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TOM TAT

Phurong trinh p-Laplace chira sé hang Schrodinger c6 #ng dung trong nhiéu nganh khoa hoc.
Tinh chinh quy nghiém cua phwong trinh nay dwoc nghién ciu gd‘n day trén cdc khong gian ham
khé&c nhau. Trong bai bao nay, chling tdi trinh bay cac két qua vé tinh chinh quy nghiém trong khdng
gian Lorentz cho phuong trinh p-Laplace chiza s6 hang Schrodinger trong truong hopp=n.
Phirong phdp cua ching tdi 1a xay ding bdt ding thic ham phan phdi trén tdp mirc ciia cdc dai
leong lién quan dén gradient cia nghiém va ham di liéu, dudi tac dong ciia céc todn tir cuee dai cap
phan so. Pdy la phwong phdp diroc phét trién va siz dung hiéu qud trong mét sé bai bao gan day.

Tir khod: tinh chinh quy nghiém; toan tir cuc dai cap phan sb; Khong gian Lorentz; phuong
trinh p-Laplace; danh gia gradient

1.  Gioithiéu

Trong bai bao nay, chang toi s€ trinh bay chirmg minh danh gia gradient trong khong
gian Lorentz cho phuong trinh elliptic tua tuyén tinh chira sé hang Schrédinger c6 dang nhu
sau {—div(A(x,Vu))+V |u |q‘2 u =-div(B(x,f,g)) trong Q,

(1.1)
u=h trén 0Q,

trong d6 ¢ >1va Q la mién mg, bi chan trong R" véi n>2. Toan tir A :QxR" »>R"Ia
ham Carathédory c6 gié tri vecto va kha vi lién tuc theo bién ¢, thoa man diéu kién: ton tai
p>1, 0 <[0,1] vahingsé A >0 sao cho
b1
A ) EA(S?+|SF) 2, (1.2)

P2
2

|8§A(x,g“)| <A(c?*+|SF) 2, (1.3)
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(A G)-A(KE))G-&) =AM P +G [ +I5) 2 I ¢

véi moi ¢, ¢, ¢, trong R'\{0} va x thugc Q hau khdp noi. Gia thiét vé ham B

i (1.4)

:QxR" — R"la ham Carathédory c6 gié tri vecto thoa man diéu kién
|]B(x,f,g)|gcl|f|p’l+c2|g| (1.5)

P
p-1

Lién quan dén diéu kién bién, ching t6i xét diéu kién Dirichlet h eW"? (Q) véi Q 1a mién

voi ¢, ¢, la s6 thuc duong va cac ham dit liéu f e L° (Q;R”),g el® (Q;]R“) voi p =

Reifenberg.

Trong truong hop don gian khi toan tr V=0, AXE)=<P?¢ va
B(x,f,g)=|f|"?*f, phuong trinh (1.1) chinh la phuong trinh p -Laplace quen thudc. Khi
V£0 va p=q=2, két qua vé tinh chinh quy nghiém cta phuong trinh (1.1) dwoc Shen trinh
bay trong bai bao ciia dng (Shen, 1995) véi diéu kién V' thudc I6p ham Holder nguge RH

(R") duoc goi la thoa man bt dang thirc Holder nguoc Véi

loc

trong do 92%. Oday, Velg

0 >1, ki hieu Ve RH?, néu ton tai hang sé C sao cho véi moi qua cau B c R" ta cd

{ ﬁ [ V‘g(z)dzjg <C ﬁ [V(@)dz. (1.6)

Khi xét phuong trinh (1.1) véi gia thiét q=p va Ve L, (R%R")ARH’ voi

loc
0e {% nj , trong (Lee & Ok, 2020) cac tac gia chung minh dwoc két qua chinh quy trong

khong gian Lebesgue dudi dang
1
fel'(Q)=|Vu|+VP |uleL'(Q), Vte(p,pd).
Tiép tuc mé rong két qua nay khi xét trudng hop 1< p <n, trong (Tran, Nguyen &
Nguyen, 2021) c4c tac gia da ching minh tinh chinh quy trong khong gian Lorentz duéi dang
M, (IfIP+¥,(9)) e L (Q) =M, (¥, () e L (Q) (1.7)

. . ny ... N
véimoi O<t< va 0 < s <oo, trong d6 ae[o,gj vaham ¥_:W*?(Q) - R* dugc

n-—ad
dinh nghia boi
¥ _(0)=c"+|Vo|"+V|el’, oW (Q).
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Toan tu cuc dai M, s€ dugc dinh nghia ¢ Dinh nghia 2.2. Bai toan téng quat (1.1) sau

d6 tiép tuc duoc khao sat trong (Lee & Ok, 2021) va (Nguyen, Tran, Huynh, & Tran, 2020).

Trong bai b4o hién tai, ching t6i hudng dén chiang minh két qua dang (1.7) trong trudng hop
p >n. Cuthé, ching tdi s& chirng minh rang

M, (|f °+|glP +‘P°p”q(h)) el (Q) =M, (V9 () e L*(Q), (1.8)
trong 46 ham W7 . dugc dinh nghia bdi
o 1,
Yo (@) =c"+|Vol|’" +V]el', ol (Q)nW""(Q). (1.9
Trong trudng hop ndy, ching tdi gia thiét thé vi Schrodinger thoa man diéu kién sau
Vel'(Q)NRH?, 6>1. (1.10)

Phuong phap nghién ciru chiing t6i dung dé ching minh két qua chinh quy nghiém
trong khong gian Lorentz (1.8) la xay dung bét ding thirc ham phan phdi trén tap muic ung

V6i cac ham M (|f f+lgl +\P;q(h)) va M, (¥, (u)). Phuong phap nay duge d& xuat

trong bai bdo (Nguyen & Tran, 2021a), (Tran & Nguyen, 2022a) va c6 ngudn gdc tir ki thuat
good- A trong (Nguyen & Tran, 2020a), (Tran & Nguyen, 2019a) va (Tran & Nguyen, 2020).
Cac phuong phap nay da duogc ap dung thanh cdng trong viéc khao sat tinh chinh quy nghiém
cho nhiéu bai toan khac nhau (xem (Nguyen & Tran, 2021b), (Tran & Nguyen, 2022b),
(Tran, Nguyen & Huynh, 2021) va (Tran, Nguyen, Pham, & Dang, 2021)). Ham phan phéi
s& dugc dinh nghia trong phan tiép theo cua bai béo.

Chung toi phat biéu hai két qua chinh cua bai bao. Trong hai dinh Ii nay, chdng t6i gia
str u 1a nghiém yéu cua phuong trinh (1.1) voi toan tir A, B thoa mén cac diéu kién (1.2),
(1.3), (1.4), (1.5) va cac ham dix liéu

fel’(QR"), gel®(R"), heW"P(Q),
trong truong hop p>n vathé vi V thoa man (1.10). Két qua dau tién trong Pinh i 1.1 14
bat dang thirc ham phan phdi trén tap muec.

n—af n-— ; s .
d ,—a), ton tai hang so

pinh 1i 11 V6i moi ae[O,ﬂj va ae(
0 néd n

5=56(6,A,n,p,q)>0,b=b(a,0,a,n,p,q)>0 va

& =& (e a,0,A,n,p,q,diam(Q) /r,) € (0,1) sao chonéu (A, Q)eH,  véi motso 1, >0
thi bat dang thuc sau

.30 (@572)< Colu o) 2 A* dMa(”P%,q(h)+|f|P+lg|p’) (2.6°2) (1.11)

ding véi moi 4>0, C(a,a,6,A,n, p,q,diam(Q)/r,) >0va & >0.
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Gia thiét (A, Q) €H, . s€dugc dinh nghia trong Dinh nghia 2.8. Dinh If tiép theo la
két qua vé danh gia gradient trong khong gian Lorentz. Panh gia nay s& suy ra truc tiép két
qua chinh quy nghiém trong (1.8). Ching toi nhan manh rang két qua nay vai gia thiét p>n
chua dugc khao sat trong cac bai bo trude do (Tran & Nguyen, 2019a) va (Tran, Nguyen,
Pham, & Dang, 2021).

binh li 1.2. Vi moi ae{o,gj khi d6 ton tai §=5(6,A,n,p,q)>0 sao cho néu
(A, Q)eH,, véimotsd r, >0 thi bat dang thuc

|||v|a (¥7,W) (1.12)

q P o
L ECML(If P 1gl s ,m)

L ( L5 ()

dtng voi moi te(o, n—aej va 0<s<ow voi C=C(a,A,0,n,p,q,diam(Q)/r,,t,s)>0.

ne

Trong phan tiép theo, ching t6i nhac lai cac khéi niém co ban lién quan dén nghiém
yéu, khéng gian Lorentz, ham phan phdi, cac toan ti cuc dai cAp phan sé va tinh bi chan caa
né. Trong Muc 3, ching tdi ching minh bat dang thic so sanh dia phuong gitta nghiém yéu
ctia bai toan ban dau véi phuong trinh thuan nhét twong tng. Muc 4 trinh bay qué trinh xay
dung bit dang thirc ham phan phdi trén tap mirc, trong d6 sir dung hai két qua vé bit dang
thirc so sanh & Muc 4 va bat ding thirc Holder nguogc trong (Lee & Ok, 2021). Cac két qua
chinh vé bt ding thirc ham phan phéi va danh gia gradient trong khong gian Lorentz duoc
chung minh & muc cudi cing cua bai bao.
2. Noi dung
2.1. Mgt sé kién thirc chudn bi

Trong bai bao nay ching tdi sir dung mét sé ki hiéu sau

e |A| 1ad0 do Lebesgue ciiatap A do dugc Lebesgue trong R".

. ﬁj’f(x)dx la tich phan trung binh cua ham f(x) trén tap E do duoc Lebesgue
E

trong R".
e diam(Q) la duong kinh cua Q.
e B, (%) laquacaumetam x, bankinh p>0 va Q (%) =B, (%) Q.

Ngoai ra, hang s6 C trong bai bdo nay c6 thé thay d6i qua cac budc danh gid nhung
luén phu thudc vao dit liéu cua bai toan. Dir liéu cua bai toan ching toi gom cé
data=(A,c,a,&,n, p,q,diam(Q)).
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Dinh nghia 2.1. (Khdng gian Lorentz) Cho Q 1a tap mé trong R" va hai tham s6 0 <t < oo
va 0 <s <oo. Khong gian Lorentz L"*(Q) la khong gian cac ham f do duoc Lebesgue trén

Q saocho [If ||, <oo trongdo

S (Q)

-

. Sda)s
If s g = [tj 2 {xe Q| f(x)|> 3! _j
néu 0<s<oo Va

I 1.,

néu s =

(@)

1
=supA|{xeQ:| f(X)|> A},
A>0

Dinh nghia 2.2. (Toan i cuc dai cdp phan sé) Véi méi s6 thuc « €[0,n], ta dinh nghia

toan tir cuc dai cip phan s M, 1a toan tir duoc xac dinh béi

1
M, f(x)=supr” f dy, xeR" (2.1)
09 =stpr o 1Tl xe

voi ham f e Lj, (R”). Trong truong hop « =0 thi M, la ham cuc dai Hardy-Littlewood

M, dugc dinh nghia nhu sau

Mf (x) =sup

r>0|B( )|BJ(.)|f(y)|dy XERHI

Ménh dé 2.3. (Tinh bj chén cua toan tir cuec dai) Gia sir s>1 va a € {o, ﬂj . Khi d6 ton tai
S
hing s6 C =C(n,&) sao cho véi moi f e’ (R”) ta co

(M, f(x)> 4} <c[ j|f(y)| dy)
vaimoi 4 >0.
Dinh nghia 2.4. (Nghiém yéu) Ham sé u eW*P (Q) duoc goi la nghiém yéu cia (1.1) néu
thoa mén cdng thic bién phan
IA(X,VU)-V¢dX+J.V|U "2 U¢dx:IB(x,f, g)-Vedx,
Q Q Q

véoi moi g eWy? (Q).
Dinh nghia 2.5. (Ham phan phdi) Cho ham f do dugc trén Q va K = R", ham phan phéi
d, (K,.) cua f duoc dinh nghia boi

d, (K, ) ={xeKnQ:f(X) 13 20
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Trong trudng hop Q c K , dé don gian ta viét tit thanh d, (1).

Tiép theo dua trén bai bao (Lee & Ok, 2021) chiing ta c6 bat dang thuc Reverse Hoélder
nhu sau.

. 3 . o~ I . . . ;
Bo de 2.6. Lay X, €Q va pe (OEO} Gia str u la nghiém yéu cia phuong trinh (1.1)va v

la nghiém yéu ctia phuong trinh thuan nhat
—divA(x,VV)+V|v[*?v =0  trong Q, (x,),
v =u-h trén 9Q, (x,).

Khi d6 v6i 0 e (1,+0) va y €(1,0) taco bt dang thie sau ding

1 ;Y 1
ooy ) (FaW) dx ) <Cr——0 | ¥, (v)dx (2.2)
£|QP (XO )| Qp‘!‘xo)( ) J |Q2p (XO) QZ/:';XO)

Dinh nghia 2.7. (Gid thiét (5,1,)) Véi 6 €(0,1)va r, >0 tandi (A, Q) théa man gia thiét

(6.1,) duoc kihiéula (A, Q) e H, . néuthoa man hai diéu kién sau:
i. Toantr A thoa mén diéu kién nira chuan BMO nho nghia 1a
1

A(X, &) —As,
[A]"= sup —j sup | x.¢) pj‘m (§)| dx<¢o
yeR",0<p<ry Bg (y)| B,(¥) £eR"\{0} | é/ |

trong d6 As,(y)(¢) ki hiéu trung binh tich phan cua A(,, £) trén qua cau B, (Y)-
ii. Q lamién (J,r,)- Reifenberg c6 nghia 1a véi moi x € Q2 va 0< p < (1-35)r, thi
ton tai hé truc toa do mai {&,&,,...,&,} sao cho trong hé nay nay thi x=—p5'& va
B,(0)n{& >0} cQ, o, =B, (0)n{& >-2p5},
V6i 6" =51(1-5) vatap {(&.&,....&,) & > A} dugc viét tat thanh {& > 4},
2.2. Bt dang thirc so sanh véi nghiém ciia phirong trinh thudn nhat
Phan nay chang tdi trinh bay vé cac danh gia so sanh cho phuong trinh thuan nhét.

2 A . . 2 2 — f R
Bé aé 3.1. Gia st (A, Q)e Hj . véi mot so ,>0. Lay x,€Q,p 6(0,50} va
Q,,=B,,NQ. Gia sit ula nghiém yéu ciia phuong trinh (1.1) va vIa nghiém yéu cua
phuong trinh thuan nhat

—divA(x,VW)+V|v["?v =0  trongQ, , 23
v =u—h trénaQ,,. '
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Khi dé véi moi & €(0,1) ton tai hang s6 k =k(p, ) >0 va C(A,o,n, p,q) >0 sao cho

L J' ¥, (u-v)dx<e L
‘ 2p| ), ‘QZP
Chitng minh Bé @ 3.1. Do u va v lan luogt 1a nghiém yéu cua phwong trinh (1.1) va (3.1)
nén thoa man cac cong thire bién phan

q-2
-[sz A(x,Vu)-V¢dx+Iﬂsz|u| U.dx :jﬂszB%(x,f, g)-Vedx, (2.5)

[ g @x+Ce™ — | (|f|q +lgl +‘P}’;q(h))dx. (2.4)

Q, ‘ 2p|9,,

va

JQ A(x,Vv)~V¢dx+JQ V|v|*? v.pdx =0, (2.6)
Vi 9 eW™P(Q,,). Chon ham thu ¢ =u—v—heW,"*(Q, ) vathay vao (3.3) va (3.4) sau
d6 trir vé theo vé va r(t gon ta thu dugc

J.Qz (A(x Vu)-A(x,Vv))-V(u —v)dx+_[92pV(| ul™? u—|v|*? v)(u —v)dx

_'[ (x,Vu) A(x,Vv))~Vhdx+jQ V(|u "2 u—|v]*? v)hdx (2.7)
+ jgzp B(x,f,g)-V(u—Vv)dx— j% B(x,f,g) - Vhdx.

Dé thuan tién trong viéc ching minh ta dinh nghia ham ©_ : (W "P(Q) )2 — R" nhu sau

D, (o) =(c"+|Vol +|W|)2 IV(e-)[ +V(lof +|!//|)2 lp—y [

véi moi ¢ va y eW?(Q). Theo (Hamburger, 1992) ta c6 két qua

q-2
L (R ) “lo-vl
Ldc nay ap dung gia thiét (1.4) ta c6 s hang & vé trai (3.5) ta duoc danh gia nhu sau
(A, VU) = AX, VW) - (VU= V) + V ([u "% u=|v["? v) (u-V)
-2

p-2
>C(A)(o®+|VuP +| VW) 2 [Vu-VvP +CV(luf +|v|)2 lu—v[?
(2.8)

p-2 9-2
ZC(A)[(02+|VU|Z+|VV|Z) 2 VU=V +V([uP +|v[) 2 |u—v|2}

>C(A)D_ (u,v).
Tiép theo, ap dung gia thiét (1.2) ta co danh gia cho cac sé hang ¢ vé phai (3.5) nhu sau.
Pau tién
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(A(x,Vu)=A(Xx,VV))-Vh g A(x,Vu) = A(x,VV) || Vh|
<(AKXVu)[+[AX, V) )| Vh]| (2.9)
1 1
SA[(O‘ZHVU F)2 +(c?+| V)2 }|Vh|.
Do q>2 néntacod
q-2
V(ul?u=|v[?v)h<C@V(Juf +[vF) 2 Ju-v]hl. (2.10)
Cudi ciing, ap dung gia thiét (1.5) véi C =max{c,,c,} taco
B(x.f,9)-V(u-v)~B(x.f,0)-Vh<C(ff|"" +|g])Vu-vv|+ C(f"* +[gf}vh.  (212)
Tu (3.6),(3.7),(3.8) va (3.9) vathay vao (3.5) ta duoc

C = 2 zp;1
o ‘jg (o®+|VuP) 2 +(c*+| V)2 ||Vh|dx
2p 2p

C(A) jQ ®_(u,v)dx <

C a2

+ j V(uP+[vF) 2 Ju-v|h|dx (2.12)
sz Q2p
C ] §

o j%(|f|p +]gf)vu-ifax+C j%(|f|p " +]gf) vh]dx.

Bay gio, ta s& danh gia phan tir chira s6 hang Schrédinger trong vé phai cua (3.10) .Do g > 2
, ta c6 bit dang thirc sau
a-2
(luP+IvF) 2 <Cl@(u-v[*?+[u?).

Ap dung bat dang thic trén ta thu duoc

-2
ij V(|u|2+|v|2)qz|u-v||h|dxg%(j V|u-v|q-l|h|dx+j V|u|q-2|u-v||h|dxj. (2.13)
‘QZP‘ o ‘sz‘ o e
Tiép theo ta c6 danh gia sau
L’l
(0-2+|¢2|2) ? SC(p)(apil"‘|§01|p71+|§01_(02|pil),

khi do6 suy ra
L -
(G?+|VUlP) 2 +(c®+|VVv[) 2 <C(p)o™ +|Vu-VV |’ +|Vul’™).

Bay gio voi a,bva ¢ labasé thuc. Giastr p 1asé thuc 16n hon 2. Khi d6 véi moi &, &, >0
tacod
la|"?|bllcl< e |al’ +&, |b|” +&7 P&,  c|”. (2.14)

Ap dung danh gia trén ta danh gia 1an luot cho cac s6 hang ¢ vé phai (3.10) ta sé& thu duoc
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Qi | V|u|q‘2|u—v||h|dxs‘i [ vjur dx+‘ijV|u—V|“ dxﬁ‘f g, [ vinfax (215)
P, 2p| ), 2p| Yy, 2p| Qy,
jV|u|q hldx< 2 2 [ Viu-vf dx+ 22— [ ViInpdx, (2.16)
2p| Qy, ‘ 2p| Q,, ‘QZp Q,,
IQZ (\f\pflJr\g\)\Vu—Vv\dHJQ (\fp1+\g\)\Vh\dx§gzj |Vu—Vv|p+I &7 " |Vh|P dx o1
' o B 17

te; j (FP+1gP)x
Két hop (3.11), (3.13), (3.14), (3.15) ta thu dugc két qua

CQ j @ (u,v)dx < c{ 4 j we (u)dx+‘ &2 [ ¥,qu-v)dx
1 e (2.18)
H+ 1p P o0 2001 ,
J{gz & gzgngz & & }J.%(fugp#}’pq(h))dx
véi moi ¢,,¢, €(0,1).
Véi p,q>2 ap dyng dinh nghia V7, va @ taco danh gia
@, )2 0(@)| (Ve + 9 ) " 5= v ) - of |
2C(p,q)(|Vu—Vv|p+V|u—v|q)
:C(piq)\Pp,q(u_v)'
Dan dén
j\ypq(u V)< —— jcp (u,v). (2.19)
‘ 2p| 9y, ‘ 2p| Qg
Két hop (3.16) va (3.17) tasuy ra
1 i< CE [y Ce, _
o) IQ ¥ (u-v)dx < o] IQM ¥ (u)dx+ o] L ¥, (u-v)dx
1 (2.20)
+C 5§'p+€f‘p+€§(‘;+€§q+€1 ' [, [ +loF +w,, 0
2p 2

Cudi cing véi & € (0,1), ta cd thé chon & va &, sao cho

Cg < f, Ceg, <
2 2C
dan dén k duoc dinh nghia boi

k =max{0, p—1,9-2}.
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2.3. Bt ding thirc ham phan phéi

Bodé4.1.Cho p>0, 0<a<nvaa>0.Tacothé tim duoc cac hang sé b =b(e,a,n) >0

Va g, = &,(a,a,b,n,diam(Q) / p) > 0 sao cho néu ton tai z, € Q thoa méan bat dang thirc sau
M, (P51 P +1g1") () <&2,

V6i ¢ €(0,5,),4 >0 thi ta co bat dang thirc sau diing

dMa(ngq(u))(Q g°1)<eL'(B,(0)). (3.1)

d (Q.72)<eL'(B,(0)).

M,,(‘I“,;vq(u))
Chang minh. Ap dung Ménh dé 2.3 véi s=1, ta co:

n

dxj a,

‘{x cQ:M, (¥5,)(x)> g*az}\ < c(

khi do6 theo danh gia so sanh ¢ (3.1), ta dugc

+1g |p')dxj”“

Dinh nghia D la duong kinh cia Q, nghia la D = sup d(x,y) . Dé dang thdy Q c B, (z,),

X,yeQ

‘{x eQ:M, (¥5,W)() > 8’% < C(glaﬁ o

diéu d6 dan dén

n

‘{XEQZ(‘P;‘](U))(X)>8al}{SC(gj;/IJ‘BD(Z)(‘P ()+If1P+Ig )dxj -

D N (a+b)n
- (;j £ " [B,(0).

@O 1 4 dé (4.1 ding v6i moi & < (0, ,) ta cin chon &, sao

nN—-o

T d6 chon b sao cho

N (a+b)n
cho C [—j £, <g&,. Vy ta thu duoc diéu phai ching minh. O
Yo,

Bo dé4.2.Cho a €[0,n) va z, € Q () théaman M, (9 )(z,) <A véi 1> 0. Khi do véi
moi a >0 bét ding thic sau

Dy g, (2 () 7°2) <d,

a ZBZp(C)\yqu ()

)(Qp (£).e724), (3.2)
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n+1

dung voi moi 0<e<3 .
Ching minh. Ly x e B, (¢), khi do

M, (F5 (X)) <max{U, ,(¥7 (u)X); T, , (¥, W)}

VoI
U, (%7 )9 = sup (0) —— T, w2 (u)dx,
0<p<p ‘p(x) ’
va
T, (%5 )0 =sup(p)" ——— [, o 5. Widx.
pzp ‘B (x )‘
Cha y rang

max {ua,p (¥, W) (0T, , (P7,W) (x)} > &)
néu va chi néu
U,, (¥5,)()>e°4 hoic T, ,(W9,W)) @) >e°4

Tur d6 suy ra

(xeQ,():M, (¥5,1))> g-%}‘
< {x eQ (¢): max{Ua'p (¥5,W)(0:T,, (‘P‘;,q(u))(x)} > g‘a}t}‘
=l(xe0,(0):U,, (¥5,@) (0> £ 2} Uln e, ()T, , (¥5, W) (x)> gﬂ}‘

<|xeQ,©):u, ,(¥5, )00 > g-u}H{x eQ, ()T, , (¥, W) > gaz}‘.
Do xe B, (£) nénvsimoi 0<p <p,tacod [x—¢ |<p. Xét ze Bp,(x),khid()

(3.3)

|z-CHz-x+x=C K z-X|+|x=C | p +p<2p.
Suy ra Bp, (X) = B,(£), nhu vay ta co

U, (¥5,W)x)=sup (o)

1 o
b e WJ.BP'(X)\PD'Q (U)dX

ne 1 .
= 3 (0) o o 7o ¥ a0
<M, (1, V50 W) (0,

kéo theo

(xe0,(©):U,,,(¥5,@)00> 572 < ‘{x €0,(0)M, (2,0 ¥5,)(X) > g*«m}‘. (3.4)

102



Tap chi Khoa hoc Trwong DPHSP TPHCM Tdp 20, Sé 1 (2023): 92-109

Do z,,xeB,({) nénvéimoi p > p,tasuyra|z,—¢|<p va|x—{|<p. V6i zeB .

taco
|z-2,|Hz-X+X-{+{ -2z, |<z—x|+|x-{|+|{ -2z, |<3r.

Diéu nay dan dén B, (x) = B, (z,), nhu vy ta co

o ne 1 "
T, (¥5,W)(x) = ffif(p ) B @) Jo 1) o (u)dx
Bsp' (22) J'
p2p ‘Bp,(zz) B,
Na 1
p2p ‘B3p, (Zz)

n—a "\ 1 p
=3"“ sup (3,0) W_[Bap’(zz)‘lfp]q(u)dx

3p'>3 ,
p 23p 35 2)

)‘P‘;vq (u)dx

(2

o (o) o)X

3p

jB o) Yoo

3p

\a 1
<3"“sup(3p' ) ———
/3'>0( 10) ‘BSp' (Zz)

=3"M,, (‘P‘;q(u))(zz)
<3" A

n+l
Khi do, véi moi £ <3 &
HXer(g):Ta’p(‘P‘;’q(u))(x) >gm}‘=o. (3.5)
Két hop (4.3), (4.4) va (4.5) ta suy ra
{xe0, ()M, (¥5,)(X) > &4 < ‘{x eQ, ()M, (Zo, (¥ 5, )00 > gaz}‘.
Viy ta c6 diéu phai chizng minh.
n—-af n—a

BG dé 4.3. Voi moi ae{o,%j va ae[ o j Khi do ton tai hing sb
n n

b=b(a, p,q.a,a,p)>0 Va & =z/(a,6,ab,n,p,q)>0 sao cho néu ¢ x,x, €B, ()
théa man

M, (P9, (W)(x)<AvaMm, (‘Pg’q(h)+|f P+|g |P’)(x2) <&l (3.6)
thi bat dang thuc

d (Qp,g‘ai)SE‘Bp(XO)‘. (3.7)

Mfl(le/)(XO)\yqu (u))

dung véimoi 4 >0 va O<e<g,.
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Chezng minh. Dé chang minh bat dang thac (4.7) ta can kiém tra hai truong hop 1a x, € Q
tacla B, (X)) cQ va B, (%) NoQ=J .
Truong hgp 1. B, (x,) = Q ta xét phuong trinh thuan nhat sau
{—divA(x, VW) + V|V 2v =0 trong 0B, , (X,),
v=u-h trén 0B, ,(X,)-

Bay gio ap dung B6 dé 3.1 véi & €(0,1) vahing sé k=k(p,q,p') taco danh gia

1 1 )
‘B LM) palU= )dx_w(gljw o (Wdk+Ce; j . (|f|q+|g|p vy ())dx), (3.8)
Bay gio ta dat

L=d,, ) (Q,(%).e"2)<cd (

a le,;(Xo)\y

hate-v) (Q” (%), Cﬁlefa/'i)

Cd Q cle?A 59)
+ Ma(Zsz(m))(\ngq(v)))( P(Xo)v p & )

ey LK nN—af n—«a c s A - £
Tu gia thiet ae( , J tasuyral< < 6. Khi @6 ton tai hang so y >1

neg n an+a
sao cho
<y<é.
an+ o

Ap dung Bé dé 2.3 ta danh gia cho (4.9) ta thu dugc

n -
n-ay

L<c| - [ ¥ u-vydx| +C L — [ (P7,(v) dx
3 /IBZ/,(XO) (g‘a/l) By, (%)
Ta chuyén qua cau 2p thanh qua ciu 4p ta thu duoc danh gia
n n-a n n-ay
L<C %j Yo (u-v)dx| +C LJ (¥9,0)) | . (3.10)
g " A(B,, (x))] 7B lx) ( 3,1) ‘B B2,00)
Tiép theo ta 4p dung B6 dé 2.6 dé danh gia (4.9) va (4.10) nhu sau
n i & n-a
L <c| ) 4 j W W) | (177 +1gl” +, ()
&0 ) |[Bi ()| Peo * 1B, (%) Peo
2 (3.11)

n n-ay
4
+C L] ¥ (v)dx
£ AB,, (%)

B4, ()
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Ta s& ching minh B, ()< B, (x)NB;,(x,). That vay, lay yeB, (x) ta co
d(y,x)<4p. Mit khac x,X,€B (X)) do do d(x,%).d(x,%)<p. Din dén
d(y,xl),d(y,x )<5p.Dodd ye Bsp(xi)mB (x,). Tiép theo ta c6

|B (%, )|IBA (%) pa(U)d X‘| By, (%) Phq (U)o (3.12)
sc:(sm M, (¥, W)(x)<Cp 4,
va
1 .
—_— 1T +1g]” +¥7,(h))dx<C |f|“+|g|p +97 . (h) |dx
‘BAP(XO)LWM( P ) ‘ 5, (X)) %ol ( )
<CER) M, (I [ +1g" +¥5,(M)(x)  (313)
<Cp e’
Tiép tuc 4p dung bét dang thic tam giac va (4.8) véi & €(0,1) ta thu dugc
1 1 1
— Yo (V)dx<C| ——— PO (uW)dx+ — Y7 (u-v)dx
ERE {\B@(xm N Ve J an
<C #j Yo (u)dx+ gt #j (|f|q+|g|p +\P‘;1q(h))dx .
‘B4P(X0) Bisl0) ‘B4P(X0) B %)
Két hop (4.12), (4.13) va (4.14) thay vao (4.11) ta c6
n 2 n nf}o/z;/
4p)" \ne —a K —a = ! —-a -k -a
LSC((g/Zl] (glp A+e p gbi)”‘“+C %(p A+ve p gbl)
Thuc hién rat gon ta cé
an n any n
L< C|:8”“ (51+51‘k5b )E +e" (l+ g e )“ZW}O". (3.15)

Trong (4.15) chon & =& “&” va b> max{o,[l—a—g](k +1)}. Tir d6 ta co diéu phai
n

chung minh.
Truong hep 2. B, (%) NéQ =D . Lay z, € 6Q sa0 cho |z, — x| = d(%,,00) <4R. Ta xét
phuong trinh thuan nhat

—divA(X, VW) + V|V [*?v=0 trong 6B,, ,(z,),

{ Vv’ =u-nh trén oB,, ,(z,).
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Tir d6 ta chimg minh tuong ty trudng hop 1. VAy ca hai trudng hop ta déu cé
Qp,gfa/l) <ell (Bp (XO)).

Mo (75, 00)¥5.0 ) (
Vay ta hoan tat ching minh.
2.4. Két qua chinh quy nghiém trong khéng gian Lorentz
Truéc hét ta phat biéu bo dé phu cua Vitali nhu sau
Bé d¢5.1. Cho Q la mién thoa diéu kién (J,r,) - Reifenberg véi hang sé r,, & > 0. Xét hai
tap con do dugc VW< Q. Giastr 0<e<1va 0< p<r, thoa man
i. £'(V)<eL'(B,(0));
ii. vxeQ va pe(0,p], néu £'(VNB,(X))>eL'(B,(x)) thi QN B,(x)cW.
Khi d6 ton tai hing s6 C =C(n) >0 sao cho [V|<Ce[W)|.

Chitng minh Dinh li 1.1
Chitng minh. Bét ding thirc can ching minh trong duong

Gy (v, ) (2 2*2) = d ](Q,gb}t) <Ced (Q.4). (4.1)

M, (¥ ()P 10l o(¥5a)
Va&imoi ¢>0 va A >0 tadat

Y, = {x cQ:M, (¥5,)) (%) > &AM, (W5 )+ [T+ g " ) (x,) < gb/l}
va

W, = {x eQ:M, (‘P‘;Vq(u))(x) > l}.
Bay gio ta s& kiém hai gia thiét caa B6 dé 5.1 tir d6 s& co diéu phai chiing minh. That vay
voi p>0 tiyy tas& chang minh £'(V, ;) <eL'(B,(0)). Ta cé thé gia sir V), , khac rong
Vi néu bang réng thi ludn ding. Khi d6 ton tai x, €, sao cho

M, (¥5a(+IF P +1g1P ) (%) < &"A,
Tir d6, theo B6 dé 4.1 tasuy ra

£v,)<d (Q,.67%4)<eL'(B,(0)).

Ma(‘i";yq(u))

Nhu vay i. ding v6i ¢ dua bé va b > max {O;l—a—ﬁ} :
n

Bay gio ta s& chimg minh ii. ding. Liy x, e Q va g € (O,p). Gia strtontai x, e Q (%) "Wy
va x,€),, NB,(X,). Do x;e W, va x,€), néntaco
M, (W7, ) (x) <2 va Ma(‘P‘qu(h)+|f P +|g |p')(x4)35b.

Luc nay &p dung B dé 4.1 va Bo dé 4.3 véi g, >0 va b >0 sao cho véi moi 0< & < g, thi

106



Tap chi Khoa hoc Trwong DPHSP TPHCM Tdp 20, Sé 1 (2023): 92-109

£V, NB,(x,))<d (Q,.674)<eL'(B,(0)).

Ma(lsz;,(xo)‘l’?q(“))
Tur day dinh If dwoc ching minh xong bang céch st dung Bé dé 5.1.
Chitng minh Dinh li 1.2

Ching minh. V6i te(O, ”_“ej thi tn tai ae(”_“g ,lj khi d6 4p dung Dinh Ii 1.1 ta
no ng t
cothéchira 6 >0,b>0 va g, €(0,1) thoa man bat dang thic
a b
dMa(‘*"S‘q(U)) Q&7 A< ngMa(‘i’Z,q(U))( A+ dMa(lf|p+lg|"'+lP‘E,q(h)) (©Q,£°), (4.2)

dung véimoi >0 va € €(0,¢,).

Xét truong hop 0<s< oo, tachd
o S K s-1 2 —as I s-1 -a 2
M (¥ 5 ) o = 27 (D2 =t 27, () 02,
0 0

két hop véi (5.2) ta thu duoc

c s —ase s-1 :

IM, (¥5, W) F,, SCe ™ tf24(d,, ., (A)'dA

e . (4.3)
Ce™t[A*(d , "2))tdA.
e ! ( MQWW+MW+W34h»(8 ))
Ta thiy rang (5.3) twong duong vai bat dang thic sau
_ast

IM, (P2 @) s, Ce T IIM (P )l (4.4)

-a-b ' o
+Ce P M (TP +1g 1P +#7, ()l -
Két qua trén van dung cho truong hop s = oo, hon nita bang cach chon a ¢ budc dau tién,
1
—a+= 1

ta chira dugc ¢ ¢ (5.4) thaméan Ce ! SE.
Khi d6 bat dang thie dugc chirng minh.
3.  Kétluan

Qua bai bao nay, chiing toi da tién hanh ching minh danh gia gradient trong khong
gian Lorentz cho phuong trinh elliptic tua tuyén tinh chira s6 hang Schrédinger trong truong
hop p>n. Dinh huéng mé rong sap t6i co thé 1a ching minh bai toan trong truong hop

p <n hoic thay d6i khong gian Lorentz thanh khong gian Morrey.

% Tuyén bé vé quyén lgi: Céc téc gid xéc nhan hoan toan khéng cé xung dot vé quyén loi.
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ABSTRACT

The p-Laplace equations containing the Schrédinger terms have been extensively applied in
science. Recently, the regularity of the solution to this equation has been studied in different function
spaces. This paper present the regularity results for solutions to p-Laplace equations containing the
Schrodinger terms in Lorentz spaces with p >n. The method used is to establish the distribution

function inequality on the level sets of quantities related to the gradient of the solution and the given
data under the influence of fractional maximal operators. This method has been recently developed
and used effectively.

Keywords: fractional-level maximal operator; gradient estimates; Lorentz space; p-Laplace
equation; regularity theory
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