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TOM TAT

Bai toan con ldc don dao dong dudi tac dung ciia ngogi liec cudng bire tuan hoan |a mgt trong
nhitng bai toan quan trong va thl vi trong vit Ii hoc. Phurong trinh dao déng tong qudt ciia con ldc
6 dang phirong trinh vi phan phi tuyén bdc hai. Do d6, ching ta khong thé gidi tron ven bai todn
bang phwong phap gidi tich thong thuong ma Can phdi sir dung dén phirong phdp sé. Trong bai viét
nay, ching t0i sé gidi thiéu phwong ph&p gan diing Euler-Gromer va ngdn ngir ldp trinh Matlab dé
md phéng tinh chdt hon loan ciia con ldc dudi tac dung ciia ngoai lwe cudng birc tudn hoan & nhitng
bién do khac nhau.

Tir khoa: phuong phap Euler-Gromer, lap trinh Matlab, tinh chit hdn loan, ngoai Iyc cudng biic.
ABSTRACT

Using Matlab and the Euler-Cromer method to solve
the driven pendulum problem

The driven pendulum problem is one of the most important and interesting in physics. The
equation for the general oscillation of a driven pendulum is the second order nonlinear differential
equation. Therefore, it is difficult to solve completely the equation of the driven pendulum by
analytical method. So, we must construct a program to calculate a numerical solution. In this paper,
the Euler-Gromer method and Matlab code will be used to investigate the chaotic properties of
driven pendulum under four levels of driven forces.

Keywords: Euler-Gromer method, Matlab code, chaotic properties, driven force.

1.  Ditvén dé

Matlab 1& mot trong nhitng phan mém tng dung duoc s dung rong réi trong nhiéu
linh vuc nghién ciru dac biét 1a trong linh vuc mo phong cac bai toan vat 1i va ki thuat [1].
Str dung Matlab khong nhitng giai quyét triét dé dugc bai toan mot cach tong quat ma con
gitip ngudi doc hiéu rd hon ban chét ctia bai toan ciing nhu du doan dugc nhirng hién twong
c6 thé xay ra. Bai toan dao dong cua con lic don 1a mot trong nhirng bai toan quan trong va
khé thi vi trong chuong trinh vat 1i [2]. Tuy nhién, khi khao sat dén sy tac dung cia ngoai
lyc cudng buc tudn hoan 1én con lic, phwong trinh dao dong cua con lic don s& co dang 1a
mot phuong trinh vi phan phi tuyén bac hai, khi d6 bai toan khdng thé giai duoc bang giai
tich. Trong trudng hop nay, bai toan chi co thé dugc tién hanh khao sat chi tiét bang phurong
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phép s6. Bai viét nay sé& trinh bai phuwong phap gan dang Euler-Gromer va st dung ngdn ngit
lap trinh Matlab dé khao sat, md phong tinh chat dao dong cua con lic don dudi tac dung
cua ngoai luc cudng burc vai cac bién do ngoai luc khac nhau.
2. Phwong trinh vi phan cia dao djng

Xét con lic don gdm mot qua cau co khdi luong m dugce bude ¢d dinh trén mot dau
cua mot soi day khong gidn, ¢ chiéu dai Ia |, ¢au con lai cua soi day dugc treo ¢b dinh. Gia
sir bién d6 dao dong cua con lic (6) ¢6 gia tri luon ludn nho, khi d6 ta co thé st dung phép
tinh gan dung: sind ~ @ (rad). Con lic don khi dao dong chiu anh hudng cia lyc ma sat
chang han nhu lyc can cta khong khi, luc ma sat ndy s& 1am cho bién do dao dong cua con
lic bi giam dan theo thoi gian. Ta goi con lic dang thuc hién dao dong tat dan. Mot cach

tong quat, ta gia sir lyc ma sat c6 dang: F.=-u c:i_g, trong d6 thong s6 1 1a hé s6 ma sat,
t

17

dau “-” ¢ nghia la chiéu cua lyc ma sat luon luén ngugc véi chiéu chuyén dong cta con lac.

Dé duy tri su chuyén dong ciia con lic, cn tic dung vao qua ciu mot ngoai luc tudn hoan,

ngoai lyc nay duoc goi 14 lyc cudng birc ¢6 bién do va tin sb lan luot 1a F; va @, phuong

trinh ctia ngoai luc 6 dang: T, =F, SiN(@, ). Khi do, phuong trinh dao dong tdng quat cta
con lic don duge xac dinh nhu sau:

%:29 :—?— in@—ui—f+ Fsin(@,t) (1.1)
3. Phuwong phap Euler-Gromer

Phuong trinh (1.1) 1a mot phuong trinh chuyén dong cta con lic tit dan, cudng birc,
phi tuyén tinh va chira dyng nhiéu bién s6. Dé giai phuong trinh trén khéng thé dung giai
tich dé giai mot cach dﬁy du, tron ven va chinh x4c. Do d6, dé khao sat tinh chét chuyén
dong cua con lic trong truong hop ndy, ching t6i st dung bang phuong phép gan dung
Euler-Gromer [3].

Van tbc goc clia con lic g c6 dang:

do

— 1-2
T (1.2)
Thay (1.2) vao (1.1) ta dugc phuong trinh

d . deo .

d—fz —?—sm@—yEJr Fusin(o,t) (1.3)

Ova g lanhiing ham phu thudc thoi gian.

Theo Euler-Cromer, thoi gian dao dong ciia con lic duge chia thanh nhiing khoang
gian doan bang nhau va dugc xac dinh: At={,, —t suyrat=iAt voii=1,2 3,..

Tu (1.2) va (1.3) &p dung phuong phap Euler-Cromer ta co:
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504 |
Proa = Bimein(B)At—afiat+ Fysin(oyt )t (1.4)

0., =0, + f.,At
Phuong trinh (1.4) 1a phuong trinh chuyén dong cua con lic don dudi tac dung cua
ngoai lyc tuan hoan va lyc ma sat dugc thiét 1ap theo phuong phép gan dung Euler-Cromer.
4. M0 phéng va thao luan két qua
4.1. M0 phong
Khao sat phuong trinh (1.4) bang phuong phap Euler-Cromer véi céc hing sb duoc sir

dung dé mé phong nhu sau: u=0051=9g=98 o, = % dt = 0.04 (tat ca sir dung don vi

SI). Cac hang s6 nay dugc chon dé mé phong lai qua trinh chuyén dong hdn loan ciia con
lic don trong phong thi nghiém va c6 sy tac dung ciia lyc ma sat ctia khong khi [4]. Thoi
gian khao sat 1a 150 gidy du dé con lic boc 16 duoc tinh chit chuyén dong hdn loan. Cac
diéu kién ban du: 9(0) = 0.2, 8(0) = 0. Nghia Ia tai thdi diém ban dau con lic dugc kéo
I&ch khoi vi tri can béng mot goc ¢6 bién d6 1a 0.2, tai d6 con lac duoc tha ra khong van tde
dau. Dé nghién ctru tinh chat dao dong cua con lic don dudi tac dung ciia ngoai lyc, ching

t0i s& khao sat gi tri bién do cua luc cudng bude & 4 mic do: F,; =0,0.1,05 va1.2.
Sau day la mot doan chuong trinh dugc thuc hién béng ngon nglt Matlab mo ta thuét
toan Euler-Gromer:

beta = zeros(npoints,1);

theta = zeros(npoints,1);

time = zeros(npoints,1);

theta(1) = 0.2;

beta(1) = 0;

for step = 1:npoints-1;
beta(step+1)=beta(step)+(-(g/length)*sin(theta(step))-

g*beta(step)+F_nl*sin(Omega_nl*time(step)))*dt;
temporary_theta_step_plus_1 = theta(step)+beta(step+1)*dt;

if (temporary_theta_step_plus_1 < -pi)
temporary_theta_step_plus_1=temporary_theta step plus_1+2*pi;

else if (temporary_theta_step_plus_1 > pi)
temporary_theta_step_plus_1=temporary_theta step_plus_1-2*pi;

end;

theta(step+1)=temporary_theta_step plus_1;

time (step+1) = time(step) + dt;

end;

4.2. Két qud va thio ludn
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Hinh 1. Bién dé dao dong cua con ldc dao dong tat dan

Hinh 1 biéu dién trang thai dao dong tat dan ciia con lic don theo thoi gian. Khi khong
c6 tac dung cua lyc cudng b, dudi tic dung cua luc ma sat, chuyén dong ctia con lic 14 tit
dan va con lic tré vé vi tri can bang sau khoang thoi gian 1a t = 150s. Khi ¢6 tAc dung cua
ngoai lyc cudng birc tudn hodn Vv&i bién do cua ngoai luc nhé Fn = 0.1 (Hinh 2a) va
Frni = 0,5 (Hinh 2b), ta thiy c6 hai truong hop xay ra. Thi nhét, trong nhitng dao dong dau
tién (t < 60s), vat chuyén dong nhu mot dao dong tit dan gidng nhu khong cé lyc cudng buc
tac dung vao hé. Sau d6, vat dan dan dao dong 6n dinh duéi tac dung cua ngoai luc, con lic
chuyén dong voi tan sé bang vai tan sb ngoai luc ). Bién do ctia dao dong luc nay la khong
d6i, nang luong ciia ngoai lyc thém vao can bang véi ning lugng mat di (tat dan). Noi mot
cach khac, chuyén dong caa con lic duoc thuc hién véi hai tin sé @ va @, tin s6 riéng cua

hé va tan so cua ngoai luc.

a) b)
04 1
0.2 1 0.5
=3
2
~ 0 1 4]
e
=]
=
L 02 1 05
m
0. . . » .
040 50 100 150 [¢] 50 100 150
c) d
50 4 )
—~ 0 1 21
=
]
£ |
- - g v
2 50 0 |
g ‘
©
m -100 1 -2t |
4
1500 50 100 150 6] 50 100 150
Thoi gian (s) Thoi gian (s)

Hinh 2. Bién dé dao dong ciia con ldc khi dudi tac dung ciua lwc cudong birc voi cdac
bién do ngoai luc khdc nhau: a) Far=0,1,b) Fin=0,5,¢) Fn =1,2,d) -7 <0 < +x.
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Tinh chit ciia dao dong thay d6i mot cach nhanh chong khi lyc cudng buc ting 18n
F, =12. Chuyén dong cta con lic tré nén phtc tap, trong qua trinh chuyén dong, goc 6
bién d6i (Hinh 2c), gid tri ciia 6 tai ciing mdt vi tri ctia con ldc ¢ gia tri sai khac nhau 27 .
Dé thuan tién trong qua trinh tinh toan ta gi¢i han 0 trong khoang tir —77—>7. Quy udc néu
0 < -z nghia 12 gié tri ciia n6 ting 1én 27 , néu O >+, gid tri cta n6 giam di 27 . Bang
cach nay ta thu dugc gid tri cia 0 1a: —z <6 < +x (hinh 2d). Quan sat hinh V& ta thiy dao
dong cua con lic khi chiu tac dung cua luc cudng birc khong phai 1a dao dong diéu hoa.
Khi khao sat mdi lién hé giira bién d6 va van tdc goc cua dao dong, khi khong c6 tac
dung ciia ngoai luc cudng birc (Hinh 3a), quy dao xuét hién trong khong gian pha, khéng
gian duoc tao bai tryc hoanh 1a bién d6 () va tryc tung 1a van téc goc (8), tai thoi diém ban
dau phu thudc vao diéu kién ban dau 6(0) = 0,2 va B(0) = 0. Va sau d6 quy dao co xu
hudng giam dan vé vi tri can bang tuong tng voi chuyén dong dao dong giam dan cua bién
d6 va van téc goc.
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Hinh 3. D6 thi biéu dién moi lién hé gitta bién do va Vidn toc géc cia con ldc trong
khéng gian pha (bién d¢ - van toc géc): a) Fa = 0,b) Fo =0,1, ¢) Fn =0,5,d) Fn = 1,2.

Khi tang dan bién do cia ngoai lyc tac dung F; =01 (hinh 3b) va F, =0,5 (Hinh
3c). Ta thiy quy dao ctia d thi tang dan do phirc tap, gia tri ciia bién d6 va van téc goc lac
dau hdn loan (t < 60s) va sau d6 giam dan va “gan nhu 6n dinh”. Gia tri tuyét d6i ciia bién
d6 va van toc goc tai thoi diém “gan nhu 6n dinh” ti 1& thuan voi ngoai luc cudng buc. Tuy
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nhién, néu tang gi4 tri cua ngoai lyc cudng buc 1én di 16n F; =12 (Hinh 3d) thi tinh én
dinh lic ndy cua hé gan nhu bién mat. Gia tri cia bién d6 dao dong luc ndy lién tuc ting,
giam tir dén —m va ngugc lai. Noi cach khac tinh chét hdn loan cua hé con lic chuyén dong
dudi tac dung ctia ngoai lyc cudng buc duoc thé hién rd rang hon trong khong gian pha (bién
do - van téc goc).
5.  Kétluin

Bai toan chuyén dong hdn loan cua con lic don dudi tic dung cta ngoai luc cudng
birc d4 dugc khao sat & 4 muc do khac nhau ciia bién d6 ngoai luc. Vi cac thong sb d4 cho,
str dung phuong phap gan dang Euler-Gromer va ngon ngit lap trinh Matlab, két qua bai viét
d4 chi rd dugc dic tinh chuyén dong hdn loan cua con lic khi chiu tic dung cua ngoai luc.
Céc két qua ¢ Hinh 2 cho thdy bién d¢ dao dong ctia con lic thay ddi khi chiu tac dung cuia
ngoai lyc. Hinh 3, chi rd nhitng tinh chat hdn loan trong qua trinh dao dong cta con lic khi
chiu tac dung cua ngoai luc cudng burc ¢ nhirng bién do Iuc khac nhau. Pay 1a mot trong
nhirng két qua kha thii vi ctia bai toan dao dong cuia con lc.

T6m lai, ngdn ngir Matlab va cac phuong phap gan dang Euler-Gromer Ia nhitng cong
cu hd tro thyc sy hitu ich gitip md phong, khao sat thanh cong bai toan dao dong ctia con lac
don chuyén dong dudi tac dung cua ngoai luc tuan hoan.

. Tuyén bé vé quyén loi: CAc tac gid xac nhan hoan toan khéng cé xung dét vé quyén loi.
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