dung nhiéu trong toan hoc. Bdc biét né dwoc img
dung nhiéu trong céng nghé thdng tin va céc thiét bi dién tir. Bai bao nay nghién citu vé su ton tai
ciia mgt ham anh xa nghich dao trong 1an cdn ciia mét diém suy bién véi dé tron yéu. Ban dau, ching
t6i xem xét anh xa f lién tuc tai mar diém suy bién, ma cu thé tai khéng diém khi dao ham bdc nhat
tai d6 bang khong va ton tai dao ham bdc hai cling vdi gid thiét &nh Xa dé cé s suy yéu vé dg tron,
thi chang ti chitng minh dwoc lubn ton tai mét anh xa nghich dao. Tir d6, chiing téi xdy dung va
chitng minh durot sw ton tai cia &nh xa nghich ddao trong triong hop khi dao ham bdc nhat tai mét
diém suy bién da cho véi su suy yéu vé dg tron cua &nh xa do.

Tir khoa: Brouwer; diém bt thuong; ham nghich dao; &nh xa nghich dao; anh xa bac hai; do
tron yéu

1. Giéithiéu

Anh xa nghich dao (inverse mapping) con goi 1a &nh xa nguoc, né dwoc sir dung nhiéu
trong toan hoc ng dung va duoc tng dung nhiéu trong cdng nghé thdng tin mot cach rat rd
nét, nhu: trong 1ap trinh dd hoa may tinh, 4nh xa nghich dao duogc sir dung lam ki thuat dé
t6 chtrc ban d6 2D va 3D véi anh xa két cdu (texture mapping); con trong mang may tinh,
ngudi ta lai sir dung anh xa nguoc trong ki thuat quét mang dé thu thap thong tin dia chi IP
khong hoat dong dé xac dinh xem dija chi IP nao dang hoat dong va duoc lién két voi may
chu (Talukda, 2020).

L{ thuyét &nh xa nghich dao cé dién phét biéu rang, néu dao ham cua mét &nh xa lién
tuc f:R" > R" & diém 0 thuoc R" khong suy bién, f(0)=0 thi véi batki yeR* dinho
ton tai mot nghiém X =R(y) cua phuong trinh f (X)=y, hon nita 4nh xa R lién tuc tai

khong diém (zero). Ngoai ra, néu f kha vi lién tuc thi R lién tuc.

Cite this article as: Vu Thi Phuong, & Le Anh Nhat (2021). Build an inverse function in a neighbourhood

of an abnormal point under weak smoothness assumptions. Ho Chi Minh City University of Education Journal
of Science, 18(6), 1076-1084.
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Trong trudng hop f '(0) suy bién thi diéu kién du dé mé rong phuong trinh di dugc
dua ra trong bai bao cua A. V. Arutyunov (Arutyunov, 2006), trong bai bao do, tac gia da
chi ra két qua trong truong hop f '(0) = 0. Cho mot &nh xa f i R" — R* kha vi lién tuc hai
lan trong viing 1an can cua khong diém, f(0) =0 sao cho f '(0) =0. Néu tdn tai mot vécto
veR" sao cho f"(0)[v,v]=0 va f"(0).[v,R"]=R" thi ton tai mot 1an can V tai khong
diém, mot anh xa lién tuc R:V — R" va mot hing sé C sao cho:

(i) f[R(X)]=x, VxeV;
(i) R(0)=0;
(iii) |R(X)|<CyJ|¥, WxeV.

Trong bai b4o nay, chiing t6i s& nghién ctru sy tn tai cuia &nh xa nghich dao duogc khao
st trong truong hop f'(0) =0. Nhu da néu ¢ trén, nhung véi gia thiét suy yéu vé do tron
cua anh xa f , chling toi s& xay dung mot dinh Ii vé& anh xa nghich dao dwoc ap dung cho
bai toan anh xa nguoc.

2. N§idung
2.1. Céc kién thire co ban
Dinh nghia 1. (Nguyen, Phi, & Nong, 2003) Cho V, R la hai khdng gian tuyén tinh thuc.
Ta co cac dinh nghia sau:
1) Anh xg f :V xV — R dwoc goi 1a song tuyén tinh trén V néu:

(i) FOx+X%,u)=f(x,u)+ f(x,u), FOxu +u,)=f(xu)+ f(xu,);

(i) f(kx,u) =kf (x,u) = f(x,ku),
vai moi X, X, X,,U,U;,U, thugc V va k eR.

2) Dang song tuyén tinh f duwroc goi la doi xirng néu:

f(x,u)=f(u,x), vx,ueV.

3) Anhxa f:V xV — R duoc goi 1a song tuyén tinh ddi xing, thi anh xga

f:VoRx— f(x)=f[xXx], xeV

dieoC goi 1 bdc hai, twong 1¥ng véi mét &nh xa doi xing song tuyén tinh f :V xV — R. Anh
ciia diém x eV duwdi anh xa bdc hai ki hiéu 1a f(x), anh cia diém (x,u) eV xR duwdi &nh xa
song tuyén tinh ki hiéu f(x,u).
Bé dé 1. Cho f:V — R laanh xg bdc hai, khi do:

(i) f(x—u,x+u)=f(x,x)— f(u,u);

(i) f(x+u,x+u)=f(x,x)+2f(x,u)+ f(u,u);

(iii) f(kx)=k*f(x),
v6ibatki x,ueV va vk eR.
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Chitng minh. Do f 14 anh xa bac hai nén anh xa f :V — R vira |a song tuyén tinh
vira 1a ddi xing, nén ta 4p dung dinh nghia 1, ta co:
(i) f(x—u,x+u)=f(x,x+u)— f(u,x+u)
= £, )+ FOqu) [ f (U, %)+ f(u,u)]
= f(x,x)—= f(u,u);

(i) f(x+u,x+u)= f(x,x+u)+ f(u,x+u)
=f(x,x)+ f(x,u)+ f(u,x)+ f (u,u)
=f(x,x)+2f(x,u)+ f(u,u);

(iii) T (kx) = f (kx, kx) = kf (x,kx) =k*f (x, X) = k> (X). 0
Dinh nghia 2. Vécto veR dwoc goi 1a khéng diém chinh quy cua anh xa bdc hai

f:R">R“néu f(v,v)=0 va f(v,R")=R"
Nhdn xét:

a. Bat ki anh xa bac hai f :R" — R" khong c6 khong diém chinh quy. That vay, véi mdi
vécto v=0 co dang thac f(v,R")=R" . Do d6, dimf(v,R")=n . Ngoai ra,
dim f(v,R")+dimker f(v,e)=n, thi ker(v,R")={0}. C6 nghia 1a f(v)= f(v,v)=0. Vi
vay, anh xa f khong ton tai khong diém chinh quy.

b. Anh xa dang bac hai f:R" >R, véi n>1va f(R")=R ludn ton tai khong diém
chinh quy v. That vay, véi anh xa bac hai f duoc biét dén duéi dang chinh tic:

f(x)= ikixf, VX = (X, Xpyeey X ) € R

Néu k >0, i=12,...n thi f(x)>0 véi VxeR", didu ndy mau thuan véi gia dinh

f(R")=R.Vithé tontai i, j=1,2,...,n Véi i< j saocho k >0, k; <0.

Chon v=(0,0,...0, k.00 i/ |.0..,0) K a6
f0) =k (k) +k, (\/JM)Z oy

Ngoai ra f(x,)=(kx, kX,,...k X ), ¥xeR, hay

EEERATA™

f(x.):[oo 0% 0.5 o O]?&O
7| S0 O O O

Do f(v,R")=R, thé nén f(v)=0, vi vay v la khong diém chinh quy cua anh xa
dang bac hai f .
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2.2. Dgo ham va vi phan
Dinh nghia 3. (Nguyen, & Nguyen, 2018) Cho anh xg f :R" —R* va d@iém x, € R". Anh
xa f goi la kha vi Fréchet tai diém x, néu c6 mgt toan tiz tuyén tinh T': R” — R* va &nh xa
g:R" > R* sao cho f(x,+&)=f(x,)+T(e)+g(e) va g(g)/e >0 néu ¢ —0. Toan tir
tuyén tinh T duwoe xde dinh duy nhdt va dwroc goi la dao ham Frechet cia anh xa f tai diém
X, va ki higu la '(x;).

Cho f(X) =(fl(x), f,(X), .., fk(X)), ma tran toan tir tuyén tinh f'(X,) duoc xac dinh
boi dang thire

of (%)  Of(x%) . Ih(X)
OX, OX, 0X,
o, (%)  of(x)  f(X)
f'(x)=| ox OX, OX,

of, (%) (X)) . (%)

0X, OX, OX,,
Néu &nh xa f kha vi tai diém X, va ton tai 4nh xa bac hai f:R" —R* va anh xa
¢9:R" >R* sao cho f(x,+&)=f(x)+ef '(xo)+¥+(p(v) va go(v)/|v|2 —0 néu

v—0.Anhxa f duoc goi la kha vi hai lan tai diém X,, con anh xa bac hai f (x,x) duoc
goi 1a dao ham bdc hai ciia anh xa f tai diém X, va ki hieu "(x,).
Bo dé 2. Cho anh xg bdc hai f:V > R. Khi dé f'(x)=2f(x.), f"(X)=2f, véi moi
xeV.
Chizng minh. Vé&i Wx eV chung ta c6:
f(x+&)—f(X)=f(X+&,x+&)—F(X,x)=2F(x,&)+ f(g,g):Zf(x,g)+%2f(g,g).

Vivay, f'(x)=2f(x,) va f"(x)=2f. O

2.3. Ham nghjch ddo trong ving 1an cén cdc diém théng thwong

Dinh Ii 1 (Nguyén |i diém bat déng Brouwer). (Hoang, 2003) Cho X < R" la tdp hop
compact 16i khéng rong, anh xa f : X — X lién tuc. Khi dé, ton tai diém x e X sao cho

x= f(x).
Dbinh li 2. (Arutyunov, Magaril-llyaev, & Tikhomirov, 2006) Cho anh xg f:R" — R" lién
tuc trén mét 1an cdn cua khéng diém, kha Vi tai khéng diém, f(0) =0 va diéu kién chinh quy
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f'(0).R" = R* duoc théa man. Khi d6 ton tai V < R¥ 1an cdn cia khéng diém, mt hing
s6 C>0 vaanhxg R:V — R" sao cho:

() fIRWMI=y, vyeV;

(i) R(0)=0;

(iii) [R(y)| <Cly|, vy eV.
Dinh li 3. (Spivak, 1995) Cho anh xg f:R" — RR¥ Kkhd vi lién tuc trén mét 1an cdn cua khéng
diém, f(0)=0 va diéu kién chinh quy f'(0).R" —>R* duwoc théa man. Khi dé ton tai
V < R* 1an cdn cua khéng diém, mgthang sé C >0 vamgt anh xg liéntuc R:V — R" sao
cho:

() fIRWMI=y, VyeV;

(i) R(0)=0;

(i) [R(y)| <Cly|, vy eV.
B4 dé 3. Néu mét anh xa bac hai f :R" — R trén mét 1an cdn v ciia khéng diém thi tén tai
mét anh xa lién tuc R:R* — R" va hang sé C >0 sao cho:

@) fIRWI=y, VyeR",

(i) R(0) =0;

(iii) [Ry)|<Cyfly|, vy e RX.

Cheing minh. Chdng ta c6

e Do f(v,v)=0 nén f(v)=0;

e f khavi lién tuc trong cac ving lan can diém v;

o f'(V)R"=R" baivi f'(v)=2f(v,) va f(v,R")=R"

Theo Dinh Ii 3, ton tai V < R* 1an can ciia khong diém, hang sé C, >0 va anh xa lién

tuc P:V — R" sao cho:

(i) fIPWI=y, VyeV;

(i) P(0) =0;

(iii) |P(y)—V|<Cyy/ly], Wy eV.
Tir quan heé (iii) o trén, ta c6 |P(y)|—|V[<|P(Y)-V|<C,ly| va [P(Y)|<Cply|+]v| vei
vyeV.
Chung ta s& xay dung &nh xa can thiét R. Chon & >0 sao cho & la lan can cua khéng
diém va seV. V6i VyeR", y=0, ching ta c6 ye/(2]y])eV. Do d6, énh xa
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R:R" > R" duge xic dinh: R(y)=0 néu y=0 va R(y) =4/2|y|/P(yz/(2]y])) trong
cac trueong hop con lai.
Chiing ta chung minh rang f[R(y)]=y. Dat A(y)=4/2|y|/¢ thi
FIRWI= T {AP[ye/(2v) ]} =22 f {P[ye/(2ly]) ]} = 2 ve/(2ly)) =,

véi Yy € R*. Do d6, khing dinh (i) ciia B d 4 1a dtng.
Bing cach chimg minh tuong tu, phét biéu (i) caa bo dé 4 1a dang. Dudi day sé ching
minh khang dinh (iii) cua B6 dé 4.

Néu y =0 chiing ta c6 [R(0)| =0<C, 0] véi VC, >0.

Néu y =0 ching ta c6
2|y ye] 2y [ | ve]
P < C +\v| [=C4/|V|s
e ) -

v6i C=+/2/ & (|v|+Cye/2). Nhu vay, phat biéu (iii) cua B6 dé 4 da dugc ching minh,

IR(y)|=

Ngoai ra, ching ta thay rang tinh lién tuc ciia R tai khong diém tuan theo phét biéu
(iii) cua bo dé 4. Con tinh lién tuc cua R tai cac diém y = 0 xuat phat tir thuc té rang R 14
mot thanh phan caa cac &nh xa lién tuc. 0
2.4. Ham nghjch ddo trong ving 1an cdn cdc diém bt thwong
Tur nhitng két qua trén, chdng ta s& thiét 1ap mot dinh 1i vé ham nghich dao trong viing
lan can ciia mot diém bat thuong.
Pinhli4.Choéanhxg f:R"— R va f (0)=0, gid stz rang &nh xg f lién tuc trén mét 1an
cdn cua khéng diém, hai lan kha vi tai khéng diém, f'(0)=0, anh xg bdc hai f "(0) c6
khéng diém chinh quy. Khi dé ton tai V. < R* ¢ 1an cdn tai khéng diém, hang s6 C, >0 va
anh xa P:V — R" sao cho:
() f[P(Y]=y, VyeV;
(i) P(0)=0;
(iii) [P(y)| <Coy/ly|, Wy eV.
Chitng minh. Vianh xa f hai 1an kha vi tai khong diém va lién tyc trén 1an can khong
diém, chdng ta co:

f(x)=f(0)+f '(O)x+% f"(0)(x,x) +(x), VxeR",

trong do (/)(X)/|X|2 —0 néu x—>0.
bit G:= f "(0)/2, trong cac mdi lién hé f(0)=0 va f'(0) =0 thu duoc
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f(X)=G(X)+p(x), VxeR",
Anh xa bac hai G c6 khong diém chinh quy v. Tir B6 dé 3 ton tai anh xa lién tuc
P:R* - R" vahing sb £ >0 sao cho:
(i) GIP(Y)] =Y, vy eR";
(i) P(0)=0;
(iii) [P(y)| < Byly]. Wy e R".

Déi vsi y € R*, xét phuong trinh

f(x)=y, 1)
véi X chua biét, nd twong duong véi phuong trinh
G(X)+e(x) =Y. )
Dé khao sat phuong trinh (1) va (2), ta xét phuong trinh:
x=P(y—¢(x)). @)

Néu x la nghiém caa phuong trinh (3) thi X 1a nghiém cua phuong trinh (1) va (2).
That vay, tir phuong trinh (3) thay raing G(x) = G(P(y —¢(x)). Ma G[P(y)]=y ddi véi moi

y € R* thi G(X) = y—¢(x). Vivay, x 1a mot nghiém caa phuong trinh (1) va (2).

Cho sé duong tlly y C, <1/ 8. Vi ¢(x)/|x|" =0 khi x — 0, nén ton tai sé & sao cho
lp(x)| < C? |x|2 , VX e 6B, véi B 1amot khong gian hinh cau kin trong R" véi tm ¢ khdng
diém va ban kinh don vi.

Péi voi moi ye(5/8-Co) B, dat r(y):=\[y|/(1/ f~C,). Xét 4&nh xa
p:r(y)B—>R", xac dinh theo cong thirc

p(x) =P(y—¢(x)), Vxer(y)B.

Néu x e r(y)B thi
/ 515-CsY

1//3 c 1/ B-C,

Vi |(p(x)| <C/ |X| va nd c6 nghia:

P(y =00 < By = 2(0)| < BTy [+1 000 < BT [+ lp(0)]) <
22 C1 \/_
T e B e B et
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Khi d6 4nh xa p s& bién r(y)B thanh chinh né. Trong khong gian R", tap r(y)B la
tap compact 16i. Theo nguyén Ii diém bat dong Brouwer, c6 mot diém x e R(y) 1a nghiém
cua phuong trinh (3). Do d6 R(y) la nghiém cua phuong trinh (1).

Vi vay, ton tai mot 1an can V =6? (1/,B—Cl)2 B —R* cua khong diém va anh xa
P:V > R" saocho f[P(y)]=y, VyeV.Taco x(y)er(y)B, vivay

_ _ Ay
IP(y)|=|x(y)|<r(y) = m

Tadit C:=(1/ B—C,) ", thi |P(y)|<C,[ly] véi Wy eV . Hiénnhien P©)=0. O
3.  Kétluan

Tai mot diém bat thuong, ma cu thé da duoc trinh bay & trén 12 tai khong diém va dudi
cac gia thiét suy yéu vé do tron ctia anh xa f thi ton tai mot anh xa nghich dao. Vi tinh chét
kha Vi va sy ton tai ctua cac khong diém chinh quy khong thay doi theo su thay doi cia cac
bién, nén dinh 1i vé anh xa nghich dao c6 thé dugc xay dung nhu sau:

Cho anh xg f:R" = R" lién tuc rrong cdc diém 1an cgn X, € R", kha vi hai lan tgi
diém Xy, f'(%)=0,3veR": f"(x,)(v,v) =0 va f"(x,)(v,R")=R". Khi d6 ton tai 1an cdn
V < R* ciia diém Y, = f(X,), anh xg P:V — R" va hang sé C >0 sao cho:

() f[P(]=y, VyeV;
(i) P(Yo) =%

(i) [P(y)—Xo| <Cly—Yo|, ¥y eV.

< Tuyén bé vé quyén loi: Cac tac gid xac nhan hoan toan khéng c6 xung dét vé quyén loi.
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ABSTRACT

Inverse mapping has been studied and used extensively in mathematics. Especially, it is also
widely accepted in information technology and electromagnetic devices. This article studies an
existence of an inverse mapping function in the neighbourhood of a degenerate point under weak
smoothness assumptions. Initially, a continuous map x is regarded at the degenerate point,
specifically at zero points, when the first derivative is zero and exists the second derivative with an
assumption that the map has weakened smoothness. We then prove that there exists an inverse
mapping. From there, we develop and prove the existence of an inverse mapping when the first
derivative at a given degenerate point with the weak smoothness of that mapping.

Keywords: Brouwer; degenerate point; inverse function; inverse mapping; quadratic map;
reverse mapping; weak smoothness
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