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TOM TAT

Tinh chinh quy nghiém cho phuong trinh elliptic twa tuyén tinh 1a mét trong nhiing bai toan
dang dwoc nghién cizu s6i néi hién nay béi nhiéu tac gid, bang nhiéu phwong phdp khéc nhau. Dé
khdo sét bai toan nay, mét phwong phép méi dirge dé xuat gan day lién quan dén bat dang thirc ham
phan phoi trén cac tap mizc thdng qua todn ti cuc dai cdp phan so. Phicong phdp nay hiéu qud va
c6 thé 1#ng dung cho nhiéu 16p phirong trinh dao ham riéng khdc nhau. Céac diéu kién di dé chimg
minh dwoC bdt dang thirc ham phan phéi la diém mau chét dé thu dwoc danh gia Lorentz trong
phirong phap nay. Trong bai bdo nay, chiing t6i dwa ra mét chieng minh ngan cho bdr dang thizc ham
phan phai trén tdp muc, dira trén mor diéu kién dii chung cho hai diéu kién dii dieoe dé xudt trong
bai bao gan ddy (Nguyen, & Tran, 2021a).

Tir khoa: danh gia gradient; bat dang thicc ham phan phéi trén tap muc; Khong gian Lorentz;
phuong trinh p-Laplace

1. Giéi thiu

Bai toan danh gia gradient cho nghiém cta phuong trinh dao ham riéng thu hut dugc
sw quan tdm cua nhiéu nha toan hoc trong thoi gian gan day. Day 1a bai toan lién quan dén
tinh chinh quy nghiém, mét trong nhirng tinh chit c6 ¥ nghia quan trong khi nghién ctu vé
phuong trinh dao ham riéng. Cho dén nay, ¢ kha nhiéu phuong phap va ki thuat dwoc cac
nha toan hoc sir dung dé nghién ctru danh gia gradient cho nghiém ctia cac phwong trinh dao
ham riéng, tir dang phuong trinh cu thé trong nhiéu nganh khoa hoc khéc nhau, dén céc 16p
phuong trinh dugc tdng quét hda trong toan hoc. Trong do6, c6 thé ké dén cac phuong phap
danh gia tinh chinh quy nghiém c6 dién, dya trén céc bat dang thic Holder, bat dang thuc
Poincaré, bat dang thire Sobolev va cac dinh Ii nhiing Sobolev, dugc trinh bay khé phé bién
trong nhiéu tai liéu tham khao vé phuong trinh dao ham riéng. Cac phuong phap nay danh
gia duoc tinh chinh quy cua nghiém yéu phuong trinh dao ham riéng trong khdng gian céc

Cite this article as: Nguyen Thanh Nhan, Tran Cat Su, & Huynh Phuoc Nguyen (2021). A short proof for level-
set inequalities on distribution functions. Ho Chi Minh City University of Education Journal of Science, 18(6),
1051-1063.
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ham kha tich Lesbegue, khéng gian Sobolev. Bén canh do, su phat trién lién tuc va manh mé
cua linh vuc giai tich diéu hoa gan day da mé ra mot s6 hudng nghién ciru mai cho bai toén
khao st tinh quy nghiém cho phuong trinh dao ham riéng. Bac biét, Ii thuyét cua Calderon-
Zygmund hoac tinh bi chan cua cac toan tir cuc dai nhu toan tir Hardy-Littlewood dugc sur
dung nhu mét cdng cu hitu hiéu dé thu duoc tinh chinh quy nghiém cua phuong trinh dao
ham riéng. Ngoai ra, con kha nhiéu phuong phap véi ki thuat khac nhau bang cach théng
qua toan tir Riesz cuia De Gorgi hoic st dung bé dé pha Vitali, c6 thé ké dén mét sé tac gia
ndi bat nhu L. Caffarelli (Caffarelli, & Peral, 1998), G. Mingione (Acerbi, & Mingione,
2001), (Mingione, 2010, 2011), S.-S. Byun (Byun, & Wang, 2004, 2007, 2008, 2012).

Trong mét sé bai bao gan day (Tran, & Nguyen, 2019a, 2019b, 2020), (Nguyen, &
Tran, 2020), cac tac gia da st dung ki thuat good-A, dugce dé xuat dau tién bai G. Mingione
(Mingone, 2001), dé chimg minh danh gia gradient cho phuong trinh elliptic tua tuyén tinh
dudi tac dong cua toan tir cuc dai cap phan s M, . Can nhan manh rang toan tir cuc dai cap
phan sé c6 lién quan mat thiét dén dao ham cap phan sé va mot sb thé vi nhu thé vi Riesz va
thé vi Wolff (xem cac bai bao (Mingione, 2010, 2011)), vén dang duoc st dung maot cach
hitu hiéu khi nghién cau tinh chat nghiém ctia phuong trinh dao ham riéng gan day. Mdi lién
hé v&i dao ham cap phan sé con c6 thé mang lai thdng tin hitu ich khi nghién ctu tinh chinh
quy nghiém trong khong gian Sobolev bac khéng nguyén, cua nhiéu 16p phuong trinh dao
ham riéng.

Dua trén y tudng cua ki thuat good-A, cac tac gia sau d6 da dua ra mot phuwong phap
méi lién quan dén cac bat dang thac ham phan phéi tac dong Ién tap muc caa cac sé hang
chtra nghiém va dit liéu, dudi tac dong cua toan tir cuc dai cap phan sb trong (Nguyen, &
Tran, 2021a). Cu thé, tac gia dua ra hai diéu kién du cho hai ham do duwoc F,G (dic trung
cho nghiém va dit liéu cua phuong trinh dao ham riéng) dé chirng minh duoc bat dang thirc
so sanh trong khong gian Lorentz L**(Q) dudi dang

IM.G.s: o) < CIM.F|

Phuong phap nay sau d6 duoc &p dung hiéu qua cho nhiéu bai toan khac nhau, bao
gém phuong trinh elliptic tya tuyén tinh (Nguyen, & Tran, 2021a), bai toan obstacle
(Nguyen, & Tran, 2020b, 2021b), bai toan pha kép (Tran, & Nguyen, 2021), bai toan chua
s6 hang Schodinger (Tran, Nguyen, & Nguyen, 2021).

Pé chirng minh bt ding thirc ham phan phdi, hai diéu kién du trong (Nguyen, & Tran,
2021a) dya trén su ton tai cia mot ham do duoc, thoa man bat dang thirc Holder nguoc hoidc

L)

o0

thuoc khong gian L. Tuy nhién, ching t6i nhan thay rang hai diéu kién dii nay c6 thé dugc
thu gon trong cling mot diéu kién chung thdng qua mét 16p ham théa man bit dang thic
Holder nguoc. Tir y tuong trén, trong bai bao nay, ching tdi chitng minh lai mot két qua thu

gon hon trong (Nguyen, & Tran, 2021a) vé bat dang thac ham phan phéi trén tap muc. Tur
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d6 suy ra danh gia so sanh trong khong gian Lorentz. Két qua nay c6 thé tng dung cho bai
toan chinh quy nghiém cua nhiéu 16p phuong trinh dao ham riéng nhu trong nhiéu bai béo
duoc cong bd gan day.
2. M@t sé dinh nghia va gia thiét cho diéu kién di

Trong muc nay, chlng toi gigi thiéu mot sé dinh nghia va ki hiéu duogc st dung trong
toan bai bao. Tir d6, chung toi dua ra cac gia thiét chinh cho diéu kién du dé xay dung bat
dang thic ham phan phdi trén tap muc.
Dinh nghia 1.1. Cho 0<a<nva f elj, (R”) . Khi d6 toan tir cyc dai cAp phan sé M f
cia f dugc dinh nghia nhu sau:

1
M, f (x)=supp*———— [ |f(y)|dy, xeR",
=800 5 T, T I e @

trong do ki hiéu £'(E) 1a d6 do Lebesgue cua tap E trong R" .
Dinh nghia 1.2. Cho 0<a<nva fel;

loc

(R") . Ta dinh nghia hai toan tr cuc dai chat cut

ciaham f & cép r >0 nhu sau:

M;f(x):(iligp“m j()|f (y)|dy (2.2)

va

r a 1
T, 1 (x)=supp FEW) I()If(y)ldy- (2.3)

Dinh nghia 1.3. Cho B Q, taki hiéu Q(B) lalop cac by ba ham (G, ¢, ) xac dinh trén
B sao cho ton tai hang sé ¢ >1 théa man cac danh gia sau trén B
QSE(ng//), goSE:(ngt//), l//SE(g-l—(D). (2.4)

1

Dinh nghia 1.4. Cho y >1va pe L, (er (U)) , r>0 va veR" trong d6 ching t6i ki hiéu
Q,, (v) =B, (v) Q. Ham ¢ duoc goi la thudc vao I6p Ho'lder nguge RH (Q (v)) néu

tontai C =C(n,y)>0 sao cho

1 X yx;s _ 1 x)dx. (2.5)
L (Qr(U))Q:[U)I:(p( )] ‘ C[zn (QZr(U))QZ.,[(U)(D( )d

Dinh nghia 1.5. V/6i 1, >0 cb dinh, hai ham F,G dugc goi la thoa man diéu kién (A1) Véi

sb 7, € (4,+0] cho trudc néu véi moi v eQ, re (O; r, /2], ta c6 thé tim dugc hai ham do
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dugc @,y xac dinh trén Q, (v)sao cho (G,p,w)eQ(Q, (v)) Véi hing s6 c>1,
@ e RH"(Q (v)) va danh gi sau ludn dung voi moi & € (0;1):

f w(x)dx<e .f G(x)dx+c, f F(x)dx. (2.6)

(v) Qe (v) Qe (v)

Chung t6i nhan manh rang diéu kién (2.6) trén day duoc xem la thu gon cuaa hai diéu
kién (A21) va (A22) trong bai bao (Nguyen & Tran, 2021a) vi vai gia thiét (2.4) va (2.6)
(cling chinh 1 diéu kién (A21)) trong truong hop ¥, =+, ta cod thé d& dang chimg minh
duoc diéu kién (A22) dugc thoa méan.
Dinh nghia 1.6. Hai ham F,G duoc goi 1a thoa man diéu kién (A2) néu cé hing sé C
duong sao cho:

E[g(x)dxgcz[}“(x)dx. (2.7)

1

Dinh nghia 1.7. Cho 0<a <n va G € Lj, (R"). Khi d6 ham phan phdi trén cac tap mirc
cia ham G, ki hiéu 1a d2, dwoc dinh nghia Ia ham phan phéi (theo nghia théng thudng) cia
ham M _G. Cu thé hon, véi moi A >0, ta dat

02 (€02) = 0y o (2) = £(%, (G 2) ~22), 29)
V6i V), (G; A) xac dinh boi:

Y, (Gi4)={xeR": M,G(x)> }.
Ta dung ki hiéu 1°(G; 1) cho phan bu cia V), (G; 4) trong R", nghia la :

V(G A) = {x eR": M _G(x)< /1}.

Bét ding thirc ham phén phéi trong két qua chinh duoc ching minh dya trén b dé sau

day, dugc biét dén nhu mot dang ciia bo dé phu Vitali.
Bo dé 1.8.(Caffarelli & Peral, 1998) Xét hai tdp con do dwoc P < Q ciia Q. Gid sir ¢é hai

hing s6 ¢ e (0;1) va r e(0;r,] sao cho
i) £ (P)<el(B,(0));
i) voi moi E€Q va pe(0;r], néu L'(PNB,(£))>eL(B,(£)) thi Q,(£)cQ.
Khi dé ton tai hang s6 duong C=C(n)>0 saocho L'(P)<CeLl'(Q).
Bo dé 1.9. (Nguyen, & Tran, 2021a, Lemma 3.3) Véi méi s>1va a e {Ogj ton tai sé

C =C(n,a,s) >0 sao cho bdt dang thirc sau diing
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L (R"))nﬂS ! (2:9)

voimoi A>0va Ge L'(R").
Dinh nghia 1.10. Cho 0< g <o va 0<s<o. Khong gian Lorentz L**(Q) la tap hop cac

dg (R";4)<C(A|g

ham f do duoc trén Q sao cho || f | duogc dinh nghia nhu sau:

L9 ( * llas()

» |

[ =) a2, (© ‘ﬂ, 0<s<oo,

qu
0

1

sy @]

va trong truong hop s =oo thi: || f |

()

3. Cac két qua chinh
B6 dé 3.1.Cho o c[0,n) va F,G e ' (Q;R") thoa man diéu kign (42) va £,A>0 sao cho:

Ve (Frec'A)nQ = . (3.10)

Khi dé, ton tai hang s6 C =C(n,a)>0 sao cho:

_n-ay 1 n-er ﬁ
dg[Q;g & z}gc[g i cj] diam(Q)", (3.11)

trong do, ki hi¢u diam(Q):=sup, ., d(x,y) la dwong kinh ciia mién Q.

Chitng minh. Nho vao bat dang thirc (2.9) trong B6 dé 1.9 va danh gia (2.7), ta co:

_N-ay _N-ay -1 é _n-ay -1 ﬁ
dg LQ;E K J]SCM [[5 K /IJ Ig(x)dx} <C,., Hg " z] jf(x)dx] .
Q Q

Nho vao gia thiét (3.1) ta s& tim dugc mot phan tir z, € Q sao cho M, F(z,)< ec;"4. Hon

nira, tir dinh nghia cua toan tir cyc dai cap phan so M_, ta s€ co

[F(x)ix<C,D ———— [ F(x)d<C,D, M, F(2,)<C,Dyec 4,

i L (BDD (ZO)) BD()J;ZO)

vé6i D, 1a duong kinh ciia Q. Tir hai bat dang thac trén ta d& dang suy ra

n
a o AP
. 4 7 T
di| Qe ™ A|<C | ¢ C, D,".

Nhu vay ta dd hoan thanh chimg minh Bé dé 3.1. O
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B6 dé3.2.Cho a.e[0,n) va Ge ' (QR") cing véi A, p>0, £ €Q sao cho:

V(GiA)NQ, (&)= D. (3.12)

Khi d6 véi moi ¢ €(0;&,) v6i &, dii nhé sao cho g, >3" taco:

n-ay n-ay
dg [Qp(é);s v ﬂ]sdfsz,mg(ﬂp(é):e v EJ- (3.13)

Chitng minh. V&imoi £ € B, (&) taco thé biéu dién toan tir cuc dai cap phan s6 M_G nhu

la gia tri 16n nhét cua hai toan tir chit cut ciia ham ¢ & muc p >0 da dugc dinh nghia &
Dinh nghia 1.2 nhu sau:

M,G(¢)=max{M;G(¢)iT76(<)) (3.14)
Hon nita, gia thiét (3.3) gitp ta tim dugc phan ti z, € Q (&) va M,G(z,) < 4. Khi d6 ta d&
dang kiém tra dugc bao ham thic sau:

B, ({)c B., (&) c BHZp(Zl)c B, (z,), véimoi r>p.
Tir do, ta c6 thé dénh gia T/G bing cach lam trdi tich phan ctia G trén B, (¢) bai tich phan
trén cua chinh n6 trén tap B, (z,) nhu sau:

1
TG(§)=s0pr" g 7y ] GO
( ) r>p L (Br (é/)) Br‘!;) ( )

<su L (By (z)) r 1 ) dx
<sup £(8.0) T ) Bj(h)g( )d (3.15)

<3"sup(3r)’ ——— | G(x)dx<3'M,G(z,)<3"A.
er( ) L (B3r(zl))B3,-[zl) ( ) (1)

Mat khic, voi 1€ (0; p) tuy y talaicé B ({) =B, ()< B,, (&) nénsuyra G=x, &9

trén tap B, (<) va hon nira

1 1
sup r* ————— | G(y)dy=sup r*—m———= Xe, (59 (Y dy.
O<r<p E (Br (é/)) Br'!;) ( ) O<r<p E (Br (é’)) Br'!.g) p(‘f) ( )

N6i cach khac, taco MG (&) = M. (Xs, (59) (¢). Nhu vay ta c6 thé viét lai (3.5) dudi dang
nhu sau:

M,G(¢) = max (M (x,, ., 6)(¢) TG (£)}.
Két hop véi (3.6), ta co:
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M,G(¢)<max (M (X, o G)(¢):3" 2], V¢ €8, (¢). (3.16)

n-ay

Cudi cung, tir (3.7) c¢6 thé rat ra rang véi moi & saocho ¢ ™ >3" tasé co:

_n-ay n—ay

Va(g;g e A]me(5)2{4’eQ:Mg(XBZ/)(g,)g)(é’)>g_ ny ﬂ}mﬂp(f). (3.17)

Tir (3.8) c6 thé suy ra (3.4) va ta hoan thanh chimg minh B6 dé 3.2.
Bo dé 3.3. Xét y, € (1; +oo],7/ € (1, yo],a € [O;EJ va hai ham F,G théa man diéu kién (A1)
4

_n-ay

Vi 56 7o € (1, +oo] . Khi d6 véi moi € saocho ¢ ™ >3", théa man

V(GA)NQ, (&)= D va ) (}“;gcj/l)mﬂp(é);t@,

véi € Q va p,A>0 thi ta sé c6 bat ding thirc sau ddy:

v
_Nh-ay _h=ay \ n-gy
dg (Qp(f);e v Ajsc(g i J p" =Cep". (3.18)

O’ddy, hc%ng s6 C chi phu thudc vao n,a,y va €.
Chitng minh. Néu sz(§) cQ thi ta chon R=2p va v=¢ . Nguoc lai, néu
B,, (£)NQ° = thi ta chon R=4p va veadQ sao cho |&—v|=dist(&0Q)<2p. Theo

cach chon R va v nhu trén, taludn ¢6 B,, (&) < B, (v). Nho vay, ta c6 thé danh gia vé trai

_h-ay

cta (3.9) bang cach ap dung B6 48 3.2 v6i & ™ >3" va sir dung tinh chit ctia bo ba ham

G,p,y thoamian G <&(p+y ) trong Dinh nghia 1.5 véi ¢ >1 nhu sau:

N-ay

dg [QP (€)ie ™ iJ S [Qp (5);g_n;:y/1J

~-1 _N-ay

=2 s §3.19
Sdlsp(u)‘/’ Qp(ég)’7g A +dzBR(U)l// Qp(ét)a?g " A

Pé tiép tuc danh gia hai biéu thirc & vé phai cua (3.10), ta st dung B6 dé 1.9 1an luot véi
s=1va S=y>1. Piu tién ta viét lai danh gia (3.10) dudi dang biéu thirc c6 chira trung

binh tich phan nhu sau:

1057



Tap chi Khoa hoc Trwong DPHSP TPHCM Tap 18, S6 6 (2021): 1051-1063

v [Q”(é) ¢ %]SC[ el Tl ‘”(X)dxl

ny A r(0)
. (320)
14 n-ay
¢ 1 y
+C — R"— e(x)[ dx .
[8 ny}/lJ L (BR (U)) BRJ(.U)| |
Gia thiét @ € RH” (Q,,(v)) c6 thé viét lai thanh bat dang thirc sau:
1 o 1 (3.21)
— p(x)| dx| <CoFr—— @ (x)dx.
[z B o ] T,
V6i 1< y < y,, ap dung bat dang thiac H"o" “Ider ta c6 dénh gia:
b a r
¥ Y 70 }/E 70 7 70 ) e
J. |¢)(X)| dXSL _[ |(0(X) dxj [ j 17 7de :L j |(p(x) de (L‘ (BR (u))) o,
Br(v) Br(v) Br(v) Br(v)

va tir d6 dan dén

e <t o 652
[ﬁn(BR(U))BR{U)|¢( ) ¢ J [L“(BR(U))BI lp(x)[* d J

Tir (3.12) va (3.13) ta c6

1 "axl<cl 1 X xy
{—MB—R(u))J fet) dx]‘c EBa) ]

<C

(3.23)

L I l//(X)dX]

E_ ~ I _
L (BZR (U)) Bon(v) c (BZR (U)) Byn(v)

Mat khéc, tir gia thiét ta co thé tim duoc z,z,€Q, (&) thea man M,G(z)<1 va

G(x)dx+¢

M_G(z,) < ec.'A . Bén canh do, ta c6 day céc tap 16ng nhau sau:

B,r (U) < By (U) = BSR+p (Zl)m B3R+p (Zz)c Bir (21)m Bir (22)'
Tir d6 dan dén danh gia:

1 J G(x)dx<2" 1

L (BzR (U)) Byn(v) I g(X)dX

L (B4R (U)) Bon(v)
<2"(4R) "M G(x)(z,)<2"R™“A.
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Tuc 14 ta da c6 bit dang thirc sau:

( j G(x)dx<2"R“A. (3.24)
BZR
Mot cach tuong tu, ta co
1 1
————~ | F(x)dx<2"———— | F(x)dx
L' (By (v)) Bzr:"(u) ) L' (B (v)) Bz!(”) )
<2"(4R) "M, F(x)(z)<2"R™“xA.

Nghia la ta danh gia dugc

yacael
L (BZR (U)) Byr(v)
Duya vao danh gié (2.6), (3.15), (3.17) ta suy ra:

oo,

véi moi & e(0;1). Tur (3.10), (3.14), va (3.17) ta rit ra két luan:

F(x)dx <2"R™“xA. (3.25)

w(x)dx<2"(e+c,ec' )R “A=2""6R“4, (3.26)

dg [Qp (5)?5nnjylj < (3(2”50'1«9)ﬁ R"+C(2"¢%c ™ (1+ g))n%r R".

_Nn-ay
Chon & d¢ ¢ "V >3" va ec, " e(0;¢) thi ta thu duge (3.9). Nhu vdy ta dd hoan thanh
ching minh B6 dé 3.3. O

Dinh 1i 3.4. Cho y, € (L+x],y e(Ly, ] a e {o;ﬂj va hai ham F,G e Ll(Q;R*) théa man

Y
cdc diéu kién (AL) v6i s6 y, va (A2). Khi do ton tai €, € (0;1) sao cho

_N-ay
dg [Q;g “V /1]3ngg(Q;/l)+d;(Q;gcgl/1), (3.27)

voimoi >0 va ¢ €(0;5,).
Chirng minh. Dau tién ta s& chimg minh bat dang thirc sau day:

r [Va (g; P ;71] VY (Giec,'A) mQJ <Cel' (1, (G:4)nQ). (3.28)

Dé tién hanh, ta can st dung B6 dé 1.8 véi hai tap con ciia Q duoc dinh nghia nhu sau:

n-ay
P::ié[g;g & ﬂ]m){f(]—";gcjﬁ)mQ va 9=V (GA)nQ

1059



Tap chi Khoa hoc Trwong DPHSP TPHCM Tap 18, S6 6 (2021): 1051-1063

Ta s& chirng minh hai tap nay thoa cac diéu kién i) va ii) cua B dé 1.8. Dau tién ta thay
(3.19) hién nhién dung néu P rdng, do d6 ta chi xét trudng hop khi P = & . Nho bit dang
thire (3.2) trong B6 dé 3.1 ma ta s& ¢o i), cu thé 1

L£(P)<dg (Q; € nnfy;tj <C Hgnnij 1 gcglJM £'(B,(0))<eL'(B,(0)). (329
Tiép theo, diéu kién ii) s& dwoc chiung minh bang phan chung. Cu thé, ta gia sir
Q,(£)NQ° =D, véi E€Q va pe(0;r] vase chi rarang:

L(PnB,(&))<eL'(B,(£)). (3.30)
Thyc vy, khong mat tinh tong quat ¢6 thé gid st P B, (£)# D . St dung két qua (3.9)

trong B6 dé 3.3, ta co danh gia sau:

n -ny

e(pos(@)c [+ | J[j £(5,0)

e g g}ﬁ” (B,(¢£))<eL(B,(£)). (3.31)

n

1
_m n-a 1+ n
Trong (3.20) va (3.22) ta thdy ring [e n ] el =& " vac >1.Do do cc bat

n n-ay

dang thire ndy ding cho moi ¢ € (0;¢, ), v6i &, dinhé dé Ce) " <lva g, ™ >3 Vay

theo Bo dé 1.8 ta c6: £'(P)<Cel'(Q), hay (3.19). Mat khéc, ta lai c6 nhan xét

n—ay

VGLQ;S v i}szpu(Va(}";gcj/l)mQ),thayvao (3.19) ta duogc:

N-ay

dg Lg;g K 1} <Cedg (1) +df (Q;ec,'2).

Vay ta da hoan thanh phép chirng minh Dinh 1i 3.4. O

Dinh Ii 3.5. Cho y, € (1,0] va hai ham F,G e '(QR") thoa man (A1) va (A2). Khi do
n
Yo

n . )
J,0<q<A va 0<s < taco:

néu y, <oo thi voi moi o € {0,
n—ay,
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M, F el (Q)=M,Gel*(Q).
Néu 7o =00 thi ménh dé trén ding véi moi ae[O,n),O<q<oo va 0<s<oo.
Chitrng minh. Dé chimg minh ménh d¢ trén ta c6 thé ching minh ton tai mot hang sb
C =C(n,y,,«,0,s) duong sao cho:

M. ]

Dau tién ta xét trudng hop 7, < . Nho vao Dinh Ii 3.4, ta tim duoc g, >0 di nho sao cho

_C||M F

(3.32)

L9 L5(Q

voimoi ¢ €(0,&,) va 1>0, co:

_n-ay,
dg (Q;g "7 i} <Cedg (Q;ﬂ,) +d% (Q;gcj/i). (3.33)

Do 2>0 tlly y nén ta co thé d6i bién A thanh &4 va luc nay chuan cia M_G trong khong
gian Lorentz L% () c6 thé viét lai dui dang:

2da

M. Gl o = 5°af[ 275 (262) ] = Voo, (3.34)
0

L9(Q

Nho vao (3.24) va (3.25), ta co:

nmap \* w n-ay %
”M g”qu _[ 7 ] QJ‘[ﬂqda[Q;g o /IH d%

[ B WOJ g%qw Ang(g;ﬂ)]:d%JrC[a_n;j"%] qT[Md;(Q;gc;%)}Zd% (3.85)

0

_N-ay _N-an
[ %]sqnm Lo [ ]( M,

. n
Véi 0<s<oo va0<q< Yo , ta c6 thé chon & € (0, &,) trong (3.26) sao cho
n-— ay,
§ L_N-an
C&‘ [q 7o j< 1

) E.
Tir d6, suy ra bat dang thirc (3.23). Tiép theo ta xét trudng hop néu y, = co. Str dung Dinh i

3.4, ta ciing chimg minh dugc bt dang thirc ham phan phdi sau:

_n-ay
dg(g;g " /1]ngdg(Q;/l)+d;(Q;gcgl/1), vy e(0,).
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. . . 1 1 «o .
Khi @6, véi moi 0<s<owo va 0<(<oo ,tachon ¥ >1 sao cho: —<E+F. Thuc hién cac
4

budc chimg minh nhu trén, ta ciing chimg minh duogc bat dang thic (2.3). Vay ta da duoc
(3.23) trong truong hop 0< s < oo . Chirng minh hoan toan tuong tu cho trudng hop S = +oo.
Nhu vay ta da hoan thanh chung minh Pinh 1i 3.5. (]
4. Kétluin

Trong bai bao ndy, chung toi da cai tién chirng minh cta bat dang thirc ham phan phéi
trén tap muc dya trén viéc thu gon gia thiét trong diéu kién du dugc dua ra trong cac bai bao
trude day. Két qua nay co thé nang cao kha niang tng dung ctia phuong phép, khi van dung
vao bai toan chinh quy nghi€ém cua cac phuong trinh dao ham riéng.

< Tuyén bé vé quyén loi: Cac tac gid xac nhan hoan toan khéng cé xung dét vé quyén loi.

% Loi cdm on: Bai bao nay duoc tai tro béi Bé Gido duc va Pao tao, dé tai cap B, Truong
Pai hoc S pham Thanh phé H4 Chi Minh, ma sé B2021-SPS-01-T.
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ABSTRACT

The regularity of solutions to quasi-linear elliptic equations is one of the most interesting
topics of research for many mathematicians with different methods. A new method has been
established to study this problem, via level-set inequalities on fractional maximal distribution
functions. This method is very efficient and able to apply to many classes of partial differential
equations. The sufficient conditions to build the level-set inequalities are key to obtain the Lorentz
estimates in this method. In this article, we give a short proof for the level-set inequalities on
fractional maximal distribution functions, which is based on one sufficient condition instead of two
in a paper by Nguyen and Tran (2021a).

Keywords: gradient estimates; level-set inequalities on distribution functions; Lorentz spaces;
p-Laplace equations
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