] wie e VAP CHIi KHOA HQC HO CHI MINH CITY UNIVERSITY OF EDUCATION
@( SP ] TRUONG DAl HOC SU’ PHAM TP HO CHi MINH JOURNAL OF SCIENCE
TP. HO CHI MINH
Tap 18, S6 6 (2021): 1071-1075 Vol. 18, No. 6 (2021): 1071-1075
ISSN:
2734-9918 Website: http://journal.hcmue.edu.vn

Bai bao nghién ctru
PAC TRUNG CUA VANH NOETHER VA ARTIN
Mai Duy Tan
Trwong Pai hoc Khoa hoc Tie nhién, Pai hoc Quac gia Thanh phd Hé Chi Minh, Viét Nam
Téc gia lién hé: Mai Duy Tan — Email: maiduytan020492@gmail.com
Ngay nhdn bai: 14-3-2021; ngay nhdn bai swa: 27-5-2021; ngay duyér dang: 09-6-2021

TOM TAT

Trong nhitng nim gan ddy, viéc md ta vanh thong qua lép médun hiru han sinh dang thu hit
g nhiéu s chll Y Ciia cdc nha dai s6. Cho R 1a mét vanh, bai bao nay nham chizng minh rang: R
la vanh noether (twong ing artin) phdi néu va chi néu moi R-médun sinh béi 2 phan tir la médun
noether (twong ing artin) hodc médun ADS. Sir dung Két qua nay, ching téi da chimg minh dwoc
rang: mét vanh R 14 niza don néu va chi néu moi R-médun sinh béi 2 phan tir 1a ADS. Bén canh dé,
ching toi con ching minh rang: vanh R 1a SC phdi néu va chi néu moi R-médun phdi sinh béi 2 phan
ti 1a ADS. Két qua nay 1a mét mé réng cia mgr dinh i cia Rizvi: mét vanh R 1a SC phdi néu va chi
néu moi R-médun phdi hitu han sinh 12 tya lién tuc.

Tar khoa: artin; modun; noether; vanh

1.  Mé dau

Trong bai béo nay, vanh dugc hiéu 13 vanh c6 don vi va moédun 1a médun phai. Binh
Ii ni tiéng cuia Osofsky da chi ra rang: Mot vanh R 1a nira don khi va chi khi moi R-modun
cyclic lanoi xa (Nguyen, Dinh, Smith, & Wisbauer, 1994). Sau d6, Huynh va Rizvi da chiing
minh duoc rang: Mot vanh R 1a noether phai néu va chi néu moi R-méddun cyclic 1a tong truc
tiép cia mot modun xa anh va mot modun Q, trong d6 Q 1a mot modun ndi xa hoic mot
modun noether (Dinh, & Rizvi, 2008). Pugc thiic day baoi két qua nay, bai bao s& chung
minh cac két qua sau: mot vanh R 13 noether (twong Gng artin) phai néu va chi néu moi
R-modun sinh boi 2 phan tir 14 mddun noether (twong tng artin) hoic médun ADS. Nam
1990, Rizvi va Yousif (Rizvi, & Yousif, 1990) di dua ra dinh nghia vé vanh SC phai va
ching minh dwoc rang: Mot vanh R 1a SC phai khi va chi khi moi R-médun ki di hitu han
sinh 14 twa lién tyc. Trong bai béo nay, ching t6i mé rong két qua cua Rizvi bang dinh Ii:
M6t vanh R 12 SC phai néu va chi néu moi R-médun ki di sinh bai 2 phan tu 1a ADS.
2. Kién thirc chuin bi

Cho R 1a mét vanh va M 1a mot R-moédun va N < K 1a modun con cua M. Modun N

duoc goi 1a cot yeu trong K, hay K 1a mot mo réng cot yéu cua N, ki hi¢u N <, K, néu véi
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moi moédun con L ctia Ksao cho NnL=0 thi L=0. Modun con C cua M dugc goi la
dong (trong M) néu C khong c6 md rong cot yéu thuce sy trong M, nghia lanéu téntai T <M
sao cho C cbt yéu trong T thi C=T. Cho N 1a m6t mdédun con ctia médun M. Mot médun H
cia M duoc goi 1a phan bi ciia N (trong M) néu H 1a mddun t6i dai (theo quan hé bao ham)
sao cho N H =0. Mot mddun K ctia M duoc goi 1a bl (trong M) néu ton tai modun con
N cuia M sao cho K 13 phan bu cua N trong M. Khai niém médun ADS duoc d& xuét 1an dau
tién bai Fuchs (Fuchs, 1970). Tir d6 dén nay, moédun ADS d3 dugc nghién ciru boi nhidu
nha dai s, ching han (Alahmadi, Jain, & Leroy, 2012), (Burgess, & Raphael, 1992). Mot
R-modun M dugc goi 1a ADS néu véi mdi phan tich M =S®T va vdi moi phﬁn bu T’ cia
Strong Mtaco M=S®T"'. Ddc gia co thé xem thém vé modun ADS trong (Alahmadi,
Jain, & Leroy, 2012).

Cho I va M la cac R-modun, I duge goi 1a M-ndi xa néu v6i moi don cau g: K — M
va v6i moi dong cdu h: K —U ton tai mot dong cau h':M —U sao cho h=h'>g. Mot
modun M dugce goi 1a noi xa néu M la Rk -n0i xa, tira noi xa néu M la M-ndi xa. Moédun M
duogc goi la CS néu moi moédun con dong cuia M déu 1a hang tir truc tiép cua M. Mot modun
CS M dugc goi 1a bdn lién tuc néu téng truc tiép cua hai hang tir tryc tiép cua M la mdt hang
tlr truc tiép cta M, lién tuc néu moi modun con dfmg cAu v6i mot hang tir truc tiép cuaM la
mot hang tir tryc tiép ctia M. Poc gia c6 thé tham khao thém vé modun CS trong (Nguyen,
Dinh, Smith, & Wisbauer, 1994). Mét cach téng quat ta c6 so dd sau: nira don/ndi xa = tua
ndi xa = lién tyc = tya lién tuyc = ADS/CS. Chiéu nguoc lai néi chung khong diing. Hang
tr truc tiép ctia modun ADS (twong tng CS/tya nodi xa/lién tuc/tya lién tuc) 1a ADS (tuwong
ung CS/tua ndi xa/lién tuc/tua lién tuc).

Téng cua tit ca cac moédun con don ctia mot moédun M 1a duge goi la dé cuia M, ki hiéu
13 soc(M). Médun M duoc goi 13 nhiing hitu han néu soc(M) 13 hiru han sinh va cdt yéu trong
M. Modun M duoc goi la co chiéu déu hitu han néu khong tdn tai mot téng truc tiép vO han
cac mddun con khac khong cua M. Dé dang chimg minh dugc cac mddun noether, artin,
nhing hiru han ¢6 chiéu déu hiru han.

3.  Cackét qua chinh
3.1. Dinhli

Mot vanh R la noether phdi khi va chi khi moi R-médun sinh boi 2 phan tir la médun
noether hodc ADS.

Chizng minh. Gia st R la mot vanh noether phai. Khi d6 moi R-mdédun hiru han sinh
1a noether. Do d6 ta c6 chiéu thuan. Gia st moi R-modun sinh bgi 2 phan tir 1a modun noether
hoic ADS. Liy M la mot R-mddun cyclic. Khi 6 T=M @R 13 mot R-modun sinh boi 2
phan ti. Theo gia thiét, T la noether hoic ADS. Néu T 1a mddun noether thi M ciing 13
modun noether. Néu T 1a modun ADS thi M 1a R-ndi xa (Alahmadi, Jain, & Leroy, 2012).
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Do d6 moi R-modun cyclic 1a noether hoac noi xa. Suy ra R la vanh noether phai (Dinh, &
Rizvi, 2008).
3.2. Dinhli

Mot vanh R la artin khi va chi khi moi R-modun sinh boi thdn tir la nhung hitu han
hodc ADS.

Chizng minh. Gia s R 1a mot vanh artin. Khi d6 moi R-mo6dun hitu han sinh la artin.
Do d6, ta c¢6 chiéu thuan. Gia st moi R-médun sinh boi 2 phan tir 1a nhiing hiru han hozc
ADS. Liy N 1a mot R-médun cyclic va M 1a mét médun thuong cia mot médun con cyclic
cia N. Pat T =M @R, theo gia thiét, T 1a moédun nhing hitu han hoic ADS. Néu T la
modun nhiing hiru han thi T ¢6 chiéu déu hiru han, do d6 M ciing c¢6 chiéu déu hiru han. Néu
T 1a moédun ADS thi M 1a ndi xa (Alahmadi, Jain, & Leroy, 2012). Nhu vay, moi médun
thuong cia mdi moédun con cyclic cua N 1a ndi xa hodc ¢é chiéu déu hitu han. Do d6, moi
modun thuong ctia N ¢ chiéu déu hitu han (Nguyen, Generalized injectivity and chain
conditions, 1992).

Néu moi modun thuong khac 0 cua N chira mot modun con don thi N 1a modun artin
(Shock, 1974). Gia str ton tai médun thuong 0 K cua N sao cho K khéng chira modun con
don. Lay 0% XR 12 mot modun con cyclic ciia K. Pat H =xR®K . Theo gia thiét, H 1a
modun nhung hiru han hoac ADS. Do K khdng chira médun con don nén H 1a ADS. Suy ra
XR 12 K-noi xa (Alahmadi, Jain, & Leroy, 2012). Vi xR < K nén xR 1a hang tir truc tiép cua
K (Anderson, & Fuller, 1973, ménh dé 16.8). Suy ra moi médun con cyclic ctia K 1a hang tur
tryc tiép cua K. Vi K ¢6 chiéu déu hitu han nén K 1a modun nira don (Goodearl, 1972, Ménh
dé 1.22), mau thuin. Do d6 N 1a modun artin. Nhu vay moi R-modun cyclic 1a artin, noi
riéng, R la vanh artin.

Vi mdi médun artin 1a mot moédun nhiing hitu han nén ta co:

3.3. H¢ qud

Mot vanh R la artin khi va chi khi moi R-médun sinh boi 2 phdn tr la modun artin
hodac ADS.

Mot dinh i ndi tiéng cia Osofsky da chi ra rang: Mot vanh R 1a nira don khi va chi khi
moi R mddun cyclic 1a ndi xa (Nguyen, Dinh, Smith, & Wisbauer, 1994). Vi modun tya noi
Xa (tuong ung lién tuc/tua lién tuc/CS/ADS) la mé rong ciia modun ndi xa, nén mot cau hoi
dat ra 1a: vanh R c6 1a nira don néu thay gia thiét noi xa trong dinh Ii cia Osofsky thanh tyua
noi xa (twong ung lién tuc/tua lién tuc/CS/ADS)? Cau tra loi 1a khéng (Levy, 1966). Vanh
R duoc xay dyng trong vi du ctia Levy khong la noether, do do khong la nira don du moi R-
modun cyclic la tya ndi Xa. Tuy nhién, ta co dinh li sau:

3.4. Dinhli

Mot vanh R la nira don néu va chi néu moi R-médun sinh béi thd‘n tir la ADS.

Chitng minh. Chiéu thuan 1a hién nhién. Gia sir moi R-mddun sinh boi 2 phan tir 1a
ADS, tir Hé qua 2. 3 ta ¢ R la artin. Suy ra soc(R,) 1a hiru han sinh va cét yéu trong R, .
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Néu soc(R;) =0 thi R=0do d6 R 1a nira don. Néu soc(R,) #0, ldy S 1a mot modun con
don khac 0 cua Ry . Theo gia thiét S®R 1a ADS. Do d6 S 1a R-ni xa (Alahmadi, Jain, &
Leroy, 2012). Suy ra moi modun don cua R, la ndi xa. Vi soc(R;) la hitu han sinh nén
soc(R,) 1a ndi xa. Suy ra soc(R,) la hang tir truc tiép cua R (Lam, 1999, ménh dé 3.4). Vi
soc(R,) cét yéu trong R, nén soc(R,) = R, hay R la vanh nira don.
3.5. Dinh nghia

Cho R—médun M, phan tir me M duwoc goi la Ki di néu ton tai idéan phdi cot yéu I
ciia R sao cho ml =0. Tdp hop tdt ca cdc phan tir Ki di cia M Ki hiéu la Z(M). Médun M
diege goi la Ki di néu Z(M) =M , khong ki di néu Z(M) =0.

Rizvi da chiing minh duoc dinh li sau (Rizvi, & Yousif, 1990):
3.6. Dinhli

Cho R la mét vanh, cac ménh dé sau twong dwong:

(1) Moi R-médun Ki di 1a nira don

(2) Moi R-médun Ki di hizu han sinh la twa ngi xa

(3) Moi R-médun Ki di hizu han sinh la lién tuc

(4) Moi R-médun Ki di hizu han sinh la twa lién tuc

(5) R/I la médun nira don véi moi idéan phdi | cét yéu trong R.
3.7. Dinh nghia

Mot vanh R duwoc goi la SC phai néu R théa man mot trong cdc diéu kién cua
Dinh 1i 2.6.

Chung t6i s& mo rong két qua cua Rizvi bang:
3.8 Dinhli

Mot vanh R la SC phdi néu va chi néu moi R-médun Ki dj sinh boi 2 phan tir la ADS.

Ching minh. Chiéu thuan da dugc chang boi Rizvi. Gia st moi R-médun ki di sinh
boi 2 phan tir 12 ADS. Lay M 1a mot R-modun cyclic. D& dang ching minh duoc 16p céc
modun ki di 12 dong vé6i phép lay modun thuong, modun con, tong cac modun. Do dé sir
dung lai ki thuat chimg minh trong Dinh 1i 2.3 ta ¢6 M 13 modun nira don. Lay N 12 mot R-
modun Ki di bat ki. Khi do N = Z XR, trong d6 cac modun XR la nira don. Suy ra N 1a nira

xeN

don. Nhu vay, moi R-médun Ki di la nira don, do d6 R 1a vanh SC phai.

% Tuyén bé vé quyén loi: Tac gid xac nhan hoan toan khéng cé xung dot vé quyén loi.
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ABSTRACT

For the last few decades, characterizing rings in terms of finitely generated modules has
become a topic of research for many algebraists. Let R be a ring, the aim of this paper is to prove
the theorems: R is right noetherian (respectively artinian) if and only if every 2-generated right R-
module is noetherian (respectively artinian) or an ADS module. Using this result, we proved that a
ring R is semi-simple if and only if every 2-generated R-module is ADS. In addition, we also proved
that a ring R is right SC if and only if every 2-generated R—module is ADS. This result generalizes
a theorem of Rizvi which states that a ring R is right SC if and only if every finitely generated right
R-module is quasi-continuous.

Keywords: artinian; modules; noetherian; rings
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