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TOM TAT

Khéng gian Besov déng vai tro quan trong trong |i thuyét khéng gian ham va phwong trinh
dao ham riéng. Hai hiréng phét trién gan day ciia huwéng nghién cizu nay 1a lién két khéng gian Besov
véi khong gian Morrey hogc toan ti tir lién hop khong am. Két qua trong bai béo nay sé tong quéat
Cd hai hwéng tiép can trén. Chlng ti chizng minh két qud chinh quy cho phirong trinh dang fractional
LPu=f

Pé lam dwoc diéu do, ching téi thiét \dp dic trung lién tuc cho khdng gian Besov-Morrey

BM;"'('J‘J(R”) lign két véi mgt toan tir tir lien hop khong am L trén L2(R") sao cho nhan nhiét cia

L théa man diéu kién bj chan trén Gaussian, trong d6 0 <p,q<oo,p <r<ow,o € R. Két qua cua
ching tdi téng quat cac két qua da c6 cia (Bui et al., 2020; Dao et al., 2018).

Tir khéa: khong gian Besov-Morrey; dic trung lién tuc; didu kién bi chan trén Gaussian; tinh
chinh quy

1.  Giéithiéu

Li thuyét khong gian Besov trén R"c6 mot lich sir 1au dai, dong vai tro quan trong
trong li thuyét khong gian ham, giai tich diéu hoa va phuong trinh dao ham riéng. Khdng
gian Besov c6 dién c6 thé xem la khong gian lién két v6i toan tir Laplace hodc cin bac hai
ctia n6 trén R". Tuy nhién, 16p khong gian Besov ¢ dién khong phai lac nao ciing phu hop
cho viéc nghién ctru tich phan ki di. Dé khic phuc nhugc diém d6, bang cach thay toan tir
Laplace bang mot toan tir vi phan nao d6, li thuyét khong gian Besov lién két véi toan tir da
thu hut sy quan tim cta nhiéu nha toan hoc. Theo huéng nay, nhom nghién ctru ciia Bui vao
nam 2020 (Bui et al., 2020) da thiét lap li thuyét khong gian Besov lién két véi toan tir tur

Cite this article as: Le Thi Hang, Pham Thi Hoai Nhi, & Nguyen Binh Di (2022). Besov-Morrey spaces
associated with non-negative self-adjoint operators. Ho Chi Minh City University of Education Journal of
Science, 19(8), 1362-1370.
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lién hop khong am. Day 1a két qua tong quat nhat cho dén lic nay vi cac tac gia chi gia sir
tinh bi chan trén Gaussian ma khong can tinh lién tuc Holder ctia nhan nhiét ciing nhur tinh
chat Markov nhu (Georgiadis et al., 2017)

Mot hudng nghién ctru tiép theo ciing rat dugc quan tAm: nhiéu tac gia xem xét khong

gian loai Besov-Morrey BMB‘,’; f (R") tong quat hoa khong gian Besov cb dién bang cach

thay thé chuan L boi chuan Morrey. Khong gian nay duoc nghién ctru 1an diu tién boi tac
gia (Kozono et al, 1994). Nhu ciu nghién ctru 16p khong gian ndy nay sinh tir viéc nghién
ctru phuong trinh NavierStoke va ap dung (xem Baraka, 2017; Lin (2013); Mazzucato,
2003). Khong gian Besov-Morrey khong chi ké thira nhiéu tinh chét caa khong gian Besov
ma con dién ta sau sic hon vé tinh chat dao dong dia phwong va tinh ki di ctia ham sb (xem
Mazzucato, 2003). Gan déy, tac gia (Dao et al, 2018) dd xay dung phén tich phan tir cho

khong gian Besov-Morrey lién két véi toan tir Hermite H = —A + |X|2 va tir do thu dugc tinh
chinh quy cho phuong trinh fractional Hu =f.

Tiép ndi hai két qua trén, chiing toi xét toan tir ty lién hop khong am L trén L?(R").
Ki hiéu (e )bO ,va k(x,y) 1an luot 1a nira nhom va nhan nhiét lién két véi toan tir L. Tir
day vé sau, ching tdi ludn gia st toan tr L thoa man diéu kién chan trén Gaussian (GUB)

nhu sau: ton tai cac h?mg s6 C va ¢ sao cho v&i moi X, yeR" vat>0,

C [ x=y[
|k (X, y)| < 7 exp(—T .

Chu ¥ rang toan tir L ctia chung t6i 1a truong hop tong quét cua toan tir Schrodinger
—diV(A(X)Vu) +Vu véi thé vi khong 4m V thoa man diéu kién Holder ngugc va ma tran
A thoa mén diéu kién elliptic déu. Do d6 né ciing tong quat trudng hop toan tir Hermite.

Két qua chinh cua bai bio nay la thiét 1ap mot dinh nghia pht hop cho khong gian
Besov-Morrey lién két v6i toan tir L va xay dung dac trung lién tuc dé thu duoc tinh chinh
quy cho phuong trinh Lu =f.

Céu trac cta bai bao: muc 1 gidi thiéu lich st cuia van dé, muc 2 danh mét phén cho
mot s6 kién thire chuan bi nhu cac danh gia cho ham cuc dai, khong gian Morrey va khong
gian ham phan bd lién két véi toan tir L. Noi dung chinh ctia muc nay 1 xay dung 1i thuyét
khong gian Besov-Morrey lién két véi toan tir L. Cudi cung, tinh chinh quy cho mot 16p
phuong trinh fractional dugc ra trong muc 3.

Trong bai bdo nay, chung toi sir dung C va ¢ 1a cac hing sé duong doc 1ap véi cac
tham s chinh va c6 thé khac nhau & timg dong. Ki hiéu A <B néu ton tai hang sé duong
C doc lap voi cac tham s6 chinh trong A va B sao cho A<CB. Kihi¢u A~B néu A <B
va BSA N={;23;..} va N, =NU{0}. Vi 1<p<oo, ki hi¢u p' 1as6 mii lién hop ciia
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p, tac la 1+i,: 1. Ngoai ra, v6i A >0 va qua cau B =B(xg,Ig), ki hiéu AB 1a qua cau
pp

cling tdm véi B va ban kinh 1,5 = Arg. Kihiéu S(R) cho khdng gian cac ham Schwart. Cubi
cung, voi a,be R, dat a Ab=min{a,b} va avb=max{a,b}.
2. Khdng gian Besov-Morrey lién két véi toan tir tw lién hep khong am
2.1. Ham cuc dai Hardy-Littlewood

Cho 0< 0 <oo. Ham cyc dai Hardy-Littlewood M, dugc xac dinh nhu sau

1/6
Mf ()= sup[i [Em dyj ,
xeB |B| B

trong d6 supremum 13y trén tat ca cac qua cau B chaa x. Ta s& bo qua ki hiéu © néu 0 =1.
Bé dé 2.1. (Bui et al, 2018) Cho s,& >0va p e[1,].

Up
(1)[I[(1+|x—y|/s)_n_6}pdy] <s" wxeR"

Rn

(2) V6i moi f e L (R" ), x e R",

1 nee
jRn S—n(1+|x —y|/s) " [f(y)]dy S MF(x).
2.2. Khong gian Morrey

Véi 0<p<r <o, khong gian Morrey M, dugc dinh nghiia nhu sau

)
M, =1fe L‘l’OC(R“):”f”ML = sup i‘iﬁ’R i

XgeR

<0

||Lp(B(XO,R))

Ta can dén tinh chét sau day cia ham cuc dai.
Bo dé 2.2 [Trong et al, 2020, Bé dé 2.6] Cho 0< p<r <o va 0<6< pAl. Khi dé todn tir
M, bi chan trén M¢.
2.3. Ddnh gia nhan nhiét
E, (1) la phan tich pho cua toan tir L. Khi do, theo 1i thuyét pho, véi moi ham Borel
bi chian F:[0,00) — C, ching ta co thé xét toan tir bi chan trén L2(R") dinh boi
F(L) = [ FO)AE (1),
K (X, y) goi la nhan ciia toan tir G. Ching ta c6 két qua quan trong sau day.
Bé dé 2.3. (Bui et al, 2020, B6 dé 2.6)
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(1)Cho ham chin ¢@eS(R). Véi moi N>0, ton tgi C>0 sao cho

K(p(h/t)(x,y) <Ct™" (1+|x—y|/t)_N, Vi>0,x,yeR".

(2) Cho hai ham chan ¢, @, €S(R). Véi moi N>0, ton tzi C>0 sao cho

<Ct™" (1+|x—y|/t)7N V6i moi t<s<2t va x,yeR".

o Jorie) 1Y)

(3) Cho ¢ eZ* va hai ham chdn ¢, ¢, € S(R) sao cho ¢{”(0)=0 véi v=0,1,...,2¢.

Vi moi N>0, ton tai C>0 sao cho:

2/
SCGJ t" (1+|x—y|/t)_N, Vt>s>0va x,yeR".

CatTpofor) V)

Hon nita, c&c két qud trén van ding cho ham thugc S(R) co gia compact chiza trong (0, )
2.4. Khong gian phan bé lién két véi toan tir L.
Tiéu muc nay duoc lay tir (Georgiadis et al., 2018). S la tap hop tat ca cac ham

de() D(Lm) sao cho

m>1

Pros (9) = sup (1+[x])" [L'9(0)| <00, ¥m >0, 0NN,
xeR"

Neu ¢ e S(R) thi K ry(x)eS vaK o (y)eS.

S’ 1a khong gian ddi ngiu cia S voi tich ddi ngau (f,¢) =f(¢), cho moi f e S’ va
0eS.

S, latap hop tit ca cac ham ¢ € S sao cho véi mdi k e N déu ton tai g, € S sao cho
o =L"g, . Khi d6 g, & ton tai duy nhat. Topo trén S, duoc sinh ra béi ho nira chuan
Prrk @) =P (96), m> 0,4,k eN, V6i ¢=L*g,.

Tagoi S, la khong gian dbi ngiu cia S,. Néu ¢ e S(R) Véi suppo < (0,), thi
Koy %) €8, va K (.)€ S, Do do, chiing ta cd the dinh nghia

(p(tJE)f(x) = (f, K(P(tﬁ)(x,-)% vies, .

2.5. Ham cuc dai Peetre
Cho A >0,jeZ va ¢ € S(R), ham cuc dai Peetre dugc dinh nghia nhu sau

. e GLE)|
01 0 = U o )

eR",

trong o, ¢;(\) =(2'A) va f € S'. Ching ta ¢6
05, (VL)F () 2 @;(VL)F (X)|, xeR".
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Véi s, A >0, dat

(sf)f(x)— sup M feS

yer" (1+]x — y|/s)
yeS(R) la mot phan hoach cia don vi néu suppy c[1/2,2], J@ds;to va
s
Dy () =121 € (0,%).
jeZ
Bé dé 2.4. (Bui et al., 2020, Ménh d¢ 2.16)
Cho y € S(R) vai suppy < [1/ 2,2] va @ € S(R) la mot phan hoach cua don vi. Khi do
sup wx(sf D) 5 S o, (VDF, (1)
se[271 2 k=j-2
voimoi L>0,jeZ, feS, vaxeR".

Bé dé 2.5. (Bui et al., 2020, Ménh dé 2.18)
Cho y la mét phan hogch ciia don vi va ¢ e S(R) & mgt ham chan sao cho ¢ =0 trén

22| kniao
2

v, WOF0 1S ([ o VDGO S

véi moi h,r>0,jeZ, feSvaxeR".
2.6. Khong gian Besov-Morrey lién két véi toan ti L
Dinh nghia 2.6. Cho y la mot phén hoach cua don vi. V&i 0<p<r<w, 0<q<ow, aeR,

o,y, L

pqr Dhusau

ta dinh nghia khong gian Besov-Morrey BM
Moyt ={f e S, :|f lowz <2

p.q,r
q 1/q
M;] '
Tu B6 dé 2.4 ta co:

Bé dé 2.7. Cho hai phan hogach ciia don vi y, ¢ Véi suppwy,suppe =[1/2,2], 0<p<r <o,

trong do

s | Z(>

p.a.r iz

\vj(\/t)f‘

aeRva A>0.Taco:

2l
jeZ

q g

j ~ [210‘ J , VfeS,.
i€z
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Ta can dén két qua sau day.
Bé dé 2.8. Cho phan hoach ciia don vi . Taco

1/q

> | 2k

jeZ

q
"’?x(ﬁ)fHMg Fla

voimoi 0<p<r<ow, 0<q<o, acR vai>max{n/p,n/q}.
Chitng minh. Nho B6 dé 2.7, ching t6i chi can ching minh
q TV q Ve
gl y* JEfH j < (2i“w-\/ff j .
(e, | |2,
Ly 6 <min{p,q} saocho A >n/0. Tir (1) va B6 dé 2.1 dua dén

v DR 2] [ 2" v, WD @ P @2 [x-z) ™ dz | <My (v, WD Dx).

Két hop véi B6 dé 2.2 ching t6i c6 diéu phai chitng minh.O
Két hop Bb dé 2.7 va B6 dé 2.8 ching tdi khang dinh duoc su doc lap caa dinh nghia

khong gian BMSY;" véi .

Dinh i 2.9. Cho hai phan hogch cia don vi wva ¢. Khi do véimoi 0<p<r<ow, 0<q<oo,

a e R, hai khong gian BM>:- and BM: ;" tring nhau véi chudn tirong dirong. Do dé ta

oy, L

c6 thé dinh nghia khéng gian BM®- & mét trong c4c khéng gian BM_q; Vi bdt ki phan

p, q r
hoach cua don vi v .

3.  Kétluan
Trudc tién, ching tdi xay dung dac trung lién tuc caa cua khéng gian BMp o

Dinh li 3.1. Cho phén hogch cia don vi y. Vdi moi 0<p<r<ow,0<q<wo, aeR va

1/q 1/q
Fe (ool e
VIS ! Mot
Chizng minh.

Lay te[27,279] véi jeZ, nho (1) tachd

A>max{n/p, n/q}, taco:

Flowg, - (J I
0

véi moi f €S,

v

wphmfwm<zwmwﬁm

te[271 2 k=j—2

Két hop voi Bo dé 2.8 ching tdi c6
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1/q

e 9 gt
[ [ [t w(tﬁ)fHMJ T} Ml -
0
Tiép theo, nho B6 dé 2.5 ching tdi co
—j+2 . d
DRI ([} 2 ) VD) f)”q.

Do do6

Floug, s[f o

. 9 dt B
[ £7vi e ||MJ TJ .
Cudbi cuing, 1ay 0 < min{p,q} sao cho A >n/6.Van dung (1) ching ti co:
v, @IWLF)PS [, 2" [w@ WL @) (L+2' | x -2 |) ™ dz
véimoi te[l,2].
Vi 0 < q nén sir dung bit ding thirc Minkowski dang tich phan thu dwoc

([ v: @ WD o %)e’q <[ 2([ we WDt F %)"’q L+2 | x-2)™dz.

Qua budc doi bién dua dén

i1 0/
[I C I D) %} q

2

—j+1 o/
Sl ?” U S (D)) ﬂ @2 |x-z) e

~Jr" 2-

Néu A6 >n thi nho B6 dé 2.1 ching t6i c6
2 dt 2 dt
([, Mi@DICOr 2" S M, [(L-j WD P T)ﬂ(x).
Ap dung B6 dé 2.2 ching tdi c6

(I:[t_a\ll;(t\/t)f]q %)l/q” | < (J'O”[t—a Ly (/L) |1 %)UCIH

Chung t6i két thic chitng minh cua dinh Ii. O

r
MP

Truéc khi ching minh tinh chit chinh quy cho phuong trinh Lu =f ching tdi dua ra dinh
nghia nhu sau: v6i se R,meN,m>s, dit L': S, — S, boi

e fepen®

r(m_;jo
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Tir (Bui et al., 2020) chling toi ¢6 L°f hoi tu trén S, , dugc dinh nghia t6t nhu mot toan tir
tr S, vao S, va khong phy thugc vao cach chon m. Hon nira, L (LBf) =LPf, vfes,.

Dinh 11 3.2. Cho 5,0 eR,0<q<w,0<p<r<oc va f eBM{y, . Khi dé ton tgi C>0sao

cho véi u la nghiém cuia phuong trinh L°u =f chlng t6i co
ol =l

Chizng minh.

L4y p la phan hoach caa don vi. Tir (Bui et al.., 2020) ta c6

\p(tﬁ)ﬁf (x)‘ < t2p; (VL) (x).

Két hop diéu nay véi Binh i 3.1 ching tdi ¢6

i
5{]0[”
0

-|f

u = ||L‘sf

p(t\/t) L°f

|| a+2s,L
BMp,q,r

1
ng
M, |t

p:(tﬁ)fHMJ“ %]

e, -
BMS g,

Chung t6i két thic chitng minh cua dinh Ii. O

Q-

% Tuyén bé vé quyén lgi: Cac tac gid xac nhan hoan toan khéng cé xung dét vé quyén loi.
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ABSTRACT

Besov spaces play an important role in the theory of functional spaces and partial differential
equations. Two recent developments of this research direction are linking Besov spaces with Morrey
spaces or non-negative self-adjoint operators. The results in this paper will generalize both
approaches. We proved regularity for the fractional equation.

Lu=f

To do that, we established a continuous characterization for the Besov-Morrey spaces

BM;"'(';J(R”) associating with non — negative self — adjoint operators L in L?(R") such that the

heat kernel of L satisfies the Gaussian upper bounds, where 0 <p,q<oo,p<r<o,aeR. Our
results generalize the existing results by Bui et al. (2020) and Dao et al. (2018).

Keywords: Besov-Morrey space; continuous characterizations; Gaussian upper bound;
regularity
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