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ABSTRACT

Recently, we found that the even-to-odd ratio of high-order harmonic generation (HHG)
emitted from atoms or symmetric molecules in the combination of a mid-IR laser pulse and THz
electric field is a universal quantity, i.e., independent of mid-IR laser’s parameters and the choice of
the target. However, the targets are considered within the one-electron model, and the conclusions
are derived from directly numerically solving the time-dependent Schrédinger equation. In this work,
we investigate the validation of the even-to-odd universality helium atom consisting of two electrons,
applying the time-dependent density functional theory. The results demonstrate that the multi-
electron effect manifesting through the repulsive Coulomb and exchange-correlation interactions
does not considerably change the universality of the even-to-odd ratio of the helium atom.

Keywords: correlation; helium; HHG, odd-even; THz; universality

1.  Introduction

High-order harmonic generation (HHG) is a non-linear optical phenomenon occurring
when matter is exposed to an intense laser pulse (Ferray et al., 1988; Mcpherson et al., 1987).
HHG emitted from gaseous-phase atoms and molecules can be intuitively described by the
semi-classical model whose process is followed by three steps: (i) the external electric field
deforms the atomic/molecular potential so electron easily tunnels out; (ii) ionized electron
quasi-freely travels in the laser field and gains energy; (iii) when the laser field reverses its
direction, the electron goes backward, recombines into the parent ion and converts its gained

Cite this article as: Tran Thanh, Trieu Doan An, Nguyen Huynh Kim Ngan, Le Thi Cam Tu,
& Phan Thi Ngoc Loan (2023). Odd-even high-order harmonic generation from helium atom approaching from
time-dependent density functional theory. Ho Chi Minh City University of Education Journal of Science, 20(9),
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energy to photons called HHG (Corkum, 1993). The ratio between the energies of emitted
HHG photon and the incident laser is called HHG order. HHG spectrum has a typical
structure where the intensity rapidly decreases according to the perturbation regime at low
harmonic orders; then, HHG intensity is almost unchanged in a broad harmonic region called
the plateau. The plateau ends by the cutoff, after which the HHG intensity is dramatically
suppressed.

If the laser pulse is multi-cycle, HHG spectra contain sharp peaks at integer harmonic
orders. For a symmetric system consisting of an atom or nonpolar molecule and linearly-
polarized multi-cycle laser pulse, HHG contains odd orders only (Ben-Tal et al., 1993). For
an asymmetric laser-target system, whose symmetry-breaking is attributed to either
molecular targets or laser pulses, HHG contains both odd and even orders. Clearly, odd-even
HHG encodes asymmetry properties of laser-target systems; thus, finding a simple way to
reversely disentangle them from measurable HHG is desirable.

One simple way to establish an asymmetric laser-target system is by adding a weak
static electric field into the symmetric laser-atom system (Hong et al., 2009). However, in
this way, the static electric field must be simultaneously stable and intense (~1 MV/cm),
which is difficult to achieve in HHG experiments. To overcome this obstacle, it has been
suggested to adopt a very long-wavelength powerful laser, such as a CO; laser, instead of a
static electric field (Borca et al., 2000; OdZzak & MiloSevi¢, 2005; Taranukhin & Shubin,
2000). Recently, intense broadband terahertz pulses with stable carrier-envelope phases have
emerged as candidates to replace static electric fields in HHG studies. High-bandwidth THz
radiation with peak amplitudes up to 100 MV/cm can be produced (Zhang et al., 2021). The
modulation of the THz electric field is slow compared with that of a primary laser pulse;
thus, THz-induced physical effects are considered as those caused by a static electric field
(Hong et al., 2009).

Concerning the odd-even behavior in HHG emitted from static-field-assisted or THz-
assisted laser-target systems, Wang et al. (1998) numerically showed that with increasing
the static electric field (but in the weak region), the intensity of even orders initially
increases, while that of the odd orders is almost unchanged. When the static field continues
to enhance, the intensities of even and odd orders fluctuate irregularly. Besides, it is
demonstrated numerically that the intensities of even harmonics are comparable to those of
odd ones (Bao & Starace, 1996; Hong et al., 2007). In these studies, the statements are
declared without detailed discussion and explanation. Therefore, it is essential to investigate
the correlation between the intensities of even and odd harmonics, specifically, how their
intensities respond to the additional steady electric field.
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Recently, we have investigated the odd-even HHG emitted from atoms and symmetric
molecules in the combination of mid-infrared (mid-IR) and THz laser pulses (Trieu et al.,
2023). We have found out that the dimensionless even-to-odd ratio, i.e., the ratio between
the intensities of the even order and the average of the two adjacent odd orders, is a universal
quantity. Particularly, the even-to-odd ratio is independent of the parameters of both the mid-
IR laser pulse and target. Besides confirming numerically, we also analytically derived a
simple relation describing this universality.

This universality has been confirmed for various atoms and symmetric molecules;
however, within single-active electron (SAE) approximation, i.e., the outermost electron
actively interacts with the laser electric field while other electrons are frozen, accompanying
nuclei. Further confirmation of the even-to-odd ratio universality for multielectron targets,
such as helium atoms, is desirable. Moreover, in Ref. (Trieu et al., 2023), since the targets
are treated within one-electron models, directly solving the time-dependent Schrodinger
equation (TDSE) is employed. However, applying the TDSE method for multielectron
systems is especially challenging because of the multi-variable problem. For including the
multielectron effects, time-dependent configuration interaction (Klamroth, 2003) or time-
dependent density functional theory (TDDFT) (Marques & Gross, 2004) are promising
alternatives.

In this work, we examine the universality of the even-to-odd ratio of HHG emitted
from helium atoms in the combination of mid-IR laser and THz pulses. The helium atom is
chosen since it is the simplest multielectron atom with two electrons. The multielectron
effect is embedded in (i) Hartree potential describing electron-electron Coulomb repulsion
and (i) exchange-correlation potential. To realize this purpose, we adopt the TDDFT method
where the time-dependent Hamiltonian is presented as a function of electron density (Huix-
Rotllant et al., 2021; Marques & Gross, 2004; Runge & Gross, 1984). The TDDFT is
embedded in the open-source code Octopus (Marques et al., 2003). To examine the Coulomb
and exchange-correlation effects, we respectively apply the exact-exchange (EXX) and
local-density approximation (LDA) functionals, which are available on Libxc — a library of
exchange-correlation functionals for density functional theory (DFT) (Marques et al., 2012).
2.  Theoretical background

In this section, we first present the TDDFT method for simulating HHG (Marques &
Gross, 2004). Then, we briefly summarize the analytical formula of the universal rule of the
harmonic even-to-odd ratio found by Trieu et al. (2023).

2.1. Time-dependent density functional theory for simulating HHG

The main idea of the TDDFT method is based on the Runge-Gross theorem (which is
similar to the Hohenberg-Kohn theorem for DFT), stating that there is a unique mapping
between the time-dependent external potential of an electronic system and its time-
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dependent density. As a consequence, the physical quantities of the system can be
determined as a function of time-dependent electron density alone. Thereby, the Schrodinger
equation of an N-electron system with 3N spatial variables reduces to a three-variable Kohn-
Sham (KS) equation in terms of system electron density. In this framework, the time
propagation of a real interacting system is substituted by the propagation of a system of non-
interacting electrons, called the KS system. For more detail, see Huix-Rotllant et al. (2021),
Marques and Gross (2004), and Runge and Gross (1984). Here, we briefly present its spirit
and main formulae.

Since the objective is HHG emitted from helium in the combination of co-linearly
polarized mid-IR and THz pulses, the electron wavepacket mostly evolves in the polarization
direction. Therefore, one-dimensional (1D) is implemented to simplify and save
computational costs. The 1D time-dependent Kohn-Sham equation is written within the
atomic units as the following

2y, (x,t):{—%vz +VKS[p](X,t)}//j (%), W

where, v, (x,t) with j=1,2,..N stands for the wavefunction of KS orbital j . The variable

x is the position of the electron. The KS potential V.., as a functional of electron density

N/2

p(xt) = Z'“J |l//l (x1) | with g; is the occupation of each KS orbital, is given by

Vis[P1(X,1) =V, (X)+ Vi [p1(X, 1)+ Vi [p1(X, 1) +V, (X, 1). (2)

The first term presents ion-electron interaction. In our study, we apply the soft-
Coulomb potential as used in Ref. (Castro et al., 2015)

©)

The second term in Eq. (2) is the Hartree potential V xt Iﬁdx which
X=X

describes the repulsive Coulomb interaction between the electrons. The next term
Vie[P](x,t)is called exchange-correlation potential between electron-electron, which
includes non-trivial many-body effects. It should be noted that the major problem of DFT
(and TDDFT) is that exact functionals for exchange-correlation potential are unknown, so
approximations are needed. Undoubtedly, these approximations strongly govern the

accuracy and reliability of the simulated results. Various types of exchange-correlation
functionals are available in the Libxc library (Marques et al., 2012).
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In our 1D simulation, the exchange-correlation potential consists of two separate parts
—exchange potential and correlation potential. For the first part, we adopt the exact-exchange

approximation (EXX) whose form for helium is Vx[,o](x,t):—%vH [p](x.t). For the

correlation potential V[ p](x,t) of 1D system, there are only two functionals named LOOS

and CSC (Loos, 2012) which are constructed based on local-density approximations. We
have examined and confirmed that these two density functionals give the same results, so
we show the results for the case of using LOOS functional only.

The last term in Eq. (2) presents the interaction between the electron and the external
field which is linearly polarized along x axis

V, (x,t)=XE(t). (4)
Here, the field is the combination of a mid-IR and THz pulses
E(t)=Ef (t)cos(a)ot+%j+ E, cos(axt), (5)

where E,, @, are the peak amplitude and the central frequency of the mid-IR laser. Et, ot
are those for the THz field. f (t) is the envelope of mid-IR pulse which has the trapezoidal

form to easily attain sharp HHG peaks.
To solve Eq. (1), we first need the initial state (at t =0) where the KS system is at the

ground state, i.e., v, (x,t=0)=y¥(x). It is solved by the DFT method with the self-

consistent procedure, which starts with the initial guess density to construct kinetic and
potential functionals, followed by solving the KS equation. Then the obtained KS
wavefunctions are used to calculate the electron density, and the iterative procedure is
continued until the convergence condition is satisfied.

After receiving the converged initial wavefunction, its time-evolution y/j(x,t) is

treated by the approximated enforced time-reversal symmetry (AETRS) method with the
time step of 0.01 a.u. Once we obtain the time-dependent wavefunction y/, (x,t) and the

electron densityp(x,t) , We calculate the time-dependent dipole moment

D, (t):_[Xp(x,t)dx, (6)

and HHG spectrum as

, (7)
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where o is the harmonic frequency, and z is the mid-IR laser duration.
For the simulation, we choose a spherical box whose radius of R = 900 a.u. and the
spatial grid step of 0.1 a.u. To avoid the reflection of the wavefunctions at the boundary of

the simulation box, an absorption potential function in the form of —i&sin? (%é__rj with

& =-0.2 is applied beyond r = 630 a.u. All the simulation process is executed by the open-

source code Octopus (Marques et al., 2003).
2.2. Analytical view of even-to-odd ratio universality

Our recent work (Trieu et al., 2023) has shown the universality of the even-to-odd
ratio, i.e., the ratio between intensities of even-order harmonic and the average of the two
adjacent odd orders when atoms or symmetric molecules interact with a combination of mid-
IR and THz laser pulse. We have also described the universality by a simple analytical
formula

n=tan*(Cy), (8)
The symbols 77, y denote the even-to-odd ratio and the scaled THz electric field,

respectively. We define y by the explicit expression

E

Wy

We have numerically and analytically proved that C is a constant for each harmonic energy.
Specifically, for harmonic at cutoff, C is 2.558. It is emphasized that C does not contain any
parameters of the mid-IR laser or target, either explicitly or implicitly. Therefore, Eq. (8)
indicates the universality of even-to-odd ratio and scaled THz electric field. This analytical
relation entirely matches the even-to-odd ratio numerically calculated for varied parameters
of the mid-IR laser. It is also validated when various atomic targets within one-electron
models are used for numerical simulation. In this paper, we verify its validation for the
helium atom whose electron-electron interaction plays a crucial role.
3. Results and discussion
3.1. HHG from helium within TDDFT approach

To get a reliable even-to-odd ratio numerically, accurate HHG spectra are a
prerequisite requirement. To this end, in this section, we show the HHG spectra and
benchmark them with available data published previously (Castro et al., 2015; Reiff et al.,
2020). Since the available data are for helium exposed to an intense laser pulse only; thus in
this subsection, THz pulse is temporally not included for convenience in benchmarking. We,
in turn, present the cases: including Hartree potential only, and including both Hartree and
exchange-correlation potentials.
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3.1.1. Considering Hartree potential only
When including Hartree potential, Eq. (2) for the KS potential is simplified as

Vis[p1(X,1) =V, (%) +V, [pl(X,1) +V, (X, t). (10)

It should be noted that the TDDFT with KS potential in this form is identical to the
time-dependent Hartree-Fock equation, where only exchange interaction is included. Our
simulation gives the ionization potential of the helium atom of 0.75 a.u., which is consistent
with that presented in Ref. (Castro et al., 2015). To continue, we calculate the HHG from
the helium atom in the infrared laser (without THz field), which has a wavelength of 800
nm, intensity of 0.31x10** W/cm?, and duration of 200 optical cycles. The resultant HHG is
exhibited in Fig. 1 which reveals resolved sharp peaks at odd-order harmonics. Besides, the
HHG ends at the cutoff of 17mo which is well consistent with the cut-off law I/ +3.17U

where I, and U are respectively the ionization potential and electron’s ponderomotive

energy accumulating during an optical cycle (Lewenstein et al., 1994). For benchmark, in
Fig. 1, the HHG simulated in Castro et al. (2015) with the same laser parameters is also
presented, but with a horizontally shifted half-harmonic order for clarity. The figure clearly
shows its consistency both in shape and intensity with our result. Therefore, we assert that
our simulated HHG is reliable.

10° . . , T . , . .

-------- ~ In Ref. (Castro, 2015) | |
This work

|

HHG Intensity

5 10 15 20 25 30
HHG order

Figure 1. The calculated HHG (solid blue curve) and the benchmark
from Ref. (Castro et al., 2015) (black curve) when including Hartree's potential.
For a clear illustration, the benchmark HHG is horizontally shifted by 0.5wo
3.1.2. Considering both Hartree and exchange-correlation potentials
Now besides the Hartree potential, we add the exchange-correlation potential to
calculate HHG. The general potential expressed by Eq. (2) is employed. In Fig. 2, we present
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the simulated HHG of a helium atom in a 4-cycle laser pulse with the intensity of 101°W/cm?,
and the wavelength of 400 nm. Our calculation shows that the exchange energy vanishes
since the two electrons of the helium atom are both in the ground state.

For benchmarking, the simulated result taken from Reiff et al. (2020) is also shown in
Fig. 3. It should be emphasized that in that work, the HHG spectrum is calculated within the
three-dimensional TDDFT method and involves the correlation potential. For easy
illustration, a vertical shift is performed. Figure 2 demonstrates good consistency between
the two presented spectra despite different dimensionality. Although the 1D model leads to
a discrepancy in harmonic intensity, it does not affect our interested quantity, the even-to-
odd ratio, since the ratio is taken to cancel out intensity discrepancy.

10 T T T T T T T T T T T T T T T T T T

_______ In Ref. (Reiff, 2021)
.| —— This work

HHG intensity

IO-I".|.|.|.|.|.|.|.|.|.
10 12 14 16 18 20 22 24 26 28 30

HHG order

Figure 2. The comparison between the 1D HHG (solid curve) calculated with full potential, and the
3D HHG taken from Ref. (Reiff et al., 2020) (dotted curve) (which is vertically shifted for clarity)
3.2.  Universality of even-to-odd ratio considering the multielectron effect
After verifying the reliability of HHG simulation for helium atom incorporating
multielectron effect, we continue to investigate its even-to-odd ratio for harmonics at the
cutoff as a function of scaled THz electric field y , which is defined by Eq. (9). The adopted
THz electric field has the wavelength of 231 um which is much longer than that of mid-IR

laser (Shalaby et al., 2016), and amplitude varies in the range of (50+1000) kV/cm. The

mid-IR pulse has a duration of 10 cycles and a trapezoidal envelope with one cycle turned
on, and one turned off.
In Fig. 3, we compare the even-to-odd ratio in three cases corresponding to three levels

of the potential model, from the simplest to the most complicated: SAE (V, +V,), including

Hartree potential only (V, +V,, +V,), and both Hartree and exchange-correlation potentials (

1589



HCMUE Journal of Science Tran Thanh et al.

Vo +V,, +Vy o +V,). The first case means the multielectron effect is neglected, and the

calculation is treated within the one-electron model. The second case considers the Coulomb
electron-electron repulsion, while the latest case adds the exchange-correlation interaction.
The mid-IR laser with an intensity of 2.5x10* W/cm? and wavelength of 2000 nm is used.
The figure shows that for y within the range [0.2, 1], the even-to-odd ratios are similar to
each other despite the potential level. The consistency is manifested via the shape,
magnitude, and position of the critical point (maximum). Moreover, the simulated even-to-
odd ratios benchmark the analytical curve.

To continue, we confirm the universality of the even-to-odd ratio’s validity by
examining its dependence on the mid-IR laser’s parameters, whose intensity and wavelength

are respectively varied in the range of (1.3+3.9)1, and 1600+2700 nm, where 1, =10"
W/cm?. The mid-IR laser parameters are governed so that the Keldysh parameter
y =/l o/ 2U, is kept at 0.33 to ensure the tunneling ionization regime (Keldysh, 1965).

Analytical ”
104 L s SAER || i
b e V” }l 4
+
o 10° F Vu ch .'Il ||'| i
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5‘3—' | ,-.';:::lf \\\\
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0 .»-‘""J?. :
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[ e q
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%

Figure 3. The even-to-odd ratio of helium atom within SAE potential (SAE), including Hartree
potential (Vw) and both Hartree and exchange-correlation potentials (Vi + Vxc). A 10-cycle
trapezoidal primary laser pulse with the intensity of 2.5x10™ W/cm? and wavelength of 2000 nm is
used. The analytical curve is plotted for the benchmark
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Figure 4. The even-to-odd ratio of helium atom exposed to the combination of a primary and a THz
electric fields when including (a) Hartree potential (V) only and (b) both Hartree and correlation
potentials (Vu + Vxc). 10-cycle trapezoidal primary laser pulses with various intensities and
wavelengths enclosed in the legends are used. The analytical curve is plotted for the benchmark
The results are presented in Fig. 4 for two levels of considering the multielectron

effect, including Hartree potential only (a) and both Hartree and exchange-correlation
potentials (b). Figure 4 (a) demonstrates that although including Hartree potential, the even-
to-odd ratio is considerably stable to varying laser parameters. If the exchange-correlation
interaction is added [Fig. 4 (b)], the maximum position of the even-to-odd curve is slightly
shifted. However, the change is insignificant. In short, we conclude that the universality of
the even-to-odd ratio of helium atoms is still validated.
4.  Conclusion

In this study, we have investigated the universality of the even-to-odd ratio of THz-
assisted HHG emitted from helium atoms approaching from TDDFT method. We show that
despite the different levels of multielectron interaction, the even-to-odd ratios are
considerably consistent with each other and match the analytical prediction. Moreover, the
even-to-odd ratio is also considerably independent of mid-IR laser intensity and wavelength.
The results enhance the validation of the universality of even-to-odd ratio for helium
atoms. However, in this study, the mid-IR is governed so that the Keldysh parameter is 0.33.
Further investigation for other Keldysh parameters is established as an outlook.
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TOM TAT

Gan day, ching t6i di chi ra rdang ti s6 chdn-1é ciia phé phat xa diéu hoa bdc cao (HHG) phdt
ra tir nguyén tir hodc phan tir doi xitng dwoc ddt trong t6 hop cia dién triong laser hong ngoai gitra
va THz la dai lwong phd qudt. Pai lwong nay khéng phu thudc vao thong sé cia laser hong ngoai
gitta, va cach chon nguyén tir/phdn twr bia. Tuy nhién, bia nguyén ti/phdan tw dwoc sw dung dya trén
mo hinh mot electron, va tinh toan dwa vao gidai phwong trinh Schrodinger phu thudc thoi gian. Trong
bai bdo nay, bang i thuyét phiém ham mdt dg, chiing t6i mé rong nghién civu tinh phé qudt cia ti s6
HHG chén-1é cho nguyén tir heli ¢é hai electron. Két qud chi ra rdang, hiéu img nhiéu electron thé
hién qua twong tac Coulomb va twong tic twong quan-trao doi déu khong anh huong dén tinh pho
quat cua ti s6 HHG chan-1é ciia nguyén tir heli.

Tir khoa: tuong quan; heli; HHG, chin-1é; THz; phé quat
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