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TOM TAT

Chuing t6i chizng minh su ton tai va duy nhat nghiém renormalized khéng am cho phirong trinh
nonlocal elliptic, la truong hop tong qUat ciia phirong trinh fractional Laplace, véi ham di liéu thuge
LY. K7 thudt duoc sir dung trong bai bdo nay 1a ki thudt xap xi ddy nghiém yéu, théng qua hai buéc:
Chitng minh sy ton tai nghiém yéu cia phwong trinh nonlocal elliptic véi ham diz lidu T, (f) thay
cho f (phwrong phdp chdt cut); ding phuwong phép xdp xi day nghiém yéu trén dé thu dwoc nghiém
renormalized.

Tir khoa: ton tai; phuong trinh nonlocal elliptic; nghiém renormalized; duy nhat

1. Giéithigu

Hudéng nghién ctiu vé sur ton tai nghiém vai dit liéu dau vao cé tinh tron kém (chiang
han cac dd do Radon hoic lé6p ham L) cho cac 16p phuong trinh elliptic va parabolic dong
vai trd quan trong, gop phan hoan thién bic tranh téng thé vé Ii thuyét va tng dung cua
phuong trinh dao ham riéng, thu hdt sy quan tim dong dao cua céc nha toan hoc qudc té.

Mit khéc, trong nhitng nam gan day, s6 luong cbng trinh nghién ctu vé toan tu
fractional Laplace va toan tir non-local ngay cang gia ting, xem (Applebaum, 2004;
Caffarelli, 2012; Caffarelli & Silvestre, 2007; Caffarelli & Valdinoci, 2011; Metzler &
Klafter, 2004). Vi Ii do nay, viéc nghién ciu sy ton tai nghiém cho phuong trinh dao ham
riéng lién két voi toan tr nonlocal véi dit liéu thuoc L 12 quan trong va can thiét. Tuy nhién,
hién c6 rat it két qua vé hudng nay cho toan tir fractional Laplace. Su ton tai nghiém
renormalized cho phwong trinh loai fractional Laplace c6 thé tham khao (Alibaud et al.,
2010; Teng et al., 2019).

Cho Q<R la mién tron bi chan. O bai b4o nay, chiing toi nghién ciru su ton tai
nghiém renormalized cho phuong trinh dang
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{Lu(x):f(x), XeQ, 1)
u=0, X € 0Q.
Trong do, ta gia St rang

0<fe Ll(Q) (1.2)
Toéan tir L duoc dinh nghia la

Lo(x):=PV.[ (6(x) o (y)) K (x.y)dy

Véi ¢ e H*(Q) vanhan K:R"xR" — R théa cac diéu kién sau:
(A) K 1a ham do dugc, déi xung, tac 1a K(x,y)=K(y,x),vx,y e R",

N+2s

(B) Tontai A>1saocho A <|x—y|" K(X,y)<A,vx,yeR".

Ta dinh nghia T5(Q)={u:Q—>R:u do dugc va T, (u)eH;(Q), vk >0}, & day

H® (Q) va H; (Q) dugc dinh nghia ¢ phan sau va T, 1a ham chat cut dugc dinh nghia boi
-k, t<—Kk,

T, (t) = max {-k,min{k,t}} ={t, It <k,
K, t>k.
voi k>0,teR.
Dinh nghia 1.1. Ta goi U € T; (Q) 1a nghiém renormalized cta (1.1) néu cac diéu kién sau
day thoa man

(i) lim .[ lu(x)—u(y)|K(x,y)dxdy =0,

h—w
{(x,y)eQxQz(u(x),u(y))eRh}

Voi R, = {(x,y) e R? :max{|x|.ly|} = h+1 va (min{|x|,|y]} <h hoic xy <0)},
(i) Véi mdi @ € Hy (Q) N L"(Q) va Se W (R) veéi gid compact thi
J (0~ u)(S(u)0)(x)~(S(0)) ) K (x.y)edy = [Fs(u)o (13

QxQ Q
Két qua chinh cua bai bao 1a dinh 1i sau day:

DPinh 1i 1.2. Dudi diéu kién kha tich (1.2) thi ton tgi duy nhdt nghiém renormalized khéng
am cua phuwong trinh (1.1).

Céu tric ciia bai bao: muc 1 gidi thidu lich sir ciia van d¢, ta s& dinh nghia va dua ra
vai tinh chat co ban cua khong gian fractional Sobolev ciing nhu cac két qua vé bai toan xap
xi & muc 2. Cubi cung, sy tdn tai nghiém Renormalized dugc ching minh trong muc 3.

Cac hing s6 C va c ludn duoc gia str 1a s6 thue duong, khong phu thudc vao cac tham
s6 chinh va gid tri c6 thé thay doi gitra cac danh gia bat dang thuc.
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2. Nghiém renormalized cho phwong trinh nonlocal elliptic véi dir liéu L1
2.1. Khong gian fractional Sobolev

Pé thuan tién cho ngudi doc, ta nhic lai dinh nghia va tinh chat cua khong gian
fractional Sobolev.

Cho Q< R" la mién tron bi chan, se(0,1), khdng gian fractional Sobolev H*(Q)

duogc dinh nghia bai
ol
HS(Q): HEL2 (Q):[U]S =£J-ngwd)§dy} <O p.

Khéng gian H°(Q) l1a khdng gian Banach phan xa véi chuan

Usa =UL2(Q)+[U]S-

Ki hiéu Hj (Q) 1a bao déng ciia C; () twong tng véi chuan 1+ N0 12 khdng gian

(@)

con cia H*(Q). Tabiét rang chuan- ,  twong dwong véi chuan [-]. ([-], con goi la chuan

(@)
Gagliardo).

B6 d& sau day cho ta phép nhing compact vao khong gian Lebesgue.
Bé dé 2.1. (Zhang & Zhang, 2020), p. 5) Cho Q = RN 1amién tron bi chan, s (0,1), sao

cho s<%. Véi 1<r<p =(2N)/(N-2s),tontai C=C(N,s,r,Q) sao cho

u, <Cu
L'(Q) H

S(Q),Vu e H (Q).
Dong nghia, khong gian H* () nhing lién tuc vao L' (Q). Hon nita, phép nhiing dé la
compact. Néu c6 thém gia thiét u e Hy (Q) thi

Ui S Clu]..
Khi dé, [-], 1a chuan trén Hg (Q) va né nwong dwong véi chuan H; (Q) .
2.2. Swtén tgi nghigm renormalized
bat T, (f)=f,, taduwoc 0<f, <f va f, hoi tumanh vé f trong L'(Q). Xét bai toan
Xap Xi Ctia phuong trinh (1.1)
Lu(x)=f (x), xeQ,
(0=1,(0), xe o1
u=0, X € 0Q.
Bé dé 2.2. Vi moi neN, ton tai duy nhat nghiém yéu u, e H3 (Q) cua (2.1) theo nghia

la véi moi ham thir v e Hi (Q) , ta co
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[ (U ()=, () (v(x) = v(y))K(x,y)dxdy = [ f,vdx.

Hon nira, day {un }n la day tang, khong am.
Chiing minh. Véi mdi ¢ € H; (©), ta dinh nghia

F(¢):J-QXQ|¢(X)—¢(3;)| K(x.y) dxay - [ 0

Vit tP 12 15i ngat nén ta c6 F 16i ngat. Hon nita
1 2
F(u)-F(v)|= EJQXQ(|U(X)—u(y)|1/K(x,y)) dxdy
2
_J'QXQ(|v(X)—V(y)|1/K(X,y)) dxdy

S%LZXQ u(x)—v(x)—(u(y)—v(y))|2 K(x, y)dxdy+j9fn |u—v|dx

<Clu-v], +fan(Q)U—VLz(Q) S(C+fnL2(Q))u—v

+‘jgfnudx—jgfnvdx‘

H3(@)
Vay F lién tuc.
Khi d6, voi mdi u e Hg (Q) voi [u], 1, theo gia thiét (B) va Bo dé 2.1 ta c6 danh gia
1
F(U) > EIQXQ

dan dén F cudng birc trén Hj (Q). Vay ton tai phan tir cyc tiéu duy nhat u, cia F.

, 2
u(x)-u (y)| K(x, Y)dXdy_fnLZ(n) Uiz 2 Cl(uH%(ﬂ)) —Czqu(Q),

Véi veH; (Q), taco

0 :%F(un +1v)
1 d

= ol

_IQXQ%“n (x)(u, (x)+tv(x)))dx .

= [ (U ()=, (V) (v(x) = v(y))K(x,y)dxdy— [ f,vdx.

Vay u, langhiém yéu cua (2.1).

t=0

u, (X)-u,(y)+ t(v(x)—v(y))|2 K(x, y))dxdy

t=0

Vif>0vaf =T,(f) laday ting, ta co {un }n la day tang, khong am (nguyén li so sanh,

c6 thé xem trong (Leonori, et al., 2015)).
Goi U:Q — R 1a ham do dugc, dé thuan tién cho trinh bay, ta ki hiéu

Un(x,y):un(x)—un(y),{u >t}:{XeQ:u(x)>t},{uSt}:{XEQ:u(x)St},
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va ki hiéu |E

1a d0 do Lebesgue cua tap do dugc E va dv =K (x,y)dxdy.
Bé dé 2.3. Tontai u e 7y (Q) sao cho u, — u theo d6 do va u, — u hdu khép noi trén Q
khi n — .
Chirng minh. Lay T, (u, ) 12 ham thir trong (3.1), véi 0<f, <f eL*(Q), taco

[ U 6y [T (u) ) =T () () Jdo = £ (u,)dx <k[ fdx<Ck  (2.2)
véi hang s6 C doc lap véi k va n.
bé y ring [Tk(un)(x)—Tk(un)(y)]2 <U, (% ¥)[ T (U )(X) =T, (u,)(y) ] néntir (2.2) ta
cO dénh giad

[ [Te(u) () =Ty (u)(y)] do=Ck. (2.3)
Khi do day {T, (u,)} bichantrong H(Q),tasuyra T, (u,)— v hoi tu yéu trong H§ (Q)
khi n — oo,
Theo B6 dé 2.1, Hj (Q) < L*(Q) l1a phép nhiing compact nén T, (u,) hoi tu manh vé v
trong L*(Q). Suy ra {T, (u, )} c6 day con hoi tu hau khip noi vé v trén Q.

Tu (2.3), voi mdi k>1, ta co:

J T (4)()=T, (4,)(y)
QxQ 1 ‘

k2

két hop voi Bo dé 2.1, ta cd

dv<C,

2

1
k 2T, (u,)

L2(@) <C,
véi hang sé C doc lap véi k va n. Khi do
T, (u,)[
o 2k =T Cn) == 0= L |
T (u, ? 2 .

sjg%) dx =k K 2T, (U, )2 < CK Y,
dan dén

lim |i?’ljgp|{un > kj|=0. (2.4)
Véiméi t>0,tacod

|{|un —u,|> t}| <|{u, > k}|+[{u, > k}|+‘{|Tk (Uy) =T (up)| > t}‘ (2.5)

Cha y rang
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1 2

m)IdXSYTTkUM)—W}(Um%ﬂQV

|Tk (un)_Tk (U
t

‘{|Tk (un ) _Tk (um )| > t}‘ < ‘[{Tk(un)Tk(um)>t}
Két hop véi {T, (u,)} 1aday Cauchy trong L*(€) nén
tim [{[T, (u,) Tk(um)|>t}‘=0. (2.6)

Tu (2.4), (2.5), (2.6) ta dugc

mILTJ lu, —u |>t}| 0,
diéu nay dan d&én u_ — u theo dddova u_ —u hkntrén Q, n >,

T u, > u hkntrén Q,suyra T, (u,) > T, (u) hkntrén @, ma T (u,)—> v
hkntrén Q nén v=T, (u)eHy(Q) hkntrén @ hay ue 75 (Q) va T, (u,) > T (u)
manh trong L*(Q). Theo Bé dé 2.2taco {u,} laddytingnén u, <u hkntén Q. m
Bo dé 2.4.Véi méi k>0, T, (u,) héi tumanh vé T, (u) trong khong gian H3 (€2) khi n— oo
Chirng minh. Lay T, (u,)—T,(u) 1a ham thir trong (2.1), ta co:

T U ()T ()0 =T, () 3) = (T, () ()=, () ()l

:J'Q L (F)(Te (u,) =T, (u))dx. 2.7)
Ta ki hiéu

L = [ . aUn (6 ) [T () (%) = Tic (u, ) (y) Jao

IQQ ) T, (U)(X) =T, (u)(y)]dv.
Tu (2. 7) ta c6
=1,, +_[ (F)[ T (uy ) (%) =T (u)(x) Jdx. (2.8)
Ta ki hiéu Tn,k(x,y):Tk(un)(x)—Tk(un)(y).Khi do:
)-

l,., :J'QXQUn (X Y)[ T (u)(X) =T (u)(y)Jdo=17,+7,

trong do

jm U, (%, ¥) =T, (. ¥) ][ T (u (y)]dv,

L= Ty U)(X)—Tk(u)(y)]dv.
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Dénh gia J,:

3, < ([ o Tos 06y du);( [ 1)) -T (w)(y)f du);

1

< ([l ) du)+%( ool (@)(3) =T () () av).
Vay tir (2.8) ta co:

|, < %( [ QXQ|Tn’k(x,y)|2du)+%( J oo T @) (3) =T (@) ()f o)+,

+.[QT” (f)I:Tk(Un)—Tk(u)]dx.

Két hop voi dinh nghia cua l,, taduoc:

el YU (309) = T (6 ) T () () = Tie (W) (%) = Ti (g ) () + i () () J o

+%IQXQ|T,LK (x,y)|2 dv

< %LMJTk(u)(x)—Tk(u)(y)|2 do+ [ T, (£)[ Ty (u,) =Ty (u) ] dx.

Bang viéc chia QxQ=A, UA, UA, UA, trong d6
A :{(X,y)eQxQ:un (X)Sk,un(y)ék},

A, ={(xy)eQxQ:u,

Ta dé dang chirng minh duoc:

[Un (% Y)=To (X, y)][Tk (Un) (%) =T (U)(X)=Toe (U, ) (¥) + Ty (u)(y) |20

trén tieng tap hop A, A,, A;, A, . Do do:

IQXQ[Un (6 Y) =T () ][ Tie (U ) (%) = Tie (u) () =Ty (U, )(¥) + Ty (u) (y) Jdo 2 0.

Suy ra:

%.[Qx(zh”’k (X’ y)|2 dv

s%jmm () () =T (W) v+ [ T, (£ T (w) =T, (w) ]

1352



Tap chi Khoa hoc Trwdng BPHSP TPHCM Tap 19, S6 8 (2022): 1346-1361

Do limT, (u,)=T,(u) trong L2( ) nén cé mot day con ma ta van ki higu 1a {T, (u,)},

hoi tu hau khip noi vé T (u). Ma T, ( [T u)] < 2kf nén nho dinh 1i hoi tu bi

chan ta co

lim [ T, (F)[ T (u,) - T (u)Jdx =0.
Nhé rang T, (X, y)=T,(u,)(x)-T, (u,)(y). Ap dung bo dé Fatou va (2.9), ta co:

Lo TG -T(W)(y)f do= [ tmint[T,, (x.5)]" dv

< liminf [ T (% y)|2 dv < limsup | o Tk (X,y)r dv

< Iimsup(‘[gxghk (u)(x)-T, (u)(y)|2 dv+ 2J9Tn (F)[ T (u,) =T (u)] dx)

<[ T W) -Te()(y) do
Suy ra

2

tim [ 14 (0,)(0) =Ty (0 )0 do=[ [T, (0)(6) =T, (u) () o

Dé y rang:

[T (4) ()~ Ta (0 ) (0] [T ()0 -Te (1]
<2([T ()T, ) O +[Te0)00-Tu )}

Tiép tuc &p dung bd dé Fatou, ta co:
[ T W) =T (u)(y)] do

= [ timint [T, (u,) ()T, (0, ) [T (8)00)- Ty (0)()
[T ()09 T (0 ) )] [T ()00 T (@) ]
<timint [ 21T, (u,) )~ T (u) () + [T (@) ()= Ty (0)(v)

_|[Tk (u)(X) =T (u) (V) ]-[ T (u)(x)-T, (u)(y)]ﬂdu

- ngg|Tk (u)(x)-T, (U)(y)|2 dv

timsup [T, () (6) =T (1, )(9)] [T (0) (%) =T, () ()] .

Suy ra IirnnjgijXQ[Tk (u)(X) =T (u)(Y) ]~[ T (u)(x)-T, (u)(y)]|2 dv<0,

2
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Vay IimjgxQ [T (u,) (x)—Tk(un)(y)]—[Tk(u)(x)—Tk(u)(y)]|2 dv =0, hay
m[T Tk(u)]s =0.
Do [-], lachuan trong H; (©) néntaco: T, (u,)— T, (u) manhtrong H; (Q). ]

3.  Kétluan

Bay gid, ching tdi s& ching minh su ton tai va duy nhat nghiém renormalized khdng
am cho truong hop tong quat cho phuong trinh fractional Laplace.
Dinh 1i3.1. Ham s6 u c6 duoc trong Bé dé 2.3 1a nghiém renormalized duy nhét cia phuong
trinh (1.1).
Chizng minh.

(i) Chitng minh su ton tai ciia nghiém renormalized. Ta chia phan chang minh nay thanh

2 budc.

Buéc 1. Ta chang minh rang

fim ()= {u(x)a(y))<Ro | |u ~u(y)[dv=0.
Véi mdi h>0, taki higu G, (t)=t—T, (t). D& dang c6 dwoc T,(G, (u,))<1 trén Q va
T,(Gy(u,))=0 trén {u, <h}.Lay T,(G,(u,)) laham thir trong (2.1), ta co

[ X,y)[T (G (un))(¥)=T: (G (un))(y) Jo = [ £.T: (G (1)) dx

—J (G, dx+'[u W (Gh(un))dx

—Iu>hfnT1( dxﬁj{un fdx<j
Néu (u,(x),u,(y))eR, thi

u, (X)_un (y)| = =n (X’y)[Tl(Gh (un))(x)_Tl(Gh (un))(y)}

u>h

Khi d6
X |dU <I

J s e ()= (3.1)

u>h

Theo b dé Fatou, ta c6

I |u X |X eRh _.[ng N—o0

—u, (y)| X{(un(x)'un(y))ERh}dv

<I|m|nfj u, (x)-u ( )|X{(u (unlo])eR }du<hm1nfj
Vaoi 0<f e Ll( ) (2 4) ta thu duogc
0 90000 0 50
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Buwéc 2. Vi mdi ¢ e Hy (Q)NL"(Q) va Se W*(R) véi gia compact, ta ching
minh u thoa (1.4). Liy S(u, )¢ nhu 1a ham tht trong (2.1), ta co:
U (808, )0)(x)~(3(u,)0)(3) o= [ 5w, Jodx. (32
Chd y rang

009 (6 Y)[(3(1,)0) ()= (S(u, ) ) () J o
U ) [8(0,) ()5 u, ) ()] 2L 00,

2

U, ) o(0)-o(y)]- 20 S@)W) gy Ly,

2
Vi S c6 gia compact nén supp S bi chan, gia sir rang supp S <[-M, M]. Ta dinh

nghia cac tap con cua QxQ nhu sau:
B,, ={(x.y)eQxQ:u, (x)2M,u, (y) =M},

2
X,¥)eQxQ:u ( )<Mu SM}

2,n

eQxQ:u, (x)2M+Lu, (y)<M

={(x)
3 ={(X,y) €QxQ:M<u, (x)<M+Lu, (y) <M},
wn ={(%Y) J
sn ={(x) <M+1j,
on ={(X,Y)€QxQ:u, (x)<M,u, (y)2M+1}.

Dau tién, ta s& danh gia I,. Ki higu

eQxQ:u ( )<M M<u (y

WUJWWUJ
I

6, (%¥)=U, (< y)[(0,)(x)-5(u,) ()] 2L ke (),

6(x,y)=U (% y)[S()(x)-5(u) ()] 200 e ()

(¢ diy U(x,y) =u(x)-u(y)).
(1) Trén B,,, S(u, )(x)=S(u,)(y)=0.Khido G,(x,y)=0.
)vaT,

(2) Trén B, (u )(x)=u, (x w(Uy)(y)=u,(y).Khido
(xy [5 ) S(u,)(y)]
—[T 4 )(Y)[S( Tor (4)) () =8( T (u))(v)]
Cha y rang theo dlnh li glatn trung binh, ta c6
S(To (1)) ) =S(Taa (Un))(¥) =S/ (¥)[ Ty () (%) = Tt (0, ) (¥)]

v6i W nam giita Ty (un)( ) a Ty ( n)(y). Tur day ta chimg minh dugc:
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(507 000507 )01 2220 T, |

bi chin trong L* (Qx Q). That vay,

[5(T (0))00)-5(T (1) 202 iy,

2

ZJBZVH[S(TM(“n))(x)—S(TM(Un))(y)]z{w} K (x,y)dxdy.
Viopel” (Q) nén {MT bi chin. Vay

A<Cl, [T (un)(x)=S(Tu (u,))(¥)] oo
<cf, [S(¥)[Tu(u)(x)=Tu (v, )(y)]] dv.

Do Se W** néntaco

A<Cl [Tu(u)(x)-Tu(u, )(¥)] o< CTy (4, ) -

Vi T, (u,)— T, (u) trong H (Q) day {TM(un) bi chan.

o]
2

dxdy <C.

Viy [, [T (0)00-5(T, (1) 120 iy,
Mit khéc, tir B6 dé 2.4 ta co
i [T, (2,)06)~ Ty (2, )Y ] KGY) = [T (0) 00T (0) ()] K )

trong L* (QxQ)

Nhu vay, ta co:

G,(x,y)dxdy=| U, (x,y)[S(un)(x)—S(un)(y)]MK(x, y) dxdy
IBM »[Bz,n 2

= [T (9000 To () ) 150 ) )-8 ) T2 20 )y
o [T )00~ Tu TS0 -8 2Ly
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(3) Trén B, = {(X, y)eQxQ:M<u(x)<M+Lu,(y)< M} . Tuong tu nhu (2) ta
G(x,y)dxdy.

n—oo

chirng minh dugc IimJ-B Gn(x,y)dxdyzj{
3,n

M<u(x)<M+Lup (y)<M}
(4) Trén B, , taco
max {u, (x),u, (y)}=u,(x)=M+1vamin{u, (x),u

'n

(V) =ua(Y)<M
u, (X)—u, (y)|dv=0.

nén (u, (x),u,(y))eRy,. Theo (3.1)taco lim lim

M—0 n—w v By

Dodétaco limlim| G, (x,y)dxdy=0.

M- n—00 v By
D& thay ring
-[Bs,nG” (x,y)dxdy = -[Bs,nG“ (x,y)dxdy véIB“Gn (x,y)dxdy = -[Be,nG" (x,y)dxdy,

nén ta co:

l, = IQXQGn (x,y)dxdy = UBM +J.B2’n + szg,n + ZJ.B‘%n jGn (x,y)dxdy.

Tir (1), (2), (3) va (4), ta c6

liml, = lim lim1, = lim G(x,y)dxdy+2hlﬂimcj{ G(x,y)dxdy

n—o M—>w n—w M—>w {U(X)SM,U(y)SM}

- [0y =], U )s()0)-(0) 1] 2 ey vy,

Hoan toan tuong tu, ta cling chimg minh dugc

imt, = U(xy)(o(x)-o(y). 2SO,

nN—oo 2

Tir (2.11) taco I +1, = [ T, (f)S(u, ) odx. Do ds
lim (1, +1,) =lim [ T, (f)S(u, ) gdx

Ma lim [ T, (F)S(u,)edx = [ fS(u)edx. Viy

n—oo

IQXQ(U (x)-u (y))[(S(u)(p)(x)—(S(u)(p)(y)] dv = jng(u)q)dx.
Ta hoan tit Budc 2, nghia 1a da ching minh duoc u 12 nghiém renormalized cho phuong
trinh (1.1).
(ii) Chizng minh sw duy nhdt ciza nghiém renormalized
Dau tién, ta xac dinh mot ham thtr thich hop S4, 0 > 0 nhu sau

M<u(x)<M-+1,u(y)<M}
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r f|<o

S, (r)= (c+%j¢%[r$(c+l)2] c<+r<c+l, (3.3)
i(6+lj, tr>c+1

2
Baoi (Abdellaoui, et al., 2019) ta co

1, |r|<G,

S.(r)= G+1—|r|, GS|r|SG+1,
0, r|>c+1

Honnita S, e W' (R), supp S, =[-oc-Lo+1] va T, (SG (u)-S, (V)) eHj (Q)NL"(Q).
Goi U, v lahai nghiém renormalized ctia phuong trinh (1.1). Trong diéu kién (1.4), ta
ldy S=S. taco

()] So (U)(X)+S, (u)(¥) ,

[axy)[o(x)=0(y)] > v

V0[S, @005, (@) 2L - [ 5, (w0

QXQV(X,y)I:(p(X)—(P(y)}SIc (V)(X);So(v)(Y) .
oV )5 (1000, )] 22 e < [ s (1),

(
& day, V(x,y)=v(x)=v(y). Véimoi k>0 cb dinh,vi
T, (S, (u)-S,(v)) e H; (Q)NL*(Q) néntaldy ¢ =T, (S, (u)-S,(v)) la ham thi trong

ca hai dang thte trén. Dat
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Khi do

J+3, =1, (3.4)
Ta danh gia J,, J, va J,. Taviét

L=, Ul y) ( y)] -5, (V)(X) T (5. (1) =S, () ()]

o 2 1Ju
[ TS, (u) =S, (v ))( (S, (W) =S, (V))(v) ]dv
- 2SO ]v
{ Te(S, (u) =S, (v ))( T (S, (U) =S, (V))(y) |

= 31,1 + lez + 31,3-

Xét 6 >k, ta co:

I, > J‘{USE'VSE}(U (x¥)=V(x.¥))-[ (u(x)=v(x))=(u(y)-v(y))]dv. (3.5)

Vi S, (r)=1khi o du l6n nén theo dinh I hdi tu bi chan Lebesgue, ta c6 dugc J,,, J,, >0

khi ¢ — 400 . Hon nita

|J2|SC“{(u(x),u<y>)eRg}|u(x |dD+I vx)v(y) |V yﬂdu)’

Tu Pinh nghia 1.1 ta cé
i 3] ) =0

Ch y ring f (S, (u)—SG(v))—>O manh trong L' (Q), khi ¢ — +o0, suy ra
lim |J;|=0.

Do dé, trong (3.4) cho 6 — +oo, két hop vé6i danh gia (3.5), ta co

o (U VG000 -0 )3 =0,

suy ra u=Vv h.k.n trén tap{|u| sg,|v| sg} Vi k latly y nén u=vh.k.n trénQ. Chang

minh hoan tat.
m
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% Tuyén bé vé quyén lgi: Cac tac gid xac nhan hoan toan khéng cé xung dét vé quyén loi.
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ABSTRACT

Our purpose is to investigate the existence and the uniqueness of the non-negative
renormalized solution for the nonlocal elliptic equation — which is the generalized case of the
fractional Laplace equation, with the data in L. The technique we apply in this paper is
approximation methods, including two steps: proving the existence of a weak solution for the
nonlocal elliptic equation with the truncated data T, (f), instead of f (the truncated method);
approximating the weak solution to get the renormalized solution. Moreover, we also use the Young
measure technique, the integral by part formula, and the method related to the nonlocal operator
and Sobolev’s spaces with non-integer order.

Keywords: existence; nonlocal elliptic equation; renormalized solutions; uniqueness
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