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TOM TAT

Cho F la mét truong va A 1a mgt ma trdn trong nhdm tuyén tinh déc biét trén truong F .
Khi F la truong so phite C, Hou (2021) dd chi rarang A c¢6 thé phan tich dwoc thanh tich ciia
nhiéu nhat hai giao hodn tir ciia cdc ma trdn liiy don chi s6 2 . Trong bai bao nay, ching t6i md
réng két qua trén trong trwong hop F la trweong c6 vo han phan ti. Cu thé, ching toi chizng minh
dwoC rang moi ma trdn khéng vé hirémg trong nhom tuyén tinh dac biét trén triong c6 vo han phan
ti déu c6 thé phan tich dwoc thanh tich cia nhiéu nhat hai giao hoan ti ciia cac ma trén liy don
chiso 2.

Tir khéa: giao hoan tir; ma tran khong v huéng; ma tran lity don chi sé 2 ; nhém tuyén tinh
dac biét; truong vo han

1.  Giéithiéu

Phan tich mot ma tran thanh tich cia cac ma tran c6 tinh chét dic biét (nhu ma tran liy
don hozc ma tran d6i hop) 1a mot chu dé thu vi ctia nhiéu nghién ctru va c¢6 nhiéu tng dung
trong cac linh vuc khac nhau.

Cho F 1a mot truong, GL, (F) va SL, (F) lan lugt la nhém tuyén tinh tong quat va
nhom tuyén tinh ddc bi¢t bac n trén truong F . Mot ma tran Ity don chi s6 k 1a mot ma
tran A théamén (A-1, )k =0 trongdo |, 1a ma trdn don vicua GL, (F). Khi F 1a truong
sd phuc C, Fong va Sourour (1986) di ching minh dugc ring moi ma tran trong nhém
SL, (C) 1a mot tich ctia ba ma trén lily don (khong c6 diéu kién rang budc vé chi so). Trong
bai bao (Wang & Wu, 1991) da dua ra mot két qua manh hon rang moi ma trén trong nhom

SL, (C) 1a mot tich ciia nhiéu nhét bon ma tran lity don chi s6 2.

Cite this article as: Le Quang Truong (2022). Decomposing matrices on an infinite field into commutators of
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Mot ma tran Ae GL, (F) dugc goi 1a ma trén d6i hop néu ma trdn nghich dao cua A
1a chinh no, tirc 1a, A>=1_. Ki hiéu [X,Y]=XYX ™'Y 1a giao hoan tir cia hai ma tran X
va Y . Phan tich cdc ma tran thanh cac giao hoan tir cia cac ma tran €0 cac tinh chét dic biét
ciing 1a mot chi dé danh dugc nhiéu sy quan tim cua cac nha toan hoc hién nay. Trong
(Zheng, 2002), tac gia dd ching minh ring néu F 1a truong sb phirc hodc truong sé thuc,
moi ma tran trong SL (F) 1a tich ctia nhiéu nhat hai giao hoan tir ctia cic ma tran d6i hop.
Mot két qua khac trong bai bao gan day Tran, Truong, Nguyen va Mai (2022) di chi ra rang
néu F 1a mot truong chira it nhat ba phan tir va n 1a mot sé nguyén dwong 16n hon 1, moi
ma tran trong SL | (F) 1a mot tich cia nhidu nhét hai giao hoén tir cia cac ma tran d6i hop.

Trong bai béo (Hou, 2021), tac gia da ching minh rang khi F = C, moi phan tir trong
nhém SL, (C) c6 thé phan tich duge thanh tich cua nhiéu nhat hai giao hoén tir ctia cac ma
tran lily don chi s6 2. Trong bai bao nay, ching tdi mo rong két qua trén trong trudng hop
F 1a truong c6 vo han phan ti.

Mot ma trdin AeSL, (F) dugc goi la ma trdn v6 hudng néu ton tai phan tir A e F sao cho
A=Al , nguoc lai, ta goi A 1a ma tran khong v6 huéng. Chiing t6i ching minh dugc dinh
li sau day.

Dinh li 1.1. Cho F Ia truong cé vé han phan tir va n la so nguyén dwong 1ém hon 1. Khi
a6, moi ma trdn khéng vé hwéng trong nhém tuyén tinh ddc biét SL, (F) c6 thé phan tich
dwoc thanh tich cia nhiéu nhat hai giao hodn tir ciia cdc ma tran lity don chi sé 2.

Néu F 1a truong dic sé 2 thi mot ma tran 13 ma trén liy don chi sé 2 khi va chi khi
n6 12 ma tran d6i hop. Do d6, theo (Tran et al., 2022) ta c6 néu F 1a truong co dic sé 2 thi
moi ma tran trong nhém SL (F) c6 thé phan tich dugc thanh tich cta nhiéu nhét hai giao
hoan tir cia cic ma tran lily don chi sb 2. Vi vay, trong bai béo ndy, chiing t6i chi xem xét
truong hop F 13 truong c6 vo han phan tir va co dic s6 khac 2.

Trong phan con lai cua bai bao nay, ta quy udc rang trudng F 13 trudng cd vo han
phan tir va co dic sé khac 2; o(A) la ki higu tap hop tt ca cac gia tri riéng cua
ma tran A.

2. K&étqua chinh

Nhén xét 2.1. (Hou, 2021) Cho G la mét nhém ma trdn va k la mét sé nguyén dwong. Khi
a6, AeG la mét tich cia K giao hodn tir ciia cdc ma tran lily don chi s6 2 khi va chi khi
moi ma trdn dong dang ciia A ciing la mét tich cia K giao hodn tir ciia cdc ma trdn lity don
chisé 2.
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N N . . o L A 0),.
Cho A lamatrancd mxm va B lamatran cd nxn. Kihiéu A@Bz[o BJ la ma

tran ¢ (m+n)x(m+n). D& thay, véi moi A, A’ 1acac matran ¢ mxm va B, B’ la céc
ma tran c& nxn ta ludn co:
AA" 0 B A O0YA 0
o BB) (0 BJlOo B)
Hon nira det(A® B)=det A-detB.
Nhin xét 2.2. (Hou, 2021) Cho F la mét truong. Khi @6, néu AeSL,, (F) la mét tich ciia
k giao hodn tir ciia cdc ma tran iy don chi sé 2 va B eSL, (F) mdt tich ciia | giao hoan

tir ciia cde ma trdn lify don chisé 2 thi A@BeSL,,, (F) la tich cia max{k;|} giao hoan

tir ciia cdc ma trdn lity don chi sé 2.
Bé dé 2.3. Ma trin

2
An 0 , voi A7 =1,
0 A7
la mét giao hodn tir ciia hai ma trdn ity don chi s6 2.
Chitng minh. Hién nhién, b6 dé dung véi A2 =1. Néu A* #+1, véimoi aeF ,

A*  a L2720

va ,
0 A7 0 A7

la hai ma tran ddng dang véi nhau. Mit khac, ta lai c6

20 A+l 20 A+l
202N 241 a-a |2 a2 - [2 At
o 47 || a+1 2 {—,1 o} A+l 2 {—,1 o}’
a-1 a1 a-1 a1
la mot giao hodn tir cua hai ma tran
22 A+1
A= -1 -1 va B:{2 /11}.
A+1 2 -4 0
Ca-1 a-1

Dé théy A va B la cac ma tran liy don chi s6 2. Tur Nhan xét 2.1 suy ra ma tran

2
[}6 /102] v6i A2 % -1,

ciing 1a mot giao hoan tir cua hai ma tran lily don chi s6 2.
Ching ta s& sir dung dinh 1i du6i day duoc dua ra boi Sourour (1986) dé chirng minh
cho két qua chinh.
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Dinh 1i 2.4. (Sourour, 1986) Cho A 1a mét ma trdn vudng cap nxn kha nghich khéng vo

huéng trén truong F, b, va ¢; (1< j<n) lacac phan tir cia F sao cho ﬁbjcj =detA.
j-1

Khi dé, ton tai cac ma trgn B va C cdp nxn Véi Cac gid tri riéng lan heot 12 by,b,,...,b,

VA C,,C,,...,C, sa0 cho A=BC. Hon nita, B va C c0 thé duoc chon @é B |a ma trgn tam

gidc dudiva C la ma trgn tam giéc trén.

Cudbi cuing, chiing ta s& két thic bang viéc ching minh Dinh 17 1.1.

Cheing minh Binh Ii 1.1.

Truong hop 1: n 1asé chin. Ta dit n=2k véi ke N, Vitruong F ¢6 vo han phan
tir nén ta c6 thé chon a2,a,%,a,%,a,7,...,8,%,a, 7 1a n phan ta d6i mot phan biét trén truong
F . Tu binh 1i 2.4 suy ra ta c6 thé chon cac matran B va C sao cho A=BC va

o(B)=c(C)={a’.a".a,.a,",..a° 8"}

Do d6, B va C chéo hoa dugc va ddng dang véi ma tran chéo

a? 0 0 0 - 0 O

0 a2 0 0 0 o0

0 0 a* 0 - 0 0 oz

0o 0 0 a’ - 0 O =@{a‘ 02]
: : : o : : ES R
0O 0 0 0 - a%? o0

0 0 0 0 - 0 a?

Tir B6 dé 2.3, Nhan xét 2.1 va Nhan xét 2.2 suy ra B va C déu la giao hoén tir cua
cac ma tran lity don chi s6 2. Do d6, A c6 thé phén tich duoc thanh mét tich caa nhiéu
nhat hai giao hoén tir cia c4c ma tran liiy don chi sé 2.

Truong hop 2: n 1asé 1é. Tadat n=2k +1 voi ke N". Vitruong F ¢6 vo han phan
tir nén ta c6 thé chon 1,a°,a,7%,a,%,a,7,...,8,°,8, 1a n phan tir d6i mot phan biét trén F .
Tu Binh Ii 2.4 suy ra ta c6 thé chon cac ma tran B va C sao cho A=BC va
o(B)=0(C)={la’ a7 a’a,", .3°a"}.

Do d6, B va C chéo hoa dugc va ddng dang véi ma tran chéo
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10 0 0 O 0 0
0a> 0 0 0 0 0
0 0 a? 0 0 0 0
00 0 a’ o0 0 0 < [a? 0
=Me@|”
00 0 0 a° o o WM @{0 a;z}
00 0 0O 0 - a’ o0
00 0 0 0 - 0 a7

Tir B6 dé 2.3, Nhan xét 2.1 va Nhan xét 2.2 suy ra B va C déu la giao hoén tir cua
cac ma tran lily don chi s6 2. Do d6, A c6 thé phén tich dugc thanh mét tich cua nhiéu nhat
hai giao hoan tir ciia cAc ma tran lity don chi s6 2.

3.  Kétluan

Cho F 1a truong ¢ vo han phan tir v n 1a s6 nguyén dwong 16n hon 1. Khi do,
chding t6i chirng minh dugc rang moi ma tran khong voé huéng trong nhém tuyén tinh dic
biét SL,, (F) c6 thé phén tich dwoc thanh mot tich cua nhiéu nhat hai giao hoan tir ctia cac
ma tran lity don chi s6 2. Ching tdi sé tiép tuc nghién ciru véi truong hop ma tran vo hudng
va truong hop trudng F c6 hitu han phan tir. Trudng hop F 13 truong hitu han lai lién quan
t&i nhiéu bai toan mé khac. Vi du néu F 1a truong hiru han c6 dac s6 2 thi mdi ma tran liy
don chi sb 2 cling 1a mot ma tran ddi hop. Nhu vay, viéc phan tich mot ma tran thanh tich
clia cac giao hoan tir ctia ma tran lity don chi s6 2 dong nghia véi viéc phén tich ma tran d6
thanh tich cua cac giao hoan tir ciia cdc ma tran ddi hop. Van con 13 mot cau hoi mé liéu mot
ma trén trong SL (ZZ) ¢6 thé phan tich dugc thanh mot tich cua hai giao hoan tir ctia ma

tran d6i hop hay khong? (xem Tran et al. (2022)). Chiing t6i hi vong s& c6 ciu tra 10i cho
trurong hop nay.

% Tuyén bd vé quyén loi: TAc gid xac nhan hoan toan khéng cé xung dét vé quyén loi.
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ABSTRACT

Let F be afieldand A a matrix in the special linear group over F . Hou (2021) has shown
that if F is the field of complex numbers, A can be decomposed into a product of two commutators
of unipotent matrices of index 2. In this paper, we will extend the above result for the case when F
is an infinite field. Particularly, we will prove that every nonscalar matrix over an infinite field can
be decomposed into a product of at most two commutators of unipotent matrices of index 2.

Keywords: commutator; infinite field; nonscalar matrix; special linear group; unipotent
matrices of index 2
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