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ABSTRACT
In this paper, we consider commutators [b, T] of Calderén-Zygmund operators of type 0 (see

Definition 1.2 and 1.3 in Section 1) on generalized weighted Lorentz spaces AP (w), where U is a
function that belongs to the class A of Muckenhoupt weights on R" and W is a function that

belongs to the class B (u) of Arifio-Muckenhoupt weights on (0, oo) (see Section 1). In this setting,

we first establish the pointwise estimate for the sharp maximal operator acting on Calderon-
Zygmund commutators of type 0 (see Lemma 2.2 in Section 2) by using Kolmogorov’s inequality,
generalized Holder’s inequality in the sense of Luxemburg norm (see Definition 2.1) and Young
function (see Lemma 2.1), and the well-known John-Nirenberg inequality. In light of this significant
estimate, we then indicate that Calderén-Zygmund commutators of type © are bounded on
generalized weighted Lorentz spaces A[(w) (see Theorem 2.1) by exploiting the ideas and

techniques concerning maximal operators from the study by Carro et al. (2021). Our aforementioned
main results extend the ones of Carro et al. (2021).

Keywords: Arifio and Muckenhoupt weights; Calderén-Zygmund commutators; generalized
weighted Lorentz spaces; maximal operators

1.  Introduction

Let 1< p<oo,be BMO(R") and T be a Calderén-Zygmund singular operator. In
1976, the boundedness of the commutator [b,T]f =bT(f)-T(bf) on Lebesgue spaces
LP was first studied by Coifman et al. (1976), that is,

o, T3] =[oT (F) =T (f)]» <Collgyo | T

where C is a positive constant independent of b and f .

Cite this article as: Thai Hoang Minh, Nguyen Van Tien Dat, Hoang Nam Phuong, & Tran Tri Dung (2022).
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Since then, many papers concerning the boundedness of Calderén-Zygmund operators
and commutators, as well as their applications in partial differential equations, operator
theory, and complex analysis, have been published (see Coifman et al., 1976 and Taylor,

2000). In 1994, the boundedness of commutators on L’ (u) was established (Alvarez et al.,
1994) when u belongs to the class A, which means that

1 1 ~1/p-1 -
(ﬁjBu(x)dx](ﬁj‘B(u(x)) j < oo,

for every ball B < R" (Muckenhoupt, 1972).
These results were then extended to generalized weighted Lorentz spaces A](w) by

Carro et al. (2021). More specifically, the authors showed that [b,T] is bounded on AP (w)
if ueA,, weB_ (U)nB, and be BMO, where A , B (u), B, were first defined by

Muckenhoupt (1972), Grafakos (2009), and Alvarez and Pérez (1994) respectively.
For convenience, we recall here the definition of generalized weighted Lorentz spaces

Al (w).

Definition 1.1. (Carro et al., 2007) Let u be a weight on R" and w be a weight on (0, ).
For every p>1, the generalized weighted Lorentz space A/ (w) is the set of all functions
f satisfying

[Tl = (] 0 pw(t)dt)llp <o,

where f, is the decreasing rearrangement of f , which is defined by
f (t) =inf{s: A} (s) <t},t >0,

and
A:(8)=u({xeR":| f(X)|>s}),s=0

is the distribution function of f with respect to the measure u(x)dx.

Inspired by the above works, we aim to extend the main result by Carro et al. (2021)
to the setting of Calderén-Zygmund commutators of type & on AP (w).

Definition 1.2. (Grafakos, 1985) Let & be a nonnegative, nondecreasing function on (0, )
with [ 6(t)t“dt <o A continuous function K (x,y) on R"xR" \{(x,x):x e R"} is said to

be a standard kernel of type @ if it satisfies the following conditions.
(1) (Size condition)

KX, y)I<

- (1.1)

| x—y

1612



HCMUE Journal of Science Vol. 19, No. 10 (2022): 1611-1622

(i) (Regularity condition)
o X, — X
| K(X, y) = K (X, Y) [+ K(Y, X) =K (Y, %) [SC | %~ Y| 0(:;_—)(”, (1.2)
0
for every X,X,,y with 2| x—x, |<|y—X,|.
Definition 1.3. (Grafakos, 1985) Let & be a function as in Definition 1.2. A linear operator
T from S(R") to S'(R") is said to be a Calderén-Zygmund operator of type € if it satisfies
the following conditions.
(i) T is bounded on L*(R"), which means

[Tf|. <C|f].. foreveryfeCy(R"). (1.3)
(i) There exists a standard kernel K of type @ such that for every function f € C(R") and
X & supp(f)

TEO = [ KO ) F(y)dy. (1.4)

The structure of our paper is as follows. We establish pointwise estimates for sharp
maximal operators and key lemmas in Section 2. Then, we prove the boundedness of

Calderén-Zygmund of commutators of type & on AP (w).

As usual, we use C to denote a positive constant that is independent of the main
parameters involved but whose value may differ from line to line and C to denote a positive
constant that is dependent on subscript p. If f <Cg, we write f <g or g > f; and if
f<g<f,wewrite f~g.

2. Main results
2.1. Pointwise estimates for sharp maximal operators
For >0, let M, be the modified Hardy-Littlewood maximal function

1Up
M, E()=M( f )7 (x)= [Sﬂ?ﬁj RIS dyj ,
and let M? be the modified sharp maximal function

1B
M; f(X)‘SUplnf(lBlﬂlf(Y)lﬁ |c|ﬂ|dy} ,

r>0 ceR
where B =B(x,r) isaball in R".
Definition 2.1. (Liu et al., 2002) A function ¢:[0,50) —[0,0) is a Young function if it is
continuous, convex, increasing, and satisfying ¢(0) =0, ¢(t) > was t — «.

We define the ¢ -average of a function f over a ball B by means of the following
Luxemburg norm
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_i Lo (LEW]
If IQ‘B_mf{bo.lBly( > jdygl}

The following lemma is the generalized Holder inequality.
Lemma 2.1. (Liu et al., 2002) Suppose that ¢ is a Young function, f and g are measurable

functions such that [If |, ;<o llg I ;<oo. Then,

1

ﬁj|f(y)g(y>|dy< If g llg Iy,

where ¢ is the complementary Young function associated to ¢, which is defined as
¢ (x) =sup {xy ~4()}.
y>

In particular, when ¢(t)=t(1+log"t}, its complementary Young function is ¢(t)~ exp(t) .
In this situation, we denote

1f o=l lLuger 19 la=lg s
The maximal function associated with ¢(t) =t(1+log™ (t)) is defined by

IVlLIogL f (X) = SUp Hf |‘_IogL,B '

xeB

Lemma 2.2. Let Tbe a Calderén-Zygmund operator of type &, beBMO(R") and
0< B <e<1.Then, there is a constant C >0 such that

M ([0, T1CF)) (%)< C o]y (M. (T (FD) + MZ(£)(%,)),
for all bounded functions f with compact support and x,eR", where
MZ(f)=M(M(f)).
The following proof is motivated by the proof of Lemma 3 in (Liu et al., 2002).
Proof. First, we prove for each 0 < g <1, each ball B = B(x,,r), and for some constant

C=¢C,, there exists C = C,>0 such that

up
[ﬁj \|[b,T]f(y>|ﬁ—|c|ﬁ\dy] <C[b] o (M. (TF)(X) + M (x,)).
Let f=1f+f, with f,=fy,;and f,="fy . Then, wehave
[b,T]1f =(b—b,x)TF =T ((b—b,z) f,)-T((b—by)T,).
We pick c=—(T((b—b,5) f,))s . it follows from the following inequalities
lal’ —1b)’|<[a—b]",

la+b” <lal’ +|bl,
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that
1Up

ug
[I_élﬂ DT =1~ (0-bye)f ))Blﬂ\dy] <[|B|j|[b TIH(y)+ (T (h-Dy) ), dy]

Up
(% (0(y) — by )TF (y) =T ((b—byg) £)(Y) =T ((b—byg) f,)(Y) + (T (b —byg) f,))s Iﬂ]

{
i
-4

For 1., since 1<r <e/ g, applying Holder’s inequality with exponents rand r', we get

1 1 pr 1
LS|y d — ~b,, I’ d
[|B|£rr(y)| yj (|B|£b(y) | y]

1 pr 1pr
[| BJF Ol dyj [ﬁ [ b(y)—b,g dyj

S b Thyo M (TF)(%,)
< 1 lhyo M (TF)(%,).
For 1,, since T is an operator of weak type (1,1) and 0< <1, so according to

1Up

m\p

1p
|J b(y) by I TF(y) dy] +£|B|jrr((b bye) f)(V) I’ dy]

‘ =

1B
W((b—bza) £,)(y) = (T ((0—Dbye) f,))s I’ dY] :

v9)

1B

1R
b(Y)—sz PITE ()1 dyj PR (|B|ﬂr((b bye) f)(Y) Y dy} and

| =

1B
j T((0-bye) £,)(¥) ~ (T (D) T,)s dy] .

_ o

1/pr

Kolmogorov’s inequality and generalized Holder’s inequality, we get

2N|B|J|<b bys) fi(y) | dy

ST = [o-b,0) f () dy

S ”b _bZB”expL,zB ” ”LIogL,ZB :
Next, we claim the following: there is a positive constant C such that for all balls B,
lb- 2.1)

< ol
bZB”expL,zB ~ b BMO *

Indeed, this is equivalent to
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]
dy<C,,
ik ( T A

which is the fundamental estimate of John and Nirenberg (1961).
On the other hand, it follows from the following definition of M ., f(x,), that

[ igpr 20 < Mgt f (%0):
Hence,
PIS ||b||BMO M 00 F (X)-
To estimate I, we use Holder’s inequality with 0 < g <1. Then

| 1
7 |B|“ﬂ|B|

<—jrr«b bye) f,) = (T (b —bys) ), | d

up 1Up
=T [IW((b b)) f,) —(T((b—bye)f,)s [’ dXJ (IdX]

B

[N

‘H W
w'—)
%c—.

N

KO- bB)f(y>dy—ﬁj | K(2,y)(b(y) ~bsg) £, (y)dlydz{cx

o

- B|e

W —

sl KOO0 b 0z~ [ [ K900 ~bie) F()cyoz

BR
il

N

J ] 60)=bug) F (0 (K, y) =K (2, ) dydzx

R"

v}

N

© —
0O —y

I I(b(y) ~,5) £, () |[K (x, y) ~ K (2, y)| dydzdx.

= =~
R

f [ 10-bye) F(V)1|K(x, y)~K(z,y)| dydzax.

B R"\ 2B
Next, we have the following estimates

i
2]1 ZB|<Zb211 - 2] |\z

vs}
vs]
W —y

[ b(y)dy-b,,.,

T12'Bl 7,
j
<.le2 |21+lB|-|.2:1 1D(Y) =15 [0y
i
< bl
< (bl -
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Take z, xe B and y ¢ 2B. Then, we have 2| x—x,|<|y—X,| and 2|z—X,|<|y—X,]|. It
follows from the regularity condition of the definition of the standard kernel of type & that
[ 106(y)~bye) F (V) [K (X, y) =K (%, y)|dy

R"\ 2B
O(x=x.|/]y-

<3 [ AUV ) byt y)1y
=l 2B\ 2iB |X0_y|

wé’ - b b,.)f d
S0 2“15|2,[ ((o(y) ~bze) f (¥) I dy
<30 b(y)—b... )| f(y)|d
S2.00 |2,+1B|21[ (y) —b) 11 (¥) Iy

2, 0(27) by, by | =5 [ IF(y)Idy

2] B|2,1

Using the inequality (7), Mf (x,)<M . f (%) and the generalized Holder’s inequality,
we have

29(2 J) 2]+1B|

j=1

[ 160 =) I F () [dy+D0(27) b,y =byg |- [ 1F(y)Idy

2ilp j=1 |2 B|211

$202)|b-b,,.,
=1

i

f ”LlogL,zi“B + le j(9(2_j)||b||BMo Mf (%)
i

explL,2/B

Z JO27) 050 MLiog1 T (%)

=1

-

J.H(t)tildt ||b||BMO LlogL f (Xo)

o

~ ||b||BMO LlogL f (XO)'
By an argument analogous to | K(z, y) — K(X,, y) |, we obtain

[ 1060y) ~byg) F (1) [K (2, ¥) = K (%, Y)|dY Sl Miioge F %)-

R"\2B
Hence,
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< apiar] 1] 0B (DI O)-K ey ayane
5__H f I(b(y) —byg) F (V)1 ([K(x, y) = K (%, Y)|+|K(Z, y) = K(%,, )| dydzax.

11
??f (160 M g f (%) dlzelx
B B

5 Hb |lBMO LIogLf(XO)'
Finally, since M*f ~ M, . (Grafakos, 2009, Lemma 7.5.4), we have

1B
1
fﬁﬂ[m]f(y)—dﬂdy] <1+l
B

S 0]go (M. (TF)X) + M g1 T (%))
S bllawo (M. (T)() + M2 (£)(%,)),

which completes the proof of Lemma 2.3.
2.2. Main Result

In the sequel, we need the following lemmas.

First, we recall here the boundedness of the Hardy-Littlewood maximal operator M
on AP(w).
Lemma 2.3. (Carro et al., 2007, Theorem 3.3.5) Let 1< p < oo and let u, w be weights in R"
and R*, respectively. M be the Hardy-Littlewood maximal operator. Then, M is bounded
on Af(w) ifand only if we B, (u).
Lemma 2.4. (Carro et al., 2007, Proposition 2.2.12 and Lemma 3.3.1) If we B (u) then W,

where W (t) = j; w(s)ds, t >0, holds the following conditions:
(i) W(2t) <wW(t),vt>0,
(i) W(s+t) SW(s)+W (t),Vs,t>0.
The condition (i) is also known as the doubling condition.
Lemma 2.5. (Carro et al., 2021, Lemma 2.6) Assume that 1< p<o, ueA , we B, and
W satisfies the doubling condition. Then
IME |, SIIMAE

AP (w) AP (w)’

provided that || Mf H,\p( <
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The next two lemmas are known as Fatou’s lemma in the weighted Lorentz spaces and
the John-Nirenberg inequality, respectively.
Lemma 2.6. (Carro et al., 2007, Proposition 2.2.8) Let 0<p<o and f,, k=1, be
Lebesgue measurable functions. Then

[timinf, ||| , ~<liminf,|f,

AP (w) AL (w)

We also need the boundedness of Calderon-Zygmund operators on A/ (w).
Lemma 2.7. Assume f € BMO. Then, for every ball B < R", there exists constants C, and
C,, dependent only on the dimension n, such that

[ o
Theorem 2.1. (Thai et al., 2022, Theorem 2.1) Let T be a Calderon-Zygmund operator of

type ,1<p<ow, ucA and we B;me(u).Then T isbounded on AP (w).

xeB:[f(x)-f.|>t}<C |Blex —i ,t>0.
e 1100t o - |

Now we are ready to prove the following theorem.
Theorem 2.2. Let 1< p<oo, be BMO and T be a Calderén-Zygmund operator of type 6.

If ue A, andwe B, nB_(u) then
[[o. T]CH) |f

Proof. It suffices to prove Theorem 2.2 when f isabounded function with compact support.
Our proof includes two steps.

Step 1. The function b is bounded on R".

Let 0<B<e<1.Since T is bounded on A’(w), Tf isin Af(w). In addition, as b is a

<Clp|

AP (W) BMO Af(w)

bounded function on R", bTf isin AP(w). Therefore, by Lemma 2.1, we have
Lo, T 5y =IBT () =T OF )y ST N0y +IT OOy <=
Since we B (u), M, is bounded on A7 (w). Hence, combining the above estimate, we get

||MB[b,T]f

AP (w) AL (w)

is finite. Then applying Lemma 2.5 gives

A§ (W)

[M,[b, T] £

S|my o, 718

AP (w) AP (w)

On the other hand, by Lemma 2.2 and the boundedness of M and M, on AP (w), we obtain
S Bl (IM.TF)

< [l ([T o)

Again, since T is bounded on A (w), which means |Tf

||M;;[b,T]f

o T M)

Af (W) Af (w) )

+| f

A§ (W)

AP (w) 5 ” f

by’ 0

1619



HCMUE Journal of Science Thai Hoang Minh et al.

|||v|;*[b, T]f

ety S [Pl [ g -

Notice that | f (x)]<|M (x)| for almost every x < R", we get

|[b, TI(F)

<|My[b, T f

<|||v|g[b,T]f

Af(w) ™

AP (w) AP (w) 'S ”b”BMO ” f ||A§(w) !

Step 2. b is a BMO function.
Let us consider the following increasing sequence of functions

K, b(x) >k,
b, (x)=1b(x), —k<b(x)<k,
Kk, b(x)<—k.

It is clear that b, are bounded functions and that ||b, |, < || (.

On the other hand, since f has compact support, we choose a ball B such that supp f = B.
Then, by the John-Nirenberg inequality for p =2, for every t >0, there exists C >0 such
that

[Ip(x) by [ dx = 2]Ot|{x & B:|b(x) by | > t}]dt

§2Tt|B|exp( Ct Jdt 2Iuexp u)du < oo
0

[l

This leads to b—b, € L?(B), and hence b—b, e L* (supp f ). Therefore, b e L* (supp f ).
Now by the triangle inequality, we obtain

Ib, () ~b(X)|” < (|b, ()| +p(x)|)* < (2]b (X))’
Then, observe that b, converges pointwise to b, it follows from the Lebesgue dominated
convergence theorem that b, converges to b in L* (supp f ). Consequently, b, f converges
to bf in L*(R"). According to the boundedness of T on L*(R"), we have

76T N, < |b. -5,
which implies that T (b, f) convergesto T (bf ) in L*(R").
Thus, there exists a subsequence b, of b, such that T (bkj f) converges to T (bf ) a.e. on

R". This leads to
(b, T J(HX) =b, THX)=T (b, 1))~ b{TF)(X) =T (b)) =[b, TI(F)(¥) as
j> o

for almost every x e R".
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Finally, in view of Fatou’s lemma for weighted Lorentz spaces, we get
711, = iimint [ b, 7]

LW AP(W)

< liminf H:bkj Tt

A (w)

< liminf b |

S blowo [

|t

BMO Al (w)

BMO AP (w) !
where we use the result of Step 1 for the second inequality since bkj are bounded functions.

3. Conclusion

In summary, using the ideas and techniques of Carro et al. (2021), we obtain the
following pointwise estimate for the sharp maximal operator (Lemma 2.2) and the
boundedness of Calderon-Zygmund commutators of type 6 on the generalized weighted
Lorentz spaces AP (w) (Theorem 2.1):

Main Result 1. Let T be a Calderén-Zygmund operator of type €, be BMO(R") and
0< B <e<1.Then, there is a constant C >0 such that

M ([0, TI(F)) (%)< C o]0 (ML T (F)(X) + MZ(F)(X,)),
for all bounded functions f with compact support and x,eR", where
MZ(f)=M(M(f)).
Main Result 2. Let 1< p<o, be BMO and T be a Calderén-Zygmund operator of type 0.
If ue A, andwe B, nB_(u) then

[, ) |f

<Clp|

AP (W) BMO Af(w)
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HOAN TU CALDERON-ZYGMUND
TREN CAC KHONG GIAN LORENTZ TONG QUAT
Thai Hoang Minh, Nguyén Vin Tién Dat, Hoang Nam Phueong, Tran Tri Ding”
Truong Pai hoc S pham Thanh phs Ho Chi Minh, Viét Nam
“Tdc gid lién hé: Tran Tri Diing — Email: dungtt@hcmue.edu.vn
Ngay nhdn bai: 13-6-2022; ngay nhdn bai swa: 26-6-2022; ngay duyét dang: 06-10-2022

TOM TAT
Trong bai bdo nay, ching t6i xét hodn tir cua todn tir Calderdn-Zygmund loai © (xem Dinh

nghia 1.2 va 1.3 trong Phan 1) trén cdc khéng gian Lorentz tong quat A (W), trong do U la mot
ham thugc I6p ham trong Muckenhoupt A, trén R"va W la mét ham thudc I6p ham trong Arifio-
Muckenhoupt B, (u) trén (0,o0) (xem Phdn 1). Trén cdu hinh ndy, trudc tién ching t6i thiét ldp

danh gia timg diém cho toan tir cwee dai nhon tac dong lén hodn tir Calderén-Zygmund loai © (xem
Bé @é 2.2, Phan 2) bang cdch sir dung bat dang thirc Kolmogorov, bat dding thirc Holder tong qudt
theo chuan Luxemburg (xem Dinh nghia 2.1) ciia cdc ham Young (xem B6 dé 2.1) va bat ddng thirc
John-Nirenberg néi tiéng. Nho c6 danh gic quan trong ndy, ching t6i sau dé chi ra rang hodn tir
Calderdn-Zygmund logi © bi chin trén cdc khong gian Lorentz tong qudt (xem Binh [i 2.1) bang
cdch khai théc cdc ¥ twong ciing nhw ki thudt ciia (Carro et al., 2021). Cdc két qua chinh néu trén
ciia chiing t6i mé réng cdc két qua twong img trong bai bdo cia Carro et al., 2021.

Tir khod: ham trong Arifio va Muckenhoupt; hoan tir Calderén-Zygmund loai 0 ; khdng gian
Lorentz cé trong tong quat; toan tir cuc dai
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