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TOM TAT

Li thuyét bdc t6pd cho cac anh xa da i trong céac khdng gian Banach cd thir tu dd cung cdp
mgt cbng cu mai, hiéu qua trong nghién cizu cac bao ham thec vi phén va bai toén gié tri riéng cua
anh xa da tri. Trong bai bao nay, ching t6i siz dung cong cu bdc topé theo nén dé ching minh céc
dinh i téng quét vé ton tai nghiém trong nén cia cac bao ham thirc x e A(x), Ax € A(x) cho mét sé
lop &nh xqa da tri A tac déng trong khdng gian cé the tw. Chiing téi ciing nghién ciru dang diéu tiém
cdn cia nghiém khi 1z — oo . Cac Két qud nay sau dé dwoc chling toi ap dung dé chiing minh si ton

tai nghiém diong ciia bao ham thic vi phan cap hai —x"(t) e f (t,x(t)), t e[0,1] véi diéu kién kign
m-2

bién nhiéu diém dang x(0) = u(x), x(1) = Zaix(ﬁi) . Cac két qua thu dwgc trong bai bao da mé réng
i=1

mét s6 nghién ciru da c6 trong trweong hop phurong trinh lén truong hop bao ham thuc.
Tirkhoa: gid tri riéng; bac topd, bao ham thirc vi phan cip hai; diéu kién bién nhiéu diém; anh
Xa da tri, nghiém trong nén

1.  Gioithiéu

Bac topo caa anh xa la céng cu hitu hiéu dé nghién cau su tdn tai nghiém, cau tric tap
nghiém cua cac phuong trinh phi tuyén triru trong va phuong trinh vi phan cu thé (Deimling,
1985; Guo & Lakshmikantham, 1988; (O'Regan, Cho, & Chen, 2006). Véi viéc st dung
ngay cang rong rai cac anh xa da trj trong Toan hoc, khoa hoc tu nhién, kinh té..., Ii thuyét
bac tép6 cho anh xa da tri da duoc xay dung va utng dung trong nghién ctu cac bao ham
thare vi phéan, bai toan gia tri riéng cua cac anh xa da tri (Nguyen, Tran, & Vo, 2018). Viéc
tim cac dinh 1 tong quat méi vé diém bat dong caa anh xa da tri dé c6 thé &p dung vao cac
bai todn méi, van s& duoc tiép tuc trong thoi gian toi.

Trong bai bao nay, dua trén cac tinh chat tong quét vé bac tdpd cua anh xa da trj tac
dong trong khong gian c6 tht ty, chdng tdi s& chimg minh cac dinh Ii vé s ton tai diém bat
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dong trong nén, vecto riéng trong noén ciia mot sé 16p anh xa da tri. Cac dinh Ii tong quéat
dugc ching toi 4p dung dé nghién cau sy ton tai nghiém dwong cua cia bao ham thuc vi
phan cip hai voi diéu kién bién nhiéu diém, két qua ndy ma rong céc nghién ctu cua (Le,
Le, & Nguyen, 2008) 1én truong hop da tri.
2. Céc khai niém dwgc sir dung va két qua chinh
2.1. Bdc topb cua anh xa da tri trong khdng gian co tha tw
Gia sir X 1a khong gian Banach trén truong sé thuc. Tap K < X dwoc goi la nén trong
X néu:
(i) K latap dong trong X,
(i) K+KcK , IKcK,V¥i>0,
(i) KN (-K)={6}.
Néu K 12 ndn thi thir tw trong X sinh bai K duoc xac dinh boi x<y < y—xe K. Khi
do6 ta néi cap (X, K) la khdng gian Banach cé thur tu.
Dinh nghia 2.1. (Jahn & Truong, 2011)
Cho (X, K) la khdng gian Banach c6 thi tw, A va B la céc tap con khac rong cua X.

Ta x@y duyng quan hé "(2" (k =1,2,3) gitra hai tap hop A, B va khai niém &nh xa da tri
(k) — tang nhu sau:
1) A(SDB@(VXGA,EIyeB:XSy) (nghiala Ac B-K),
2) A?B@(Vye B,3xe A:x<y) (nghiala Bc A+K),
3) AgBa(VXEA,VyeB:xs y) (nghiala Bc x+K,VxeK).
Anhxadatri F:Dc X —» 2% \{@},

. (k)
F goi la (k) — tang (k =1,2,3) néu VX,yeD[XS y= F(x) < F(y)J.

Cac quan hé gitta 2 tap hop vira néu di duoc nhiéu nha toan hoc giéi thiéu va st dung.
C4c quan hé nay sé tring vai quan hé thr tu sinh bai nén K néu cac tap hop A, B chi c6 mét
phan t.
Dinh nghia 2.2. (Deimling, 1985)

Cho X,Y 1a cac khong gian Banach trén truong sé thuc va &nh xa da tri
F:DcX —>2Y\{®}.

(i) F duoc goi 1a nira lién tuc trén trong D néu voi moi tap hop V mé trong Y thi tap hop

F*(V)={xeD:F(x)cV} mé trong D.

1372



Tap chi Khoa hoc Trwdng BPHSP TPHCM Tap 19, S6 8 (2022): 1371-1386

(ii) F 1a 4nh xa compact néu F(S) =|_J F(x) 12 tip compact twong déi trong Y, v6i S Ia

XeS
tap bi chan bét ki trong D.
(iii) V6i E Y , taki hiéu cc(E) la tap cac tap con 16i, dong, khac rdng trong E.
Dinh nghia 2.3. (Borisovich et al., 2011; Fitzpatrick & Petryshyn, 1975)

Cho Q la tap ma, bi chan trong khong gian Banach X vai thr tu sinh béi non K va
A:KnoQ — cc(K) la anh xa da tri nia lién tuc trén, compact sao cho x ¢ A(x), voi moi
x e K noQ (ta ndi A khong suy bién trén K naQ). Khi d6 ton tai anh xa don tri, compact
f:KnoQ— K ddéng luan voi A trén KnoQ, nghia 1a ton tai anh xa da tri
G:(KnaQ)x[0,1] - cc(K) la nira lién tuc trén, compact sao cho

X G(x,t),V(xt) e(K NoQ)x[0,1]; G(.,.1)=A, G(.,0) = f.

Ta dinh nghia bac top6 i, (A, Q) theo non K cua anh xa A trén tap Q, boi

i, (AQ)=i (f,0),
trong do i (f,Q) la bac topd theo non K cua anh xa don tri f trén tap Q.

Ménh dé 2.4. (Borisovich et al., 2011)

Gia str (X, K) la khdng gian Banach co thir ty Q < X la tap ma, bi chan. Trong cac
tinh chat 1 — 3, ta gia sir 4nh xa A xac dinh trén K noQ, con trong cé4c tinh chat 4 - 5, ta gia
sir anh xa A xac dinh trén K ~Q, nhan gid tri trong cc(K) va la nira lién tuc trén, compact.

1. Tinh chat chuan héa
Néu A(x)=C, VxeKnaQ trong d6 C < K la tap 16i, compact thi
1 khi CcKnQ,
0 khi CcK\Q.
2. Tinh chat bat bién qua déng luan
Néu H :(KnoQ)x[0,1] - cc(K) laanh xa da tri nira lién tuc trén, compact va khong

iK (A Q) ={

suy bién thi
i (H(.,1),Q) =i (H(,0),9Q).
3. Tinh chét Poincare
Giasa A :KnaQ —cc(K) laanh xa nira lién tuc trén, compact khdng suy bién trén
K mnoQ vathoa mén
X=y ,_Xx=2
=yl Ix=2|
voi moi y e A(X), ze A(X), xe KNaQ . Khi do, i, (AQ) =i (A,Q).
4. Tinh chét cong tinh

1373



Tap chi Khoa hoc Trwong BPHSP TPHCM Nguyén Ping Quang

Gia su Q,,Q, la cac tap mo khong giao nhau. Néu x ¢ A(x), v6i moi
xe KN (Q\(QuQ,))thi
I (AQ) =1 (AQ)+i (AQ,).
5. Néu i, (A, Q) = 0thi A c6 diém bét dong trong Q.
Ménh dé 2.5. (Infante & Pietramala, 2009)
Gia sit (X,K)la khong gian Banach co thir tw, Q Ia tap mé, bi chan.
A:KNnoQ — cc(K) la anh xa nira lién tuc trén, compact. Khi do,

1.Néu 6 eQ va
AXg A(X), Vxe KnoQ), Vi>1,

thi i (AQ)=1.
2. Néu ton tai phan tir X, € K \{6} sao cho
X A(X)+AX, , v XeKnoQ , V120,
thi i, (AQ)=0.
3. Néu A thoa man
(i) inf [|AX)|, >0 (voi |AX)|, = inf |y]).

xeKnoQ yeA(x)

(i) Axe A(X) ,Vxe KnoQ, VAe(0,1],

thi i, (A,Q)=0.
2.2. Cdc dinh li diém bdt déng ciia anh g da tri
Dinh i 2.6.

Cho (X, K) la khdng gian Banach c6 thir tu, Q;,Q, la céc tap ma, bi chan trong X va
0eQ,,Q, cQ, vaA:KNQ, —cc(K)Ia anh xa nira lién tuc trén, compact. Gia sir mot
trong hai diéu kién duéi ddy thoa man:

) A, <[X|. vxeKnaey va [AX)|, =[x| . ¥xeKnaQ,,
(i) |AM)[, 2], ¥xe Ko, va [AX)||, <[x] . vxe K noQ,,

véi [AC)], = sup [ly] , [A, = inf [y]-
yeA(x)

yeA(x)
Khi d6 A co diém bét dong trong K n(0,\Q,).

Ching minh

Ta chimg minh dinh li trong trudng hop diéu kién (i) thoéa man, truong hop (ii) duoc
chirng minh tuong tu.
Gia sir &nh xa A khong c6 diém bat dong trén K naQ, va K noQ,. Ta s& chang minh
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Ax g A(X) ,Vxe KnaoQ, VA>1. (1)
Gia str nguoc lai, tic 13 ton tai x, € K noQ,, 4, >1 sao cho A,x, € A(X,) -
Khi do , |4|-[|%[ <[|A(%,)],. Mat khéc, tir gia thiét ta suy ra 4, #1 nén

[ACO, = |l o> [
1a diéu vo Ii.
Vay (1) dung va do d6 i, (A, Q) =1.
Tiép theo, ta s& ching minh diéu kién (i) va (i) caa tinh chit 3 trong Ménh dé 2.5 thoa man.
Vi Q, latap mo chira @ nén 0 ¢0Q, suyra inf [|A(x)|, > inf |x|>0 hay diéu kién

xeKMoQ, xeKNoQ,

(i) dung. Sau cung ta ching minh diéu kién (ii) ciing ding, ttc 1a chung minh
Axe A(X) ,VxeKnaoQ, ,vVie(0,1].
Gia str nguoc lai, tic 13 ton tai x, e KNoQ,, 0< 4, <1 sao cho Ax, € A(X,) -
Khi d6, | 4] %] = | A(%)],- Mat khac, tir gia thiét ta suy ra 4, =1 nén
|AG)], <[ o] % ]| < %] 1a diéu vo Ii.
Vay diéu kién (ii) ding. Suy ra i, (A,Q,) =0. Ap dung tinh chat cong tinh ciia bac topd ta
duoci, (A D\ Q) =i (AQ,) i, (AQ,)=0-1=-120.

Suy ra ton tai x, e K n(Q,\€,) sao cho x, € A(X,) (dpem).

Hai dinh Ii tiép theo khang dinh su ton tai cia gia tri riéng duong va vecto riéng duong
cua anh xa da tri.
binh i 2.7.

Gia sir (X,K)la khong gian Banach c6 thu tu, Q la tp mo, bi chan va chta 6,

A:K noQ — cc(K) la anh xa nira lién tyc trén, compact ianaQ||A(x)||2 > 0. Khi do,

A%, e KMo , Iy >0 1%, € A(X,) -
Chizng minh.

bat m= sup ||, A= inf |A(X)|,. Chon a>2 chang minh anh xa oA thoa
xeKnoQ xeKnaQ i)

man diéu kién cua tinh chét 3 trong Ménh dé 2.5. Hién nhién diéu kién (i) dung, tiép theo ta
ching minh

uxeaA(x) ,vxe KnoQ,Vue(0,1].
Gia st nguoc lai, tac la

Ix, e KMo, Ju, €(0,1] : sx € aA(X,).

Khido 4> 2 A, 2L 1, 1a didu vo I
[ m
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Do d6 theo Ménh dé 2.5. tasuy ra i, (@A, Q) =0.

Anh xa H :(K noQ)x[0,1] - cc(K) xéc dinh béi H(x,t) =tarA(X) 1a &nh xa nira lién tuc
trén, compact. Néu x & H(x,t) , V(x,t) € (K m o) x[0,1] thi &p dung tinh chat bat bién ddng
ludn cua bac topo ta duoc i, (¢ A Q) =i, (é, Q) =1 (trong d6 §:K nQ —cc(K) 1a anh xa
khong O(x) = {6}, Vxe KnaQ). Ta gap mau thuan.

Vay ton tai (x,,t,) € (K noQ)x[0,1] sao cho x, € H(X,,t,) =t A(X,) . Hién nhién t, =0
vadat u, = (at,)™" >0 thi g%, € A(X,) (dpcm).

Pinh 1i 2.8. Cho (X,K)la khong gian Banach c6 thi tw. A: K — cc(K) la dnh xa nua lién

tuc trén, compact, A(F) ={6} va mot trong hai diéu kién dudi day théa méan:

1 R— YC
i ] e A
(i) lim (AL, i AL
e ] e
Khi do,
(@ Vu>0,3x,>0: ux, e A(X,),
(b) lim ||x ||_+oo (néu co didu kien (i)) va Jim x| =0 (néu co didu kién (ii)).
HU—>+0
Chizng minh.

Ta chimg minh dinh li trong trudng hop diéu kién (i) théa man, truong hop (ii) duoc
ching minh tuong tu.
Cho trudc >0, thi do diéu kién (i) suy ra ton tai cac s6 R > r >0 sao cho

JAC], < a|x]|  vxe K [x|=r
Ao, > ] vxeK ol -R
Pat Q, ={xe X :||x|<r} , Q. ={xe X :|x|< R} thi Q,,Q, la céc tap mo bi chan trong

Xva e, ,S_lr c Q. Khi do, anh xa da tri lA thoa diéu kién (i) cia Dinh 1i 2.6. Do do,
7

ton tai x, € Q,\Q, hay x, >0 sao cho x, e%A(xﬂ) hay ux, € A(X,).
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Tiép theo ta chitng minh lim

H—>+0

x#||=+oo. Gia st nguoc lai, tic 1a ton tai s6 thuc ¢ >0 va

day s thuc {4} saocho lim u, =+ va ||xyn ||s ¢, v6i moi neN". Chuyén sang day

nN—+o0

con néu can, ta cé thé coi nIim X, |=720.
Khi d@o,
A(X, ) M .
u, < ” Al < (véi M =sup|AX)[,). (2)
Xl x| =

Do bét dang thac thir nht trong (2) va diéu kién (i) cing véi u, — oo, tasuy ra z=0.
Nhung khi dé, do bat dang thtc thir hai ta lai gap mau thuan.
2.3.  Bao ham thac vi phan cdp hai véi diéu kign bién nhiéu diém
Xet bai toan
—x"(t)e f(t,x(t)),0<t<1,

m-2 3
KO =u(), )= X ax(8) (m=3), ©)

V6i céc gia thiét nhu sau
+ f:[0,1]xR, —cc(R,) la &nh xa da tri compact va 1a ham Caratheodory trén theo nghia:
e al) VxeR_,ham t f(t,x) laham sb do dugc, nghiala Vy e R, ham s6

D(t) =inf {|y -z

,ZE f(t,x)} do dugc.
e a2) Ham sé x> f (t,x) nua lién tuc trén hkn trén [0,1] .
e a3) Vr>0,3¢, € '([0,1]): sup f(t,Xx)<g,(t)hkn trén [0,1].

0<x<r

1
+Uu:K >R, laham s lién tuc, xdc dinh boi u(x) = [x“(s)ds (0<ar#1),
0
trong d6 K ={x e C([0,1]):x(t) >0, vt €[0,1]} 1anén trong C([0,1]),

m-2
+ ;20 (i=12,...,m-2) va >« <1,
i=1

i=1

m-2 m-2 _
+ A=1-> af ,B=1->«a, p-AB+l
i=1 i=1 A
Ta dinh nghia
+ C, =min 1—E i+¢9 ,i l—g >0 voi 0<g<l cd dinh,
A\ 2 D\2 2
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X(t)| 1a chuan trong C([0,1]).

0<t<1

+ K, = {X eK :Lgiﬂm X(t)=C, ”X”} ’ “X” = max
2 2

Bai toan (3) dugc viét lai dudi dang sau:
~Bt

X(t) e A A

u(x) + j@(t, s) (s, x(s))ds, (4)

trong do
2

G(t,s)=G(t,s)+————> aG(A.5),

—
3

s(1-t),
t(l-59),
V&i moi x e K, ta ki hiéu

Fo={yeL'([0,1]): y(t) e f (t,x(t)) hkn trén [0,1]},

Vi G(t,s):{

va lap anh xa T : K — 2 \{@} x4c dinh boi

T(x)= {h eK:3yeF,, h(t)=y(t)u(x) +_1[€(t, s)y(s)ds,Vt e [0,1]},

véi y(t) = A=t

,te[0,1].

Bé dé 2.9. (Guo & Lakshmikantham, 1988)
i) 0<y(t)<1,Vte[0,1],

i) Ham s6 G(t, s) lién tuc trén [0,1]x[0,1] va 0<G(t,s) < Ds(1-5),V(t,s) €[0,1]x[0,1],

iii) Voi 0<8<% ! G(t,s)z@—g)s(l—s) ,‘v’Se[O,l],‘v’te[%—g,%+g]

iv) vz e[0,1], Iti_r)rgng(t,s) ~G(7,s)|¢,(s)ds=0, Vr>0.

Bé dé 2.10. (Lasota & Opial, 1965)

Giast | c R ladoanbichan, f:IxR—2%\{Q} Iaanh xa Caratheodory trén c6 gia
tri 16i, compact sao cho F, ={y e L'(I):y(t) e f (t,x(t)) hkntrén I } = &, vx e C(I) . Khi do,
néu L:L'(1)— C(l) 1aanh xa tuyén tinh lién tuc thi anh xa da trj LoF,,x+ L(F,) c6 dd
thi dong trong C(1)xC(l).

B dé 2.11. Anh xa T 12 4nh xa da tri ntra lién tuc trén, compact va co gié tri 16, dong.
Chizng minh
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1) T(K,) =K,
V6i xe K, heT(x) ton tai y e F, sao cho

h(t) = y (t)u(x) + jg(t, s)y(s)ds, vt e[0,1]
<u(x)+ D[s1-9)y(s)ds, vt <[0,1].
Suy ra [ <u() + D[ s(1-9)y(s)ds.
Mt khac, voi %—ggts%w,taco
h(t) > {1—%(%+gﬂu(x) +%(%—gj Dis(l—s)y(s)ds

>C, [u(x) + Djl.s(l— s)y(s)dsj >C, |-

Vay heK, vadodo T(K,)=[JT(¥cK,.

xeK,
2) T c6 gia tri 16i
xeK, h,h,eT(x), 1€(0,1) ton tai y,,y, € F, sao cho

h (t) = ;/(t)u(x)JrjE(t,s)yk (s)ds,vte[0,1], k=1,2.
Khi d6
Ah (t) + (1— A)h, (t) = y(t)u(x) +I6(t, S)[AY,(s)+ (- A)y,(s)]ds, vt €[0,1].

Vi F,_ latap 16i nén Ay, +(1—A)y, € F,.Suyra ih +(@1—A)h, eT(x).
3) T c6 gia tri dong
Giast xeK va {u,} =T(x), u, »>uva{y,} <F saocho

u, (t) = y(t)u(x)+j6(t, s)y, (s)ds, vt €[0,1]. (5)

Véi 1= |x|+1 vatheo gia thiét (a3), ton tai ¢, € L([0,1]) thoa mén
sup f(t,x) <¢,(t) hkntrén [0,1].

0<x<r
Do {y,} < F, nén y,(t) e f(t x(t) vataco
0<y ()< (1), VneN".
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Ap dung hé qua cua dinh 1i Dunford — Pettis ta suy ra ton tai ddy con {ynk }k <{y,}, va
ye L([O,l]) sao cho y, —">Yy. Vi F,_I5i, d6ng nén déng yéu, do d6 y e F, .
Qua giai han trong (5), ta duoc
1
u(t) = y(t)u(x) +jG(t, s)y(s)ds, Vvt €[0,1].
0

Vay ueT(x).
4) T 1a &nh xa compact
Ta s& ching minh véi moi r >0, tap hop T( ) |2 tap compact tuong ddi.

Theo gia thiét (a3), ton tai ¢, € L([0,1]): sup f (t,x) < g, (t) hkn trén [0,1].
0<x<r
. T(K_r) bi chan déu
Vi XGK_r va heT(x) coyeF, saocho

h(t) = 7 (t)u(x) +_1[6(t, s)y(s)ds, vt €[0,1]

O'—.I—\

(s)ds+DJ' s(l—s)y(s)ds <r® +Dj s(L—S)g, (s)ds.

. T( )dongllentuc

Giasu t,t, e[0,]] va t <t,. Taco
h(t,)—h(t,) =[7(t) -7 () Ju() + [| G(t,5)~G(t,,5) | y(s)ds, vt e[0,1],
=%(t2 —~t)u(x) +i[6(tl, 5)-G(t,,5) | y(s)ds.

Do do,

Ih(t,) —ht,)|< |t —t,|r” +j|G(tl,s) G(t,,s)

0,(s)ds.

Suy ra lim |n(t,) - h(t,)| =0 (B6 dé 2.9).

Ap dung Binh Ii Ascoli — Arzela ta suy ra T 1a 4nh xa compact.
5) Anh xa T ¢6 do thi |a tap déng
Giastr x,,xe K va x, > x,h, €T(x,),vneN* va h, - h. Tas¢ chung minh heT(x).
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1
Anhxa L:L'([0,1])>C([0,1]), w JE(t,s)w(s)ds la &nh xa tuyén tinh, lién tuc nén suy
0

raanh xada tri LoF :C([0,1]) - cc(C([0,1])) c6 d thi dong trong C([0,1])xC([0,1]) (BS
dé 2.10).
Vi h —yu(x,)eLeoF,_vah —yu(x,) =>h-yu(x) nén h—yu(x)e LoF hay heT(x).
Vi T 13 4nh xa compact va c6 d6 thi dong nén T 14 &nh xa ntra lién tuc trén.
Pinh1i2.12. Gia s ton tai cac sd thuc R,c sao cho O<a<l<R<o hoic
O<R<l<a<o
va théa man cac diéu kién sau day:
m4(R-R")
1) f(t,x)sT ,Vte[0,1], vxe[0,R],

(@ 2048
2) f(t,x)>
) T(tx) 27C

X ,Vte[O,l], VX e[o,©).

1/8
Khi d6, bai toan (4) c6 nghiém khéng tim thuong.
Chizng minh.
Giasir xe K,[x|=R va heT(x), tachon y e F, sao cho

h(t) = 7 (t)u(x) +i§(t, s)y(s)ds, Vvt e[0,1].
\ A 4(R-R")
Vi y(t) e f(t, x(t)) nény(t) ST . Do do,

() <" + Dj@sa_s)dsg R+ [(R-R“Jos =R =[]
0 0

Suyra
[Tl = sup [ <x]. vx< K, x| =R ©

Vi 0<g<%,tadat R, =max{2R,oC'} >0 thi R, >R, vavsi xeK,,|x|=R,, taco

_min x(®)2C,[x[=CR,20.

——&<t<—+¢
2 2

Mat khac, voi heT(x), ton tai y € F, sao cho

h(t) = 7 (t)u(x) +i§(t, s)y(s)ds, Vvt €[0,1].
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1 1
“+e “+e

> J a(t,s)y(s)dsz(%—ajjj' s(1-s)y(s)ds , Vte{%—g,%+5}.

1

2

2048

Vi y(t) e f(t, x(t)) nén y(t) > X(t) (do 2)). Do d6

1/8
1+g 1+6
2 2
h(t) > 2048 [1—5] [ s-s)x(s)ds > 2048 Cg(l—gj”X” [ s@-s)ds.
27C,,\2 ), 27C,, “\ 2 X

——€ s

2 2

s 1Y 1 1 ,
Chayrang s(1-s)> E_g , Vse E_g’EJrg ,taco

3
()= 228 ¢ (i_gj 2¢x]. ™
27C,, “\2
T 1Y 1 : 1, 27
D¢ thay, ham so ¢(&) :(E—gj 2¢,0<¢ <§ dat GTLN tai g, =3 va ¢(g,) =048
Do d6, néu ta chon & = ¢, :% trong (7) thi ta c6
[Tl = int Il x e K, =R, ®

heT (x)
Tir (6), 8) va T(K,) =K., &p dung Binh 1i 2.6 véi K, , Q. ={xC([0,1]):]x| <R},
Q. ={xeC([0,1]):|x|<R,}, tasuyratontai x" K, m(ﬁ&o \QR):x* eT(x") hay
bai toan (4) c6 nghiém khdng tim thuong.
Pinh 1i 2.13. 1) Gia st &nh xa da tri f 1a (3) — tang theo X, tic la
X, X, eR, X <X, = f(t,xl)(;) f(t,x,), vte[0,1].
2) Ton tai 2 s6 thuc R, R, sao cho 0<a <1<R <R, hoic 0<R <R, <l<avathoa

man cac dieu Kién sau day:

_ 0 4(R,—R;)

() f(s.R)=——— vse[od],
(2)

(i) f(s.CR)>2 R wse[0.].

27
Khi d6, bai toan (4) c6 2 nghiém duong X, X, théa man:
<l i, -
R s”x;”S R,,limX =x,

n—o0
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voi X, €T(X,),VneN va x,(t)=R,,vte[0,1], X, €T(X,),VneN va x (t)=R,,
Vvte[0,1].
Chizng minh.

Ta dinh nghia K .. ={xeK, R <[x|<R,}.

[RuRe]

Ly x e Kirr,] tiy y va Vh e T(X) . Twong tu Dinh li 2.12, ta chirng minh dugc
R <[h[<R,.

Vay T(Kp oy )= U TOOSKg g

XeKpy Ry

Dat x,(t) =R, Vte[0,1] thi X, € Ky, . \. Taxay dung ddy {x,}  thoamén x,,eT(x,),

vneN. Dy {Xn}n bi chdn,dodo T ({Xn}n) la tip compact twong doi.

Ma X, €T(x,),Vne N nén ton tai day con {x, | ={x.}, va X €Ky o saocho

limx, =x,. ©)

k—

®
Mit khéc, ta c6 0 < x,(t) <[|x,| < R, =%, (t), vt €[0,1] nén f(s,x,(s)) < f(S,%(s)).

Do d6 T(x,) (SS)T(XO) hay X, <X,. Bang quy nap ta chimng minh dugc

X <X, VNeN. (10)
Tur (9) va (10) suy ra !E‘;l X =X .MaT laéanh xa da tri ntra lién tuc trén c6 gia tri dong va
X0 €T(X,),VNeN nén x eT(x).
bat X,(t)=R,,vte[0,1] thi X, eK

VneN.Déthiay X €K

Rura] Ta xay dung day {)‘(n}n thoaman X, €T(X,),

,)A(nS)A( YneN.

n+l?

[RiR, ]
Li luan twong tu trudng hop trén suy ra ton tai X, e Kin r,] S20 CHO liMR, = X, va X, e T(X,).

n—o

Dinh 1i 2.14. Gia st ton tai cac s6 thuc g, 7 > 0thoa man

f(t,X)(g,uX ,Vte[O,l], VX e[n,»).
Khi d6 tdn tai s6 & >0 sao cho

VR> 6,3 € K, [Xe| =R, Fptg > 01 1z X € T(Xg) -
Chizng minh.

Lay ge(O,%) vadat 6=nC;*>0.Véi R>45, dit Q, ={x:|x|<R}.
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Voi  xeK, noQ,, ta  c6 min x(t)2C [x|=C.R>Cé=n  nén
——e<t<—+¢
2 2

@)
F(t, x(t) > ux(t).
Do d6,néu heT(x) va yeF, saocho

h(t) = 7 (t)u(x) +j6(t, s)y(s)ds, vt €[0,1],

thi do y(t) e f(t, x(t)) nén y(t) > ux(t).
Li luan twong tu nhu trong ching minh Binh li 2.12, ta c6

1 3
h(t)> uC, (E—gj 2¢R.
Do d6

3
inf ||T(x)||2225R,uCg(%—e] >0.

xeK, noQg
Ap dung Dinh 1i 2.7, suy ra ton tai x, € K, M0Q,, 1z > 0520 cho z1,X, € T(X5).

Dinh 1i 2.15. Gia sir ton tai cac s6 thuc 0< p < q thoa man

(2) (€]
px* < f(t,x)<gx*,Vte [0,1] , Vxe[0,).

Khi do,
(@ Vu>0,3x,>0:ux, eT(X,),
(b) lim |x,[|= néu a>1, limx,[=0 néu 0<a <1.
H—>0 H—o
Chizng minh.
Gia st xe K\{f} va heT(x), khi d6 ton tai y € F, sao cho

h(t) = 7 (t)u(x) +j6(t, s)y(s)ds, vt €[0,1],

h(t) < j X“(s)ds + Dj s(1—-s)y(s)ds, vte[0,1].

Vi y(t) e f(t, x(t)) nén y(t) < gx“(t). Do do,

T a-1
|| (X)||1<( +%j”)(” . (11)

.

Lay ge(o,%j. Giastt xe K, \{6}, heT(x), yeF, sao cho

h(t) = 7(t)u(x) +j6(t, s)y(s)ds, vt €[0,1].
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Vi y(t) e f(t, x(t)) nén y(t) > px“(t). Do d6, Li luan twong tu Dinh li 2.12, ta co

1 3
h(t)2 26 pC- (5_8] e

Do do
3

2o (3 @

Tu (11), (12) tasuy ra
m|| (x )” =0 va lim ”T( )” o néu a>1,
i ] e A
= lim [Tl =0 va | ” (], = néu O<a<1.
i G

Ap dung Pinh 1i 2.8 ta thu duoc cac két luan caa Dinh Ii 2.15.
3.  Kétluan

Trong nghién cttu ndy, ching toi thu dugc cac dinh i tong quat vé su ton tai diém bat
dong trong nén, vecto riéng trong ndén cho mot sé 16p anh xa da tri tac dong trong khong
gian c6 thtr tu. Cac két qua nay duoc ap dung dé chitng minh su tn tai nghiém dwong cua
mét s6 1op bao ham thuc vi phan cap hai vai diéu kién bién nhiéu diém.

Trong Ii thuyét diém bat dong caa &nh xa da trji va ang dung con nhiéu huéng nghién
ctru htra hen nhitng két qua tha vi. Tiép theo chiing t6i s& nghién ctru sy ton tai cac diém bat
dong trong nén cua cac anh xa da tri ¢ gié tri khéng 15i, vi du 16p &nh xa dang PoF véi F
la &nh xa da tri c6 gia tri 16i va P 1a anh xa don tri phi tuyén, va tim @ng dung vao cac bao
ham thae dao ham riéng.

% Tuyén bé vé quyén lgi: TAc gid xac nhan hoan toan khéng c6 xung dét vé quyén loi.
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ABSTRACT

The fixed point index theory for multivalued mappings in ordered Banach spaces has provided
a new and effective tool in studying the differential and eigenvalue problems of multivalued
mappings. In this paper, we use the fixed point index to prove the general theorems about the
existence of solutions in cones of the inclusions x e A(x), Ax e A(x) for some multivalued mapping

classes A acting in ordered spaces. We also study the asymptotic behavior of the solution when
u — oo. These results are applied in studying positive solutions of the second-order differential

inclusion  —x"(t) e f (t,x(t)), te[0,]] with multipoint boundary conditions x(0)=u(x),

m-2
x(@) = Zaix(ﬁi) . The results obtained in the paper have extended some existing studies in the case
i=1

of equations to the case involving the inclusions.
Keywords: eigenvalues; fixed point index; inclusions second-order differential; multipoint
boundary conditions; multivalued mapping, solutions in cones
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