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ABSTRACT

Li thuyét Viability la mét li thuyét toan hoc lién quan dén cdc mé hinh phdat sinh trong sinh
hoc, kinh e hoc, khoa hoc nhan thuce, Ii thuyét tro choi va cdac linh vuc twong tu, ciing nhu trong cdc
hé phi tuyén ciia li thuyét diéu khién. Li thuyét nay da dwoc nghién ciru béi nhiéu tac gia bang nhitng
phirong phdp va ki thudt khdc nhau va van la mét trong nhitng hwdng nghién civu tich cue cia phiong
trinh vi phan. Tinh chdt viable ¢é chira yéu t6 ngau nhién da dwoc kham phd dau tién boi Aubin va
Da Prato (Aubin & Da Prato, 1990). Trong bai bdo nay, chiing t6i dwa ra mét diéu kién can cho tinh
viable ciia mét phirong trinh vi phdn ham ngau nhién impulsive lién két véi chuyén dong Brown phdn

thir véi tham s6 Hurst %< H<1

Tir khoa: chuyén dong Brown phan thi; phuong trinh vi phan ngiu nhién; tinh viable

1.  Gigithi¢u
Bai bao nay nghién cau két qua viability cho mot phuong trinh vi phan ngiu nhién
impulsive lién két véi chuyén dong Brown phan tha. Chinh xac hon, muc dich cia ching toi
la khao sat phuong trinh vi phan ¢6 dang
du(t)=f(t,u(t))dt+g(t)dB" (t), te[0,T]\{t,t,,....t, },

u(t;)—u(t;)=|k[u(t;)], ke{L2,...m}, (1.1)
u(0)=u,
trong do
o MeN va0<t <t, <..<t <T,
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e |, 12 mot ham impulse cho biét buéc nhay cia nghiém tai thoi diém t  voi
ke{1,2,,...,m},

e B" = {BH (t):t> O} la mot chuyén dong Brown phan tha gi tri thuc voi tham sé
Hurst H >% trén khong gian xac suat (Q, F,P) tuong thich véi loc {F, :t >0},

e U,:Q—>R"Vv6i neN,
e f latoantirva g la mot qua trinh ngau nhién.

Mot tap con K < R" véi u, e K duoc goi 1a viable vai bai toan (1.1) néu ton tai mot
nghiém mild u cia (1.1) sao cho u(t)e K véi moi t€[0,T]. Dinh Ii 2.6, 1a két qua chinh
ctia ching t6i, cung cap diéu kién can cho tinh viable.

Két qua dau tién vé hudng nay duoc xay dung bai Aubin va Da Prato trong (Aubin &
Da Prato, 1990) (xem thém (Ahmed, 2011; Gautier & Thibault, 1993). Trong do, cac tac gia
da rat ra mot didc trung vé tinh viability cua bai toan (1.1) trong truong hop chuyén dong

Brownian, tirc 1a H :%, va f(t,u(t))=F(u(t)). Sau d6 (Buckdahn et al., 2002) da xay

dung diéu kién can va du cho tinh viablity ciia phuong trinh vi phan ngau nhién dang

forward-backward. Pay c6 thé xem la cac truong hop dic biét cua bai toan (1.1) khi H = %

M¢ rong cho trudng hop %< H <1 cd thé tim thay trong (Ciotir & Rascanu, 2009; Xu &

Luo, 2019; Xu, 2019).

Chung t6i luu ¥ rang yéu té impulsive khdng xuat hién trong bat ci nghién ciru nao
trude day. Cau tric cua bai bao nhu sau: Trong muc 2, chiing tdi gidi thieu mot sé kién thic
chuan bi va két qua chinh caa bai bao. Trong muc 3, chiing t6i dwa ra mot sé hé qua truc tiép
tir c4c gia thiét trong két qua chinh. Nhitng két qua ndy mé dudng cho ching minh cua két
qua chinh.

2. Kién thic chuan bi va cac két qua chinh

Trong phan ndy, ching ta s& xem xét ki hon cac kién thizc co ban dé chimg minh dinh
li chinh — Binh i 2.6. Bac biét, chung téi sé giagi thiéu cac ki hiéu va khéng gian ham thich
hop trong Tiéu muc 2.1. Sau d8, ching t6i trinh bay mot tich phan pathwise ddi véi chuyén
dong Brown phan thi trong Tiéu muc 2.2. Cudi cuing, ching tdi gigi thiéu két qua chinh
trong Tiéu muc 2.3.

2.1. Khong gian ham

Chlng t6i gisi thiéu cac ki hiéu sau: Cho mot tap hop E < R", takihiéu E® 1a R"\E

va 1. 1a ham dic trung caa ham trén E . Cac hang sé C va ¢ ludn duogc gia sir 1a duong va
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khong phu thudc vao cac tham sb chinh. Hon nita, gid tri caa ching c6 thé thay doi tir dong
ndy sang dong khac. Chuing toi thuong sir dung bat déng thirc e < C(77)t™ véi moi t>0
van>0.

Cho khdng gian xac suat day du (Q,F,P) v¢i loc {F:t>0}. Cho y<(0,1] va
[a,b] = R". Ta dinh nghia

C’([ab];R"):= {¢ eC([a,b];R"): 9]0y < oo} ,
trong do

1= st (0] 3 P00

tefa,b a<s,t<b |t—S|7
Cho 0<a<%. Ta goi W“'l(a,b;R”) la khong gian tat ca cac ham do duogc

f :[a,b] > R" sao cho

f(
" III

Tur day vé sau, chung toi sir dung |- || dé ki hiéu cho chuén Euclide trén R".

||dﬂ,ds<oo.

a+1

Cho phén hoach
t,=a<t <t,<..<t <b=t_,

Ta dinh nghia PC ([a,b];R”) la khong gian tit ca cac ham (/)Z[a,b]—>R” lién tuc tai
te‘{tj}r;: sa0 ¢ho ¢(t7) va o(t7) lahitu han va o(t; ) = p(t; ) vei mdi je{1,2,..,m}.Ta

cé PC([a,b];R") lakhdng gian Banach véi chuan

lol,. =sup{Jo(0)]:t <[a.b]}

Trong phan tiép theo, chiing t6i ciing st dung khong gian PC” ([a, b]; R”) dinh nghia

boi
PC’ ([a,b];R") :={¢>e PC([ab];R"):[¢] <o Vie {0,1,...,m}} ,
trong do
: p(t)—o(s)| .
[(D]“. = tjqum%’ je{l2,...m},
va
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[(0] o= Sup M

ty<s<t<t; |t — S|y
Taco PC([a,b];R") khong gian Banach vai chuan

2], 2y = Il + mex[o], ;-
Céc chuan twong duong trén PC’ ([O,T];R”) sau day ciing rat hitu dung. Cho 4 >0,
ta dat

9100 = 300 € (O] + max[o] .

0<j<m

v6i mdi ¢ e PC” ([O,T];R"), trong d6

[¢] .., = sup e*tM, je{l,2,...m}

t<s<t<tj, |t — S|y
va

[#] o= sup e‘“M.

to<s<tet, |t — s|7

Ta dat

” ' ||;/;0;[a,b] - ” ' ||;/;[a,b]

Ta c6 phép nhang lién tuc

PC*([a,b];R") = PC” ([a,b];R")
vaoi y, >y, . Bac biét,

PC"“([a,b];R") = PC* ([a,b];R")
Vol O<a < 1 :

2

2.2. Tich hep ngdu nhién pathwise sinh bgi chuyén dgng Brown phan the

Mot chuyén dong Brown phan thir (fBM) voi tham s6 Hurst H €(0,1) dinh nghia trén
khdng gian xéc suat (2, F,P) lamot qué trinh Gauss lién tuc B" ={B" :t<[0,T]} véi ham
hi¢p phuong sai

R, (t.s)=E(BB')= %(tZH +s2H |t —s[" )
véi moi s,te[0,T]. Ta biét rang, B! c6 mot ban sao ma quy dao lién tuc Holder véi bac

nhé hon H. Cu thé hon, v6i moi € €(0,H ) ton tai mot bién ngau nhién duong 77, ; sao cho
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H-¢
B~ B! t-s|"" ae.

<11
Hon nita, E(|775,T |p)< oo Vi moi pe(L%) (xem Bb dé 7.4 trong (Nualart & Rascanu,
2002)).
Tiép theo, ching tdi gisi thiéu tich phan ngau nhién pathwise lién két véi B". Cho
H >%. Khi d6 tich phan J: g(s)dB" (s), te[a,b], dugc x4c dinh v6i moi qua trinh ngau
nhién g ={g(t):a£t < b} c6 quy dao thuoc W“’l(a,b;R”) Véi 1-H <« <%.
bac biét,
'[:g(s)dB“ (s):e"”“J':(D;g)(D;i“B;)dt.
Trong do, véi te[a,b],
B (t):=B"(t)-limB" (b—z),

va D2, D, 1a c4c dao ham Weyl cho bai

o0y 2 2081

F(l-a)| (t-a)" ** (t-s)™

va

t

I AL N L S

I'(a) (b_t)l‘“ a
Taco
Hj:g (s)dB" (S)HS K(a.[a,b])|g
trong do

K (a,[a,b]) =

(2.1)

w*[a,b]’

I (l— 0() aSsrliSpr

Chi tiét hon, doc gia c6 thé xem (Boufoussi & Hajji, 2011; Boufoussi, Hajji & Lakhel, 2012),
(Maslowski & Nualart, 2003).
2.3. Két qud chinh

Chung tdi s& gisi thiéu mot sb gia thiét co ban.

DB/ (r)| <o as.

(H1) g: [O,T ] xQ — R" 1a mot qua trinh ngau nhién twong thich véi loc Fsao cho véi
hau chic chin e Q, quy dao g(- ) Ia lién tuc Holder, tic 1a ton tai cac hing sé
1-H<pB<1lvaL,>0 saocho
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Jo()-a(e)| <L
véi moi S,te[0T].
(H2) Ham f:[0,T]xR" —» R" théa man c4c diéu kién sau:
(i) f la ham Carathédory, tuc la,
+ t f(t,X) do dugc voi mdi xeR",
+ x> f(t,x) lién tuc véi hau hét te[0,T].
(ii) f tang truong tuyén tinh, theo nghia la ton tai mgt hang sé L, >0 théa man
[ (6] < L (1+[x])
véi moi te[0,T] va xeR".

(N) Véi mdi k €{1,2,...,m}, ton tai hang sé &, >0 sao cho

m
Yoc=1vai (x)|<a X

véi moi xeR".
Chuy 2.1. Ter (H1) ta co,

@] <o @)+ Lol <[g (@) + LT” = L
véimoi te[0,T].

Tiép theo, ta dinh nghia nghiém mild cua bai toan (1.1). Cho a € (1— H ,0(0) , trong do

a, = min{%,ﬂ} (2.2)
va S xuit hién trong (H1). Ta nhic lai phan hoach
t=0<t <t,<..<t, <T=T_,.
va khdng gian PC* ([O,T];R”) s& twong (g v4i phan hoach nay.
Dinh nghia 2.2. Mgt qua trinh ngau nhién u:[0,T]xQ — R" duoc goi 1a nghigm mild cia
bai toan (1.1) néu u(0) =u, va cdc diéu ki¢n sau théa man:
(i) Qua trinh u tuwong thich voi loc F = {Ft te [O,T]} :
(ii) Véi hau hét @ € Q, qui dgo u(, @) trén [0,T] thugc PC* ([0, T];R").

(iii) V&i moi te[0,T], taco

u(t):u0+j;f(s,u(s))ds+j$g(s)dB“(s)+ > L [u(t)]

O<t, <t
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Bay gio ching téi gigi thiéu chinh xac dinh nghia tinh viable cho (1.1).
Dinh nghia 2.3. Cho K 1a mét tap con cia R" sao cho u, e K. Khi d6 K goi 1a PC*-
viable cza bai toan (1.1) néu ton tai it nhat mét nghiém mild u e PC** ([O,T];R“) sao cho
u(t)e K véimoi te[0,T].

Pit

Jo=[0t] va J, =(t.t.)
véi méi k €{1,2,...,m} . Tinh chat tiép tuyén tiép theo duoc gidi thiéu dé thu dugc tinh viable
cua bai toan (1.1).
Dinh nghia 2.4. (Diéu kién tiép xdc). Gia su 6[0,T] va yeK. Tandi cap (f,g) 1a
(1-a)- tiép xac véi K tai (6,y) néu ton tai hang s6 du nhé h>0 va hai ham
U :[6?,<9+h] —SR" V :[6?,9+ h]—)R" véi U (0)=V (9)20 sao cho diéu Kién sau duoc
thda man: Ton tai hai hang sé D >0 va M >0 dgc ldp véi @ va h sao cho

U(s)|<D

véi moi se[6,0+h],

V(t)-V(s)<Mft—s/

véimoi ke{1,2,...m} va s,te[6,6+h], trong @6 B xudt hién trong (H1). Hon nira,

t t
y+(t=0)f(6,y)+9(8)[ B (t)-B" (6)]+] U (s)ds+] V (s)dB" (s)e K

véi moi te[6,6+h].

Ta c0 nhan xét sau day
Chuy 2.5. Néu khong c6 hién tieong impulsive, Pinh nghia 2.4 chinh la Pinh nghia 12 trong
(Ciotir & Rascanu, 2009).

Bay gid chung t6i d3 sin sang dé gigi thiéu két qua chinh cua bai bao nay.
DPinh i 2.6. (Piéu kién can cho tinh viable). Cho K 1a mét tdp con déng ciia R" sao cho
u, € K. Cho %< H<lval-H<a<a,, trongds «, xudt hién trong (2.2). Gia sir (H1),
(H2) va (N) duwoc théa man. Hon nia, gia sir rang K 1& PC* —viable cua bai toan (1.1).
Khids (f,9) 1a (1-a)- tiép xtc véi K tai (0,u,).

3.  Kétluan
3.1. Danh gia tién nghiém

Cho %< H<1lval-H<a<g,, trongdd «, dugc gidi thiéu trong (2.2).
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Ménh d@é 3.1. Gia si: (H1) théa man. Chok € {0,...,m} va s,z,t € J, saocho s<z <t.Khi
ds, tontai C, =C,(T,a, B,L,) >0 sao cho

j.g(e)dBH (9) SCO[(t—S)La+(t_3)ﬂ+l’a]

Chizng minh. T (2.1) ta cé

jg(@)dBH

a

Tiép theo, ta danh gia tirng s6 hang bén phai. Vi s6 hang dau tién, sir dung Chiy 2.1 dé
thu duoc

I ||9

Véi s6 hang thu hai, (Hl) dan dén

H”g Wl vio< L{f

Cong hai sé hang Ial taco
LO,T _s l—a+ I—o S B-a+l .
fot0)88" (0) <K (oT {205 (e

Ta hoan thanh chirng minh. [ ]
Ménh dé 3.2. Gida sir (H1) dwoc dinh nghia. Pat

J(g)(t)::i f (s)dB" (s)

véi te[0,T]. Khids I(g)eC**([0,T];R"). Hon nita, ton tai M, = My (T,a, 8,L;) >0
sao cho
|2(9)

<|_OJ' do =

- (B-a)(B-a+1

||a;i;[O,T] <M,

vdi 1=>0.

Chirng minh. Dau tién ta quan sat rang J(g) dugc dinh nghia tét vi val-H <a < a, Vva

ge C/([0,T];R").Chayrang [I(g)

wafor] = |9 (g)”a;[m. Do d6, ta chi con phai ching

minh rang
||J(g)||a;[O,T] <M,
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That vay, lay 0<s<t<T.Khi do

||J(9)((tt: ; (ag)(s)“ <(t—s)"" i f (6)dB" (G)H
< CO (t_s)a—l [(t _s)l—a +(t—5)ﬁ+1_a}
<C, [1+Tﬂ],

trong d6 Ménh dé 3.1 da duoc sir dung trong bat dang thic thir hai.

Ngoai ra, do do, chung ta co

[9(a)(¥)] sCo[1+T7 Jt <C[1+T7 [T+
véimoi te[0,T] vi J(g)(0)=0.

Két luan dugc suy ra tir hai danh gia trén. m
Ménh dé 3.3. Gia sir (H2) dwoc théa man. Cho u e PC* ([O,T],R”). Dt

t
I(f)(t)::jf(s,u(s))ds
0
véi te[0,T]. Khi dé
I(f)ePC™([0,T;R")
Hon nika, ton tai cdc hdngsé M, =M (T,a,L1)>0 va sao cho

VoI moi Z>O va
limM, =0.

Chung ;;nh Tu (H2) (i1) ta c6
| (tu(®)] < Lt

véimoi te[0,T].

<M, + M, |u]

1-a;2[0,T]

Léy A>0,ke {0 ..... m} va s,t € J, saocho s<t.Panh gia trén cho ta

L N @)-1(f)(s)| - t
S e H

e

() [L{aeu(@)])do

:emt_sr+Ll<t_s>“-lie-““ﬂ>ew Ju(o)oo

S
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t
SLT 4Ll ypgor Jo 7 (1-0)7" dO

LT+ Ll om Iajefzzafldz
0

—ire L@y

1-a;4;[0,T]

Ngoai ra, chldng tdi con cé

eI(f)(t)] <e*

jf(@,u(ﬁ))d@

<e[L,(1+]u()])do

t
= Lt+ L, [e e Ju(o)|do
0

< LlT + L1 ||u||1—a;/1;[0,T] l’lj‘e’zdz
0

<LT 42

1-a;4;0.T]"
Chuing t6i dat duoc yéu cau bang cach két hop cac danh gia ¢ trén. |
Ménh @é 3.4. Gid sir (N) duot théa man. Cho y €(0,1] va ue PC’ ([0,T],R"). Pdt

K(u)(t):= 2 1 [u(t)]

0
véi te[0,T]. Khids K(u)ePC’([0,T],R"). Hon nita, ta ¢

K,y <] 2
véiméi y(0,1] va 220.
Ching minh. Ldy 220, k €{0,..,m} va s,t € J, sao cho s<t.Khi dé

K (u)(t) K (u)(s)]=0.

Bay gio ta danh gia K(u). Ta xét hai truong hop. Néu k =0 thi K(u)(t)=0.
Néu k >0 thi ta sir dung (N) dé thiy

e[k (u)()]<e™ X [ u(t, )}H < Zk:‘fje_itj
O<t; <t i=1

Ta hoan thanh ching minh. [
Chitrng minh ctia Pinh i 2.6 13 trong tAm cua tiéu muc tiép theo.

k
u (tJ' )H < ”u”y;/l;[o,T] Zl:o-i )
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3.2. Diéu Kign dii ciia tinh viable

Pau tién, chung t6i chirng minh tinh bi chan déu cho nghiém mild cua bai toan (1.1).
Mgnh @ 3.5. Gid sir (HL),(H2) va (N) duoc théa man. Cho ue PC* ([0, T];R") la mot
nghiém mild ciia bai toan (1.1). Khi dé ton tai C=C(T,a, B, L, L;,U,) >0 sao cho

Jul o) = C (L+ue])
Chitng minh. Nhic lai cac hang s6 My, M, and M, tir cic Ménh dé 3.2, 3.3. Liy A >0
thoa man

k
M,+> o, <1

j=1

Tiép theo, tir cong thirc nghiém mild, ta
e R M) R ()

1-a;2;0,T] * HK (u )Hl—a:ﬂ?[O'T]

[
<l M5 ol

trong d6 ta da str dung cic Ménh d& 3.2, 3.3 va 3.4 trong budc thir hai.

‘ -1
Tirdo, ta co [uf_,, <e” [1— M, - ZGJJ (Juo ]+ My +M,).
j=1

Ta két thuc chimg minh. [
Cudi cung, ta chung minh Dinh 1i 2.6.

Churng minh cua Dinh Ii 2.6. Léy X e PCY“ ([O,T],R“) la mot nghi¢m mild cta bai toan

(1.1) sao cho X (t) eK véi moi te [O,T]. Do Ménh d& 3.5, ton tai hang sb

C= C(T,a,p,L, L,u,)>0 sao cho

X gory < C (L uo])-

Liy h>0 1a mot hiang sé da nho sao cho

> L[X(t)]=0

O<t, <t
voimoi t e [0, h]. Khi d6

t

X (t)=u, +_|. f (s, X (s))ds+.:[g(s)dBH (s)

0

Vay ta co

X (t)=u, +E|t;[f (0,uy)+U (s)]ds+i[g(0)+v (s)]dB" (s)
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voimoi te [0, h] , trong do

U(s)=f(s,X(s))-f(0,u,) and V(s)=g(s)-g(0).

Hon nita, cic toan tr U and V dap tng cac tiéu chuan dugc liét ké trong
Dinh nghia 2.4.

Churng minh dugc hoan thanh. [

% Tuyén bé vé quyén loi: Cac tac gid xac nhan hoan toan khéng c6 xung dét vé quyén loi.

% Loi cdm on: Nghién ciu nay duoc tai tror béi Ngudn ngan sach khoa hoc va céng nghé
Truong Pai hoc Sw pham Thanh phé HS6 Chi Minh trong dé tai ma sé CS.2021.19.04TP.

TAI LIEU THAM KHAO

Aubin, J. P., & Da Prato, G. (1990). Stochastic viability and invariance. Ann. Sc. norm. super. Pisa
27, 595-694.

Ahmed, N. U. (2011). Existence of solutions of nonlinear stochastic differential inclusions on Banach
space. In World Congress of Nonlinear Analysts *92: Proceedings of the First World Congress
of Nonlinear Analysts, Tampa, Florida, August 19-26, 1992. De Gruyter, 1699-1712.

Boufoussi, B., & Hajji, S. (2011). Functional differential equations driven by a fractional Brownian
motion. Comput. Math. Appl., 62, 746-754.

Boufoussi, B., Hajji, S., & Lakhel, E. H. (2012). Functional differential equations in Hilbert spaces
driven by a fractional Brownian motion. Afr. Mat., 23, 173-194.

Buckdahn, R., Quincampoix, M., Rainer, C., & Rascanu, A. (2002). Viability of moving sets for
stochastic differential equation. Adv. Differ. Equ., 7(9), 1045-1072.

Ciotir, I., & Rascanu, A. (2009). Viability for differential equations driven by fractional Brownian
motion. J. Differential Equations, 247, 1505-1528.

Gautier, S., & Thibault, L. (1993). Viability for constrained stochastic differential equations. Differ.
Integral Equ., 6(6), 1395-1414.

Maslowski, B., & Nualart, D. (2003). Evolution equations driven by a fractional Brownian motion.
J. Funct. Anal., 202(1), 277-305.

Nualart, D., & Rascanu, A. (2002). Differential equations driven by fractional Brownian motion.
Collect. Math., 53(1), 55-81.

Xu, L., & Luo, J. (2019). Viability for stochastic functional differential equations in Hilbert spaces
driven by fractional Brownian motion. Appl. Math. Comput., 341, 93-110.

Xu, L. (2019). Viability for stochastic functional differential equations with infinite memory driven
by a fractional Brownian motion. Physica A, 527, 121076.

203



Tap chi Khoa hoc Trwoéng BPHSP TPHCM Huynh Cao Truong va tgk

A NECESSARY CONDITION OF VIABILITY FOR IMPULSIVE STOCHASTIC
DIFFERENTIAL EQUATIONS DRIVEN BY FRACTIONAL BROWNIAN MOTION
Huynh Cao Truong®, Nguyen Binh Thanh?, Nguyen Thanh Long*, Nguyen Quoc Cuong?

tUniversity of Science, VNU Ho Chi Minh City, Vietnam
2Institute of Applied Mathematics, University of Economics Ho Chi Minh City, Vietnam
3Hong Ha Secondary and High School, Ho Chi Minh City, Vietnam
*Corresponding author: Huynh Cao Truong — Email: huynhcaotruong1011@gmail.com
Received: October 01, 2022; Revised: November 15, 2022; Accepted: February 21, 2023

ABSTRACT

Viability theory is a mathematical theory that offers mathematical metaphors of the evolution
of macrosystems arising in biology, economics, cognitive sciences, games, and similar areas, as well
as in nonlinear systems of control theory. The viability problem has been studied by using various
frameworks and techniques and is still one of the active directions of differential equations. The
viability property in a stochastic framework was explored first by Aubin and Da Prato (1990). In this
paper, we give a necessary condition for viability results of an impulsive stochastic functional

differential equation driven by a fractional Brownian motion with Hurst parameter %< H<1
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