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TOM TAT

Trong bai bao nay, ching tdi khdo sét bai toan Cauchy cia phuong trinh binh lu — khuéch
tan bdc phan theo bién thoi gian véi 0 < o <1 dudi dang dao ham bédc khéng nguyén Caputo. Nhur
da biét, bai todn néu trén la dat khong chinh theo nghia Hadamard. Chi tiét hon, cdc phan tir €6 tan
so cao trong “nhan” gay ra tinh khong chinh cia bdi todn dwoc dwa ra trong (Liu et al., 2019), vi
thé ching t6i xay dung phirong phdp chinh hda bang cach ap dung phwong phap twa gia tri bién dé
chinh héa “nhdn” nay, trong dé “nhdn” chinh héa can théa man mét sé diéu kién nhdt dinh. Sau
do, chiing t6i dwa ra mét céch chon tham sé chinh héa phii hop va dénh gid téc do héi tu cia nghiém
chinh héa vé nghiém chinh xdc. Pdy la phirong phdp nghién ciru méi, p dung cho mét bai toan cé
rat it cac tac gia da nghién ciru va dya trén nén tang nhing két quda lién quan da cé trude ds, do dé
mang tinh ing dung cao trong cdc linh vuc khoa hoc va cong nghé (Benson et al., 2000; Berkowitz
et al., 2006; Cetinkaya, & Kiymaz, 2013). B&n canh dé, két qud ciia bai bdo nay dong gdp vao viéc
nghién cizu sir chinh héa cac dang bdi todn dat khong chinh, cé tiém ndang phat trién dé tién dén
nghién cuzu cac bai toan phuc tap hon.

Tir khoa: bai toan Cauchy; dao ham bac khéng nguyén Caputo; toc do hoi tu; chinh héa;
phwong phap tua gia tri bién; phi tuyén, phwong trinh binh luu — khuéch tan phi tuyén theo thoi gian,
tham sé chinh héa

1. Giéi thiéu

Trong vai thap ki qua, phuong trinh dao ham riéng duoc st dung dé mé hinh hda mot
s6 10p bai toan trong cac linh vuc nhu toan tai chinh (Benson et al., 2013, pp.479-497; Deng
etal., 2006), vat Ii (Francesco, 2010; Garra et al., 2014, pp.424-439), Ii thuyét diéu khién [9]
(Podlubny, 1999), thuy van hoc (Diethelm, 2010), vat liéu dan hdi nhét (Liu et al., 2003,
p.233-245; Meerschaert, 2004, pp.65-77), nghién citu vé s hdn loan caa dong chay, hay tia
plasma (Tate & Dinde, 2015, p.8-11; Hilfer, 2000). Phuong trinh dao ham riéng c6 chira dao

Cite this article as: Le Minh Triet, Luu Hong Phong, & Pham Nguyen Hoang Long (2022). A Cauchy problem
for a time-fractional nonlinear advection-dispersion equation. Ho Chi Minh City University of Education Journal
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ham bac khéng nguyén duoc dung dé md hinh héa mét sé hién tugng cé tinh phi dia phuong,
cling nhu trong bd mén co hoc vat chét ran, phuong trinh nay thé hién tinh ghi nhé va di
truyén cua cac chat khac nhau. Ngoai ra, phwong trinh dao ham riéng bac khéng nguyén con
dugc ung dung rong réi trong vat Ii nhu mé ta quy trinh dong luc trong cac cAu trdc tu dong
dang va c6 16 hong; trong héa hoc, phuong trinh nay mé ta cho su dn mon dién hoa; trong
quang hoc va luu bién hoc. Viéc nghién ciu cac dang phuong trinh da dé cap o trén dong
gop to 16n vao linh vuc giai tich phi tuyén, gitp mé hinh hoa duoc cac hién twong vat Ii phic
tap. Phuong trinh binh luu — khuéch tan bac khdng nguyén véi ngudn tac dong phi tuyén
duogc xay dung bang céch thay thé dao ham bac nguyén theo thoi gian trong phuong trinh
khuéch tan bang khéi niém dao ham bac khdng nguyén a véi 0 < a <1. Khéc véi phuong
trinh khuéch tan co ban, phwong trinh khuéch tan c6 chira dao ham bac khong nguyén theo
thoi gian c6 thé mé ta bo nhé va thudc tinh di truyén cua cac chat khac nhau va du doan su
hoi tu theo thoi gian va khoang cach trong moéi truong Kin, véi do day dic a- 6n dinh cho
trude nhu trong bai béo (Benson et al., 2013). Deng va cong su (2006) da giai nghiém bing
phuong phép s cia phwong trinh khuéch téan c6 chira dao ham bac khdng nguyén. Tate va
Dinde, (2015, pp.8-11) ap dung cong thic bién dbi tich phan dé giai phuong trinh khuéch
tan khong thuan nhit c6 chira dao ham bac khdng nguyén theo thoi gian, ddng thoi trinh bay
vi du sé dé minh hoa tinh hiéu qua cua cong thirc da néi ¢ trén. Nhom tac gia Cetinkaya va
cong su (2013) da thu dugc nghiém cia phuong trinh khuéch tan c6 chira dao ham bac khong
nguyén theo thoi gian voi phuong phap bién do6i tich phan suy rong. Két qua trong
(Cetinkaya et al., 2013) 1a mot trong nhiing nghién ciru dau tién caa bai toan nay trong trudng
hop ¢6 ngudn tac dong va nhimg diéu kién ban dau duogc cho trudc. Viéc xem xét bai toan
thuan cho phuong trinh khuéch tan c6 chira dao ham bac khong nguyén theo thoi gian da
dugc nghién ciu bgi rat nhiéu tac gia, nhung chi yéu 1a trong truong hop thuin nhat
(Nigmatulin, 1986, pp.425-430; Samko et al., 1987; Wang et al., 2011, pp.810-816; Deng et
al., 2004, pp.422-431) song, cac bai bao nghién ciru vé truong hop ham ngudn khong thuan
nhat 12 rat hiém.
Tu nhirng phan tich trén, trong bai bado nay chdng tdi nghién ciru bai toan Cauchy cho

phuong trinh binh luu — khuéch tan trong trudng hop khdng thuin nhat nhu sau

o DIu(x,t) +bu, (x,t) —au, (x,t) =S(x,t), xe(0,1),t >0,

u(o,t) = g(b), t>0, (1)

u, (0,t) = f (), t>0,
trong do; U 1a ham mat do chit tan, x 1a mot bién khong gian, t 1a bién thoi gian, a 1a hiang
s6 phan tan, b 1a van téc trung binh cua chat long va ham S 1a ham ngudn. Dao ham bac
khong nguyén theo thoi gian ;D 1a dao ham Caputo bac a (0 < o <1) duoc dinh nghia
trong (Huang et al., 2005, pp.317-330).
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t
Fl1 I@u(ax,s) ds _ O0<a<l
Dru(x =1 E=ado o5 (E29)
6u(x,t)’ o
ot

Trong trudng hop ham ngudn S(x,t):= 0, bai toan (1) tré thanh bai toan ngugc cho
phuong trinh binh luu — khuéch tan bac khéng nguyén thuan nhat theo thoi gian da duoc
nghién ctu bai nhom tac gia Liu va Feng (2019). Ngoai ra, néu o =1, bai toan (1) trg thanh
bai toan binh luu — khuéch tan bac nguyén dwoc nghién ciru trong (Ahmed et al., 2008). Bén
canh do, viéc 4p dung dao ham Caputo ciing mang nhiéu ¥ nghia ang dung trong cac linh
vuc vat Ii, cu thé 1a tir thiry dong luc hoc trong (Al et al., 2016), Ii thuyét diéu khién trong
(Goufo, 2018). Theo hiéu biét ctia ching t6i, bai toan (1) 1a hon cac cong trinh trude dé vi
dugc xem xét trong truong hop chira dao ham bac khdng nguyén va dac biét hon 1a voi
ngudn khong thuan nhit. Bai toan (1) 1a mé hinh dugc xay dung dya trén dinh luat bao toan
khéi lugng va dinh luat khuéch tan cua Fick. Trong méi truong va vat chat ¢6 nhiéu 15 hong,
van téc cua dong chay théa man dinh luat Darcy. Nhan thiy tinh khdng chinh cua bai toan
(1), ching t6i xay dung -cong thic nghiém chinh hoa bang cach &p dung phuong phéap chinh
hoa tya gia tri bién. Cubi cung, ching toi dé xuat mot luat chon tham sé chinh hoa dé danh
gia téc d6 hoi tu caa nghiém chinh héa.

Phan chinh cua bai béo nay bao gdm bdn phan. Trong d6, Phan 1 nham giéi thiéu bai
toan, lich sir nghién ctru va nhitng diém méi. Phan 2 1a noi dung chinh caa nghién ciu bao
goém nhiing dinh Ii, ménh d& va bd dé co ban can thiét cho bai béo. Tiép dén, ching toi dua
ra mot nghiém chinh héa nham thu duogc toe do hoi tu duéi dang Holder. Cubi cung, ching
t61 dua ra mot két luan va hudng nghién ctu c6 thé phat trién trong tuong lai & Phan 3.

2. No¢i dung
2.1. Cdc dinh |i va bé dé co ban

Trong Phan 2.1, chiing tdi phat biéu cac kién thirc co ban lién quan dén khéng gian
ham duoc sir dung va dinh nghia phép bién doi Fourier nhdam bé tro cho viéc ching minh
cac két qua chinh & Phan 2.2.

Dinh nghia 2.1.1. Ta dinh nghia

L*(R) =

f:R - R, f dodwoc Lebesgue va J-If(t)l2 dt < 00}
R

v&i chuan

11| |f<t>|2dtf-

Dinh nghia 2.1.2. Ta c6 dinh nghia bién déi Fourier f caaham f e L2 (R) nhu sau
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(6= fve et

véi & thuoe R.
Dinh nghia 2.1.3. /61 p >0, khong gian Sobolev H ?(R) dwoc dinh nghia

HP(R) ::{f e LZ(R),.[(l—i-fz)p‘f(é)rdg<oo},

véi chudn

1
A 2 2
[t =| S| ]
R
Sau ddy chung t6i trinh bay cac budc tim nghiém chinh xac cua bai toan (1). Ap dung
bién d6i Fourier theo t cho hai vé cuia bai toan (1), ta thu dugc hé phuong trinh sau ddy
(i&)"G(x,&)+bl, (x,&)—al, (x,&) = §(x,§),
G(0,£)=4(&), )
0, (0,&)= f(&).
Giai bai toan (2), ta thu dugc nghiém nhu sau
A A(¢)

sinh ﬂx h
G(x,&) = e |2af(&) [ - J+ bg (&) [2

q—mamm(

+I 22 eza(x y)é(y,.f)sinh(@ )dy,
trong do,
A(£)=Db” +4a(i&)”, 3)
(i£)" =g [cos(“—z”)Jr isign(é)sin(“—;)]. (4)

Tur @6, suy ra dugc nghiém chinh xac caa bai toan (1) nhu sau

0 h[@)] h[@)J
uxt) = [1e| 2af () ——+ b3(E)— s - 9(@sinh( 5

R

b

T oo MG (A
+! A(;)e S(y,&)sinh|—

)dy}exp(icft)df.

Ta thiy
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A(E)[=[a(£)] = (b* + 16| +8ab?|&]" cos(ar / 2))‘1‘. )
Suyra

lim

‘?:‘—)oo

A(f)‘:oo,

vi thé cac nhan tu

2a

cosh(@ x)‘ va ‘sinh(m x)‘ tién nhanh vé oo véi 0< x <1 khi |&] tién

vé oo0. Do d6, nhitng sai s6 nho trong thanh phan c6 tan sb cao c6 thé ting nhanh va gy ra
sai léch trong nghiém cuia bai toan tai 0 < x <1.Y tudng ban dau dé chinh hoa bai todn nay
la thay thé cac nhan tir trén bang cac "nhan” xap xi. Do dé, nghiém chinh héa uj, ng véi

dir liéu do (f*,g°) e L*(R) x L*(R) dugc chlng tdi xay dung nhu sau

: (©) [JA()
b Py smhj} ZX] PN cosh*ﬁ[zx] e
& ax 3 8 & 2 & fE 4
G = [1e| 2T (@) — o 4bg* () — o - g (E)sinhy (x|
R
X b
Z(x-y) 2 L, _
+jﬁe2a S(y,é)smhﬁ(@(x—y))dy}exp(lgt)dg, (6)
0
trong do
JAE)
o (A e 2a i,

Smhﬂ(TX) = JAE) —= (7)

2 l+ﬂ(g)e 2

(%) -
2a *Aéx

coshy (52x) s ®)

2|1+ B(s)e

JAE)
A 2a V) @,

SinhZ(@(x_y)) . e = e za2< )’ ©

2|1+ B(s)e ™

va tham sé chinh héa B(&):= B duoc chon sao cho lim 3 =0.

2.2. Udc lwong sai so
Dau tién, chiing t6i xét dén cac diéu kién sau
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(H1): Vé6i ¢ >0, ching toi xét dir liéu do (¢,g%) e L*(R) x L(R) théa man
|f
(H2): Ton tai mot s6 dwong A sao cho
e
[|G(x,§)|2 EN1Y g)ﬂdg <A

(Ha): Ton tai mot s6 duong B sao cho
G

j e

R

2a
véi y>0.

§ [|a(x,§)|2 +

2i(x o) |de<B,

(Ha): Ton tai mot s6 dwong B, sao cho

A&,

[(1+e*)e

R
voi p>0 va y>0.

" la o +Jaoef Jac <,

Tiép theo, chling tdi c6 Bb dé 3.1 ching minh cac bat dang thire sir dung trong bai béo.
Bo dé2.2.1. Xét £eR, 0<y<x<1, A(E) duwoc cho bai (3), b 1a van téc trung binh cia
chdt léng trong bai toan (1) va sai sé & > 0, ta co cac bdr dang thirc sau

) A(é)‘zb,

)

i) Bé chitng minh i), ta xét 0< o <1 nén cos%zzo.

< ﬂ—x+y
Chizng minh.

Suy ra, b* +16a2|£|™ +8a%b||" cos( > j>b4

Do do,

1
n 1
[b“ +16a2 |£[ +8a’h|¢]" cos(a?”ﬂ4 > (b“ )Z —b.
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Ta hoan thanh chirng minh-i).
i) Bé chizng minh ii), ta xét bit ding thirc
exp(7x
supM <p. (10)
r=0 1+ fexp(7)
Két hop (8) va (10), ta c6

‘cosh; (M x)

2a

exp(@xj
. ew@{éfUQJ.k%eXp(_g{(lMa))

2 1+ﬂexp(m(m]x

IA

1 1
2 +2

exp(—@ x)

7
S3BIHIT=5

trong d6, R(z)1a phan thuc caa z, véi moi z € C.

Chting minh twong ty ta thu duoc két qua cua iii) va iv). m

Tiép theo, chung toi danh gia sai s6 thu dwoc gitta nghiém chinh xac u va nghiém
chinh héa uj; trong khdng gian L*(R) duogc dua ra trong dinh Ii sau.
Dinh 11 2.2.2. Véie >0, xét daz lidu chinh xac (f,g) va dai lidu do (f°,g9°) théa mén diéu
kién (H1) ta c6 cac phat biéu sau.

1. Néu nghiém chinh xac u théa mdan diéu kién (Ha), ta ¢6 wéc lwong

b v Y i(x ) a-x)
rong @6, K = [B(22+1)e va |5 00) U0 S KA e+ L, (1)

L =2 A(1+2).

2. Néu nghiém chinh xac u théa mdn diéu kién (Ha), ta ¢6 wéc lwong
us (%) —u(x,)| < KB e+ gL, (12)

. . 2 A%egHSZ
vol y >0, va L, :2,/B(1+§—2)e b .

Chizng minh. Ta xét ham i, V6i bién d6i Fourier dugc cho nhu sau
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. Ex smh}}[if) ] cosh;[ Azf) x] \/A_
GxE) = e | 28l (6)— - b§(O)— e — - (@)sinh [ 5|
fo2a loews G
2" 8y £)sinh? ~y)|dy. 13
+£ e S () 13)

Ap dung bét dang thirc tam giac, sai sb gitra nghiém chinh héa va nghiém chinh xéc
nhu sau

u;(x,.)—u(x,-)” < UZ(X;)—UZ,(X,')”—F UZ.(X,~)—U(X,-)||. (14)
Ta chia chimg minh nay ra lam ba budc nhu sau.

Buéc 1. Uébe luong sai s6 cia nghiém chinh héa

TCORAS |

Ap dung ding thuc Parseval, ta co

(005 ()

o sng[ 9] o o PE,)
= 2ae2a”—[A(:‘ J(f@(g)— f(é))+be2ax—[A(:; ](gg(é)—é(é))

b

—e' (g (£) - 6(&)Jsinh (5 x)a

b~ . 2 Si”h?{ Az(:)X] 2 b —~ 2 COSh;}[@x] :
<des [|£9(5) = 1(8)] || d&+4e%D°[|0° ()= 6(8)| |5 d¢
R 2a R
+4e:I &(5)-@(5)‘2‘sinh;(@ x)rdf

b , b

aZ a —2X & a —2X
<4zeap?|f —f|| +4e2f3
Nghia Ia,

uj(X,-)— G;(x,-)” <Kp~e,

o' —qf .

a’ >
trong do, K = 8(2b—2+1]e23. (15)

Buéc 2. Uébe luong sai sb tua gié tri bien (MQBV)

l];(x,-)—u(x,-)”.

Tu (6), tasuy ra
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5

(x- y))dy} 19)

b

S0~ 20008+ | F(@)cosh () £ g(e)sin

—Q(é)@cosh( i(j) X)+j (y, g)e Za COSh(

0

A(g

Thuyc hién phép chia dang thic (16) voi va cong két qua thu duoc vai (6), ta duoc

N
mj
~

L7700 ) + 5 7 (x, &)
5

b, @), i, Ale) by PO,

= (O b 750 =+ [ A8 e e = Ty |

%

Mt khac, két hop (6) va (13) ta co

U (%, &) - G(x,£)

AG) AE)

b % A(é)x 2a MX b 2a A(ﬁ)x
__2a p2a f(p)pe e pe e o M
et 1) { Am] G L [ ] §(8) [ }
2|1+ pe 22 2| 1+ fe 22 2| 1+pe 22
by S
jﬁeza ‘ﬂe—eS(U)(y g)dy
0 2[1+ﬂe 2 ]
A(¢)
,ﬁe 2a
_ b N 2a_ 0y
- [ A(g’)}{(l M)“(ﬁf)‘*‘maﬁ“f)}
2|1+ ple 22

Tu do, ta thu dugc udc lugng sau

2

((l—ﬁ)ﬁ(x,fh%a—iﬁ(x,@) .

1+ pe

Ap dung B6 dé 2.2.1, ta dugc
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<[pn A(g) u(x &) d§+jﬂ2 Pl i) ds
<2p%% 1+s;liﬂg = M u(x &) dé+ = 2Xsupfi ﬂ[ —u(x &) dé&

SABTHA+ AT
Nghia la
a5 (%) —u(x,)| < 7L, (17)

a2
voi L =2 A(1+Fj.

Buéc 3. Uébe luong sai s6

u‘”’”(x,-)—u(x,-)”.
Két hop (14), (15) va (17), ta thu dugc
u;(x,-)—u(x,-)”s KB e+ 7L, (18)

Mt khac, trong Bwéc 2, néu nghiém chinh xac u théa man diéu kién (Ha), ta duoc

2 2

7)}\ “oa a N
uxg) dg+[prHmi e T U dé

2¢27-2x|q4 _ b | B
siﬂ (1 A(g))e

Do do, ta suy ra
as(x,)— u(x)” < pHRL,,

aZ
voi L, =2 B(1+b—2j.

Két thic ching minh. m
Chay 2.2.1. Phan chitng minh Pinh Ii 3.1 cho thdy téc dé hgi tu ciia mét nghiém chinh hoa

a5’ (%) - ul(x,-)”. Mdt khdc, wée hrong sai s6 dang Holder diing
cho moi x e [0,1], nhwng tai x =1, wéc lwong (11) cho ta thay sai sé bi chan bdi L,, nghia

la su héi tu cia nghiém chinh héa tai x =1, chia dwoc chitng minh. Vi vdy, ching tdi can
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mét diéu kién manh hon (Hs) dé thay thé dieu kién (Hz) qua dé danh gid toc do héi tu tai
X =1.Cuthé, ta thu dwoc
us (L) —u(L)|<Kpe + AL,
Ngodi ra, chiing t6i dwa ra quy tac chon f théa mén (18). Ta c6 thé chon
L=¢c"0<k<],
hoac

b

,0<k<1b>0,a,20,a >0.

Chay 2.2.2. Néu ta thay diéu kién (Hs) bang (Ha) véi p >0, ta thu dwoc wdc lwong sai s6
&p
U (X’.)_U(X’.)HP(R

us (%) —u(x.-)
3. Kétluan

Trong bai bao nay, ching toi dd nghién ciru V& mot bai toan Cauchy cho phuong trinh
binh luu — khuéch tan bac khéng nguyén véi ngudn tac dong S . Cu thé, chiing tdi 4p dung
phuong phap chinh héa tua gia tri bién dé giai quyét tinh khong chinh cua bai toan nham
dua ra nghiém xap xi 6n dinh cho bai toan. Bén canh do, téc d6 hoi tu cua wdc luong sai s6
gitta nghiém chinh héa va nghiém chinh xéc ciing dwoc dua ra véi diéu kién tién nghiém cua
nghiém chinh xac. Trong twong lai, chiing t6i du kién tiép tuc nghién ctu vé Phuong trinh
binh lwu — khuéch tan bac khdng nguyén véi nguon tac dong phi tuyén trong trudng hop
tong quat hon, vi du nhu khi S 1a ham Lipschitz dja phuong phi tuyén.

) trong khong gian H°(R) nhw sau

(SKB e+ fB,.

HP (R

< Tuyén bé vé quyén loi: Cac tac gid xac nhan hoan toan khéng c6 xung dét vé quyén loi.
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ABSTRACT

In this paper, we propose a nonlinear case of the time fractional advection-dispersion equation
in which the time-derivative with variable 0 < <1, is taken in the sense of Caputo. The problem is
not well-posed in the sense of Hadamard. Therefore, we constructed a filter regularization method
by applying the modified quasi-boundary value method based on the modified “kernel” idea
presented by Liu et al. (2019). Accordingly, we gave a rule for choosing the regularization parameter
to obtain the convergence rate of the regularized solution. The above regularization method is a new
technique applied to a problem that few authors have studied on previous related results. Therefore,
the results of this paper are highly applicable in the fields of science and technology (Benson et al.,
2000; Berkowitz et al., 2006; Cetinkaya & Kiymaz, 2013). Additionally, the result presented in this
paper will contribute to the study of regularizing the ill-posed problems and more complicated ones.

Keywords: Cauchy problem; Caputo derivative; convergence rate; filter regularization;
modified quasi-boundary value method; nonlinear, time fractional advection-dispersion equation;
regularization parameter
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