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ABSTRACT
In this paper, we consider Calderén-Zygmund operators of type O (see Definition 1.3 and

Definition 1.4 in Section 1) on generalized weighted Lorentz spaces A [(w), where U is a function

that belongs to the class A of Muckenhoupt weights on R"and W is a function that belongs to the

class B, (u) of Arifio-Muckenhoupt weights on (0,oo) (see Section 1). In this setting, we first

establish the pointwise estimate for the Hardy-Littlewood maximal operator and the sharp maximal
operator (see Lemma 2.3 in Section 2) by using Kolmogorov’s inequality, Holder’s inequality, and
the conditions of standard kernels in the definition of Calderén-Zygmund operators of the type O .
Thanks to this significant pointwise estimate, we then prove that Calderon-Zygmund operators of
type O are bounded on the generalized weighted Lorentz spaces AP (w) (see Theorem 2.4) by

employing the ideas and techniques related to maximal operators from the work of Carro et al.,
(2021). Our main results extend the ones of Carro et al., (2021).

Keywords: Arifio and Muckenhoupt weight; Calderén-Zygmund operator of type O ; eneralized
weighted Lorentz space; maximal operator

1. Introduction
It is well-known that the Hardy-Littlewood maximal operator M is bounded on L (u)

if and only if u belongs to the class A of Muckenhoupt weights on R" (Muckenhoupt,
1972), where 1< p <o and A, is the class of all weights u satisfying.
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[ﬁ jBu(x)de(ﬁ IB(U(x))p-lljpl <o,

for every ball B = RR". Later, this result was extended for the case of the Hilbert transform
H and singular integral operators T by Hunt et al. (1973) and Coifman et al. (1974),
respectively. More specifically, these authors showed that H and T are bounded on L"(u)
ifandonlyifue A, 1<p<o.

The weighted Lorentz spaces A°(w) were first introduced by Lorentz

(Liu et al., 2002), where w are weights on (0,oo) . The boundedness of M and H on

these spaces was investigated by Arifio et al. (1990) and Neugebauer (1992) respectively. In
particular, Arifio and Muckenhoupt (1990) indicated that the necessary and sufficient

condition of w for the boundedness of M on A”(w) is we B, which means
o \WI(S r
rpjr %ds < CIO w(s)ds, for every r>0.

Later, Neugebauer (1992) proved that H is bounded on AP(w) if and only if

weB N B, , where B is the set of all functions w such that its primitive W holds

0

JtWT(S)ds <CW(t), forevery t >0,

where W (t) = j; w(s)ds .

In this paper, we consider generalized weighted Lorentz spaces AP (w), defined as
follows (Carro et al., 2007).
Definition 1.1. Let u be a weight on R", W be a weight on (0,0) and 1< p<oo. The

generalized weighted Lorentz space Al (w) is the set of all measurable functions f
satisfying
- Up
||f||A§<w)=(J.o fy (t)pw(t)dt) <,
where f; is the decreasing rearrangement of f , which is defined as
fy@=inf{s>0:1(s)<t}, t=0,
and

k‘;(s):u({XER”:|f(x)|>s}), s>0
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is the distribution function of f with respect to the measure u(x)dx.
Remark 1.2. (Carro et al., 2007, Proposition 2.2.5) The functional | f ||A,,(W) has the following

equivalent expression
- Up
A =(J'0 pt*w (1 (t))dt) .

According to Carro et al. (2007), M is bounded on AP (w) if and only if there exists

If

ge (0, p) such that for every finite family of cubes (Qj )::1 and for every measurable set

(Ej)::l, with E; cQ,, forevery j, we have

q
W(U(Uij))<CmaX[MJ . (1.1)
W(U(UJEJ)) : |EJ|

If we denote by B, (u) the set of all weights W satisfying (1.1) then M is bounded on

Al (w) if and only if we B (u). Afterward, the characteristic of the boundedness of H

was proved by Agora et al. (2013). More recently, Carro et al. (2021) demonstrated that the

operator T is bounded on Af(w) if ue A and we B (u)n B where A, = U A, -
p>1

On the other hand, Yabuta (1985) first introduced Calderon-Zygmund operators T of
type 6 and then showed that T is of strong type (p, p) on L°(u) for 1< p<oo,and T is of

weak type (1,1) on L'(u). For the convenience of the reader, we recall here the definition of
Calderdn-Zygmund operators of the type 0.

Definition 1.3. Let 6 be a non-negative, non-decreasing function on (0,oo), and
jole(t)t*ldt<oo.A continuous function K(x,y) on R"xR"\{(x,x):xeR"} is said to be a

standard kernel of type O if it satisfies the following conditions.
(i) (Size condition)

[K(xy)|< P (L2)
(i) (Regularity condition)
K06 )= K (g, V)| K (1)~ K (v,3)| £ C i =y 9[||§°__XX||], (L3)
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for every x,x,,y with 2|x—x,|<|y—x,|.
Definition 1.4. Let © be a function in Definition 1.2. A linear operator T from S(R”) to

S'(R”) is said to be a Calderdn-Zygmund operator of type © if it satisfies the following

conditions.
(i) T is bounded on L*(R"), that is
[Tf]l. <C|/f].. forevery feCy(R"). (1.4)

(ii) There exists a standard kernel K of type 6 such that for every function f e C;’(R")
and xgsupp(f)

TF() = [, K y) F(y)dy. (15)

Motivated by the works mentioned above, our aim in this paper is to establish the

boundedness of Calderon-Zygmund operators of type 6 on AP(w). Our main result

generalizes the one of Carro et al. (2021).

Our paper is organized as follows. In Section 2, we will first present pointwise
estimates for Hardy-Littlewood maximal operators and key lemmas. Using these estimates,
we then establish the boundedness of Calderon-Zygmund operators of type 6 on AP (w).

As usual, we use C to denote a positive constant that is independent of the main
parameters involved but whose value may differ from line to line and C to denote a positive

constant that is dependent on subscript p. If f <Cg,wewrite f <g;andif f <g<f,
we write f ~g.

2. Main results
2.1. Pointwise estimates for maximal operator
For >0, let M, be the modified Hardy-Littlewood maximal function

Up
1
M, f(x)=M( )" (x) = SUD—I [ fPdy| |
>0 | B|7®
and let M} be the modified sharp maximal function
1 v
f Y B _|alf
Mﬂum—g&g@BJwan |u|w],

where B = B(x,r) isaballin R".
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Remark 2.1. It is clear to see that

1p
M; (f)(x)~sup[ j||f(y)|ﬂ—|f|ﬁ|dyj : (2.1)

Lemma 2.2. (The Kolmogorov's inequality) (Lu et al., 2007, Theorem 1.3.3) Suppose that
T is a sublinear operator from L"(R") to measurable function spaces and 1< p <o,

(i) If T is of weak type (p, p), thenforall 0<r < p and all sets E with finite
measure, there exists a constant C > 0 such that

2T f dxsC—r | Tl (2.2)

|E|7E
(if) If there exists r e (O, p) and a constant C >0 such that (2.2) holds for all sets E

|E|r/p

with finite measure and f € L°(R"), then T is of weak type (p, p).

To establish our main result, we need to prove a pointwise estimate for the modified
sharp maximal operator. We follow Alvarez et al. (1994) Liu and Lu (2002).

Lemma 2.3. Let T be a Calderén-Zygmund operator of type & and 0< f <1. Then, there
exists a constant C >0 such that

M}(Tf )(%,) < CMF (%,),
for all bounded functions f with compact support.

Proof. First, we prove for each 0< <1, each ball B =B(x,,r) and for some constant
=¢,, there exists C = C, such that

1Up
(| B|j i |ﬂ—|c|ﬂ|dxj < CMF (x,).

Let f=f+f, with f,=fy,and f,="fy .Wepick c=(Tf,),,itfollows from
the following inequalities

EELIE

|a+b|S <lal +|b[,

that
up

/
(|B|f||Tf|ﬂ—|Tf |ﬂ|dxj1ﬁ<(|B|J|Tf (TF,) |dxj
Up
_ [ﬁ [T+ (T, ~(TF,), )|ﬂ dx]
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p U
< (Tf . )dxj
<[ -,
B
( IRk dxj
|B|-®

up

( j|Tf ), I’ dxj .
Ug

Up
Set '1:(éIB|Tf1 / dxj and 1, :[éjsleZ_(TfZ)B / dxj . Since T is an

operator of weak type (1,1) and 0< <1, so according to the Kolmogorov’s inequality,

we get
1 B
| T, |7 dx <( |f(x)|dxj .
IBII B |I
This implies
1
L S— f dx=—| | f f | dx < Mf (x
S gl H00) |B|LB' | dx |ZB|I| | (%).

For 1,, applying Holder’s inequality with 0 < B <1 yields

1 1Up
. IBIWIBI“’ﬁ(j T o) ([ 9)

IBII | Tf, — (Tf,), | dx

<§ LKoo T, (y)dy—ﬁjj K (z, y) f, (y)dydz| dx

<ﬁk|5|” K(x y)f, (y)dydz——jj K(z, y) f,(y)dydz|dx
1

<®B| (D (K(x,y) =K (2, y)) dydz] dx

<|BHB|HIRH| £, (N 1[K (X y) - K(z, )| dydzdx.

Take z, Xxe B and y ¢ 2B. Then, we have 2| x—X, |<|y—X,| and 2|z—x, [<|y=X, .

It follows from the regularity condition of the definition of the standard kernel of type & that
[l KOG = KOG [dy = [ TF[K X Y) =K (%, )] dy

rRM2B
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AU
D A LI

$20@") Z,HBl [ | T 1dy
55pa52wu95ﬂ%9wwuggmu%y
j=1

By an argument analogous to | K(z, y) — K(x,, y) |, we obtain

jRn | £,(N 1Kz, ¥) = K (X, Y)| S MF (x;)dy.
On the other hand, it is clear to see that

| KX, y) = K(z, V) [<TK (X, y) = K%, Y) [+ K(Z, y) = K (%, Y) |-
This leads to

1 % g elulie| OO0 Y) K (2. y) oy
A<J_||B|I I IRn| (0 1A KX Y) =K (X, ¥) | +] K(z,y) = K(%,, y) ) dydzdx

B IBIjjlvlf(xo)olzolx<|v|f(x)

1B
|Tf P —|c|’ dx S+, SME(x,),
IBI

which completes the proof of Lemma 2.3.
2.2. Main results
In this section, we will prove the following main result.
Theorem 2.4. Let T be a Calderdn-Zygmund operator of type €, 1< p<ow, ue A, and

we B, NB, (u). Then T is bounded on AP (w).

To prove the main result, we need the following lemmas.
Lemma 2.5. (Carro et al., 2021, Lemma 2.6) Assume that 1< p<o, ueA , weB_, and
W satisfies the doubling condition. Then

IME,  SIMA

A ()™ Ay w)'

provided that || Mf ||Ap(w)<
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Lemma 2.6. (Carro et al., 2021, Lemma 2.7) If we B_ then there exists & >0 such that

Y0 <o

0 tl+g

Lemma 2.7. (Carro et al., 2007, Proposition 2.2.12 and Lemma 3.3.1) If we B_(u) then
W holds the following conditions:
(i) W(2t) SW(t),vt>0,
(i) W(s+t) SW(s)+W (t),Vs,t>0.
Now, let us prove the main result by following the ideas by Carro et al. (2021).
Proof of Theorem 2.4. Let f be a bounded function with compact support, ue A_,

weB, nBP(u) and 0< 4 <1. Note that | f(x)|<|M,(x)| a.e.on R". Therefore
T, I, (T

Afw)
Since we B, (u), by Lemma 2.7, we see that its primitive W satisfies the doubling

condition.
Therefore, in view of Lemma 2.5, if || M ;T(f)||<c then

M, (T o SIME(TE) ]

AP (w) AP (w)

On the other hand, by Lemma 2.3, we obtain
IMECTE) ], SIIME |

AP (w) AP w)

Since we B_(u), s0 M is bounded on Af(w), that is

IME] o ST

AP (w) APw)

By the above arguments, if || M ,(Tf) ||< oo then

11|, <MLL, <IMETH]

AP (w) AP (w)

SIME] ST

AP (w) AP (w)”

Moreover, since we B, (u), s0 we B, ,(u) . Asaresult, M is bounded on A?”(w) and

ML), I MATEPY 2, <IITEPIES,  =ITF

APE (w) APE (w) APw)

At this stage, to complete the proof, we only need to show that || Tf ||Ap( <.
u W

Since f is a bounded function with compact support, there exists R >0 such that
B =B(0,R) csupp(f). By Lemma 2.7, we have that
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Wu{xeR":|Tf(x)|>t}))
< Wu(xe3B:|Tf(x)|>1})) +W (u{x e R"\3B:| Tf (x) |> t})).
This leads to

1T g (jow pW (u({x e R™:[TF () > )t )Up
< (ffW (u({xe3B:TF () > )t "‘l)up

+(I:W (U{x eR"\3B:|Tf (x) |> th)t p‘l)l/p
=1, +1,.

Now, we prove that |, is finite. Assume x 3B, y e B. Then we have that | x| >3R,

|x—=y|>|x|-R>|x|/2 and B < B(0,| x|) . These estimates, together with the definition of
standard kernel of type @ of T, imply

T = KOG Fdy S [ Ix=yI" F(y)]dy
2” 22n
< < <
S i Joon | TN S G | T8y SME(,
Therefore,

|, = (j:’W(u({xGR"\3B:|Tf(x)|>t}))tp-1)1/p

< (j:w (U{x e R"\3B:| Mf (x) |> t}))tpl)l/p < || Mf ||

A w)

Since we B, (u), M is bounded on A} (w). Hence, we obtain

Mf < f .
IME 1, <0 DL,
Then, we deduce that I, || f || | <.

Al w)

Next, we prove 1, is finite. Firstly, we have the following estimates
Ilp = IoW (I{XE3BZ|Tf(X)|>'[}U(X)dx)tp_ldt
1 p-1 ) p-1
5 .[OW (I{Xe3B:|Tf (><)|>t}u(x)dx)t dt + .[1 W I{XE3B:|Tf(x)|>t}u(X)dX t dt

I()lW (Issu (X)dX)t P+ J‘:CW (I{XESB:Tf (x)|>t}u (X)dX)t Pt

< W (u(3B))+LwW (I{

AN

u(x)dx)tp‘ldt.

xe3B:[Tf (x)|>t}
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It is easy to see that W (u(3B)) <. Since ue A_, there exists r’ such that ue A, .
Then we can pick r > max{1,r} such that

rw—(t)dt<oo.

0 tP/rHl
On the other hand, it is well-known that if ue A then T is of week type (r,r) on
L' (u) . Therefore, for every t >0,
[ u(x)dx < u(x)dx < m
{xe3BATE ()t} ~ JpxerM T (0>t} ~ ot

which leads to

] (I,
Pl < L (u) |4p-1
L w (J.{XGss:m (x)|>t}u(x)dx)t ats Il W [ t' r

S w (lr]tpldt ~ jlw—(t) dt < oo,
1

t 0 tp/r+1

where we use Lemma 2.7 in the first two inequalities.
3. Conclusion

In summary, using the ideas and techniques of Carro et al. (2021), we obtain the
following pointwise estimate for the Hardy-Littlewood maximal operator, the sharp maximal
operator (Lemma 2.3), and the boundedness of Calderén-Zygmund operators of type 6 on
the generalized weighted Lorentz spaces AP”(w) (Theorem 2.4):

Main Result 1. Let T be a Calderén-Zygmund operator of type @ and 0< £ <1. Then,
there exists a constant C > 0 such that

M (TF)(%,) < CMF (x,),
for all bounded functions f with compact support.
Main Result 2. Let T be a Calderén-Zygmund operator of type 8, 1< p<o, ue A, and
we B, NB, (u). Then T is bounded on AP (w).

These two results generalize what Carro et al. (2021) demonstrated. We will
investigate the boundedness of commutators of Calderén-Zygmund operators of type 6 on
the spaces AP (w) in the forthcoming paper.
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TINH BI CHAN CUA TOAN TU CALDERON-ZYGMUND LOAI THETA
TREN KHONG GIAN LORENTZ TONG QUAT
Théai Hoang Minh, Nguyén Vdn Tién Pat, Hoang Nam Phuong, Tran Tri Ding”
Truong Pai hoc Sw pham Thanh phé Ho Chi Minh, Viét Nam
“Tdc gid lién hé: Tran Tri Diing — Email: dungtt@hcmue.edu.vn
Ngay nhgn bai: 08-02-2022; ngay nhdn bai sira: 08-5-2022; ngay duyér dang: 16-6-2022

TOM TAT

Trong bai bao nay, ching toi xét cac toan ti Calderén-Zygmund logi © (xem Dinh nghia 1.3
va Pinh nghia 1.4 trong Phan 1) trén khong gian Lorentz c6 trong tong quét AP (w), trong do U la
mgt ham thugc 16p ham trong Muckenhoupt trén R" va W la mgt ham thugc Iép ham trong Arifio-
Muckenhoupt B, (u) trén (0,c0) (xem Phdn 1). Trong cdu hinh nay, ching toi thiét lap danh gid
ting diém cho toan tir cuc dai Hardy-Littlewood va toan tir cue dai nhon (xem Bé dé 2.3 trong
Phan 2) bang céch si: dung bdt dang thirc Kolmogorov, bét ding thire Holder va cdc diéu kién cua
nhan chudn trong dinh nghia cdc todn tir Calderén-Zygmund logi 0 . Nho' vao danh gid timg diém
quan trong nay, tir dé chiing t6i chirg minh rang cac toan tz Calderén-Zygmund logi © b chan
trén khong gian Lorentz cé trong tong quat AP (W) (xem Dinh li 2.4) bang cach vén dung cac y
trong va ki thudt lién quan dén ton tir cuee dai trong cong trinh cia Carro va céng sw (2021). Cac
két qua chinh néu trén cia ching t6i mo réng cac két qua reong ing trong bai bao cia Carro
va cong su (2021).

Tir khoa: ham trong Arifio Muckenhoupt; toan tir Calderén-Zygmund loai 0 ; khong gian
Lorentz c6 trong tong quat; toan tir cuc dai
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