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TOM TAT

Bdai bao nay trinh bay mét phdn tich tri thiee ludn lich sit, lam rd qua trinh hinh thanh va phat
trién ciia hé thong biéu twong dai s6; xdc dinh cdc quan niém anh hiedng 1én qud trinh phdt trién va
cdc dac trung tri thiee ludn cua hé théng biéu twong dai s6. Két qua phan tich tri thuc ludn lich suw
cho thcfy, hé théng biéu tuong dai 56 phat trién trong ba giai dogn dan xen voi nhau la dai 6 tu tir
hay van xudi, dai sé rit gon, va dai s6 biéu tiwong. Ngodi ra, ¢é ba quan niém da anh hiréng manh
mé lén qud trinh hinh thanh va phdt trién cia hé thong biéu twong dai sé la quan niém hinh hoc,
quan niém sé hoc, va quan niém truyén bd todn hoc. Két qud nghién ciru gop phan cho phan tich tri
thure ludn lich sur toan hoc va lam co so cho cdc nghién cuu vé nhitng tré ngai cua hoc sinh khi tié})
can hé tho”'ng biéu twong dai $0.

Tir khéa: biéu tuong dai sb; dic trung tri thirc luan; dai sb tu tir; dai sb rut gon; dai )
biéu tuong

1.  Giéi thiéu

Theo Tir dién Cambrigde, biéu twong 1a mot ki hiéu, hinh dang, hodc vat dugc sir dung
dé dai dién cho mot cai gi do khac; 1a mot cai gi d6 dugc su dung dé dai dién cho mot chat
lugng hodc y tudng; 14 mot s6, chir cai hodc ki hiéu duoc st dung trong toan hoc, &m nhac,
khoa hoc.

Theo Tur dién Britanica, biéu tuong 1a mdt chit cdi, nhom chit céi, ki ty hodc hinh anh
duoc st dung thay cho mét tir hodc nhom tur.

Céc biéu tuong toan hoc c¢6 thé dugc st dung dé thé hién cac mdi lién hé giita cac dai
luong vi chiing 1a cac biéu dién linh hoat ctia cac li thuyét, ¥ tuong va cac con sd. Chung
hoat dong nhu mot ngdn ngit toan hoc phd quat cé thé ap dung cho cac ddi tugng toan hoc
khac nhau nhu phuong trinh, bat phuong trinh, biéu thirc, hé thc.

Céc biéu twong toan hoc 12 ngon ngir thé hién cac tinh hudng-van dé va cac giai phap
(Godino et al., 2007). Cac biéu twong toan hoc c6 chirc ning giao tiép va vai trd cong cu
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(Maracchia, 2013). Ching dong mot vai tro quan trong trong viéc hoc toan cia hoc sinh nhu
biéu dién céc khai niém, phép toan, biéu thuc hodc phuong trinh (Maharaj, 2008). Cac biéu
tuong toan hoc cho phép trao ddi va chia sé ban chat cia tu duy toan hoc (Giigler, 2014).
Tuy nhién, cach biéu tuong dugc st dung dé hd tro su phat trién cua cac khai niém 1a mot
van dé. Viée xir li cac con sb va dai s dat ra cho hoc sinh nhiing thach thirc vé mat ki hiéu
hoc vi cac biéu twong dong vai trd dong thoi vira 1a qué trinh vira 1a khai niém (Tall, 2008).

Hoc sinh gip kho khan trong viéc hiéu ¥ nghia cua cac biéu tuong néu didu ma bicu
tuong am chi khong thé hién tt y nghia toan hoc hodc néu mdi lién hé giira diéu d6 va biéu
tuong bang vin ban khong phu hop (Kiziltoprak & Kose, 2017). Hoc sinh gip khé khin
trong viéc xdy dung y nghia cho ching béi vi ho rit ra y nghia ciia cac biéu tugng tir viéc
két ndi voi cac hinh thire thé hién khac nhu d6 vat, tranh anh hodc ngon nglr noéi (Yetkin,
2003). Khé khin trong viéc hiéu cac biéu tugng xuat phat tir thuc té 1a cac biéu tugng mang
nhitng ¥ nghia khac nhau trong cac bdi canh va ngit canh khac nhau. Adams (2003) luu y
rang hoc sinh khéng nhén thirc dugc ¥ nghia cta cac biéu tuong toan hoc trong cac bdi canh
van dé khac nhau. Bardini va Pierce (2015) tuyén bd rang hoc sinh khong thong thao voi
nhiéu y nghia cua cac biéu tugng toan hoc va ngit canh trong d6 chung dugc st dung.

Heé thong biéu twong dai sé trong chuong trinh toan phd thong 1a cac dang ki hiéu ngan
gon va chinh x4c duoc chip nhan tai tit ca cac qudc gia... Ngay nay, toan hoc & truong phd
thong khong c6 ki hiéu sé& 1a diéu khong tuong tuong duge. Toan hoc phd thong sir dung rat
nhiéu diu cong, dAu trir, diu chia, chit cai, diu ngoac, s6 mil, ddu can, dau bé“lng, ki hiéu
logarit va nhiéu ki hiéu khac (Stols, 2011, p.255). Hé thong biéu twong rit quan trong trong
toan hoc, dac biét 1a trong dai s6 va lich sir dai sb. Pai sé duge dinh nghia 13 “nhanh toan
hoc xir 1i biéu twong hoa cac mbi quan hé s6 va cau tric toan tong quat va thao tac trén cac
céu trac d6” (Kieran, 1992, p.391).

Tuy nhién, hoc sinh thudng gip van dé véi viéc sir dung hé thdng biéu twong (Tall et
al., 2001). Mot sb hoc sinh coi dai s6 1a mot linh vuc kha kho dé thir st (Cunningham,
1986). Nhung mat khac, Blackhouse cho réng strc manh cua toan hoc nim & viéc sir dung
cac biéu tugng. Ong ciing néi: “Véi hé thong biéu tugng nghéo nan vé s6 hoc, ngudi Hi Lap
¢ dai da dat dugce rat it tién bo vé sb hoc va dai s6 mic du viée nghién ctru hinh hoc cta ho
phat trién manh m&” (Blackhouse et al., 1992, p.114)

Theo Nataraj va Thomas (2012), hoc sinh biét ring dai s6 1a “lién quan dén céac chi
c4i”, nhung nghién ctru da ching t6 nhiéu hoc sinh hiéu rat it vé ¥ nghia ctia cac chit cai va
li do chung dugc st dung (Graham & Thomas, 2000; Kieran, 1992; Kiichemann, 1981;
MacGregor & Stacey, 1997). Dac biét, khai niém vé bién s van chua duoc hiéu 1 mic du
n6 14 nén tang trong qua trinh chuyén doi tir s4 hoc sang dai s6 va 14 trung tAm cua toan hoc
cao cap (Schoenfeld & Arcavi, 1988). Tir du 4an nghién ctru Concepts in Secondary
Mathematics and Science, Kiichemann (1981) két luan rang nhiéu hoc sinh xem céc chit cai
nhu cac phan giir chd cho cac con sd, va phan 16n trong s6 30-40% hoc sinh d6 da xem chit
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c4i 13 4n sb cu thé hon 13 bién s hoic 13 s6 duoc khai quat hoa. Nghién ctru cia MacGregor
va Stacey (1997) da chi ra mot 16i vé dai sb khac ma hoc sinh d& méc phai 1a vi¢c st dung
sai ki hiéu ham m{; chéng han nhu viét 3x thay cho x°.

Sfard (1995) khang dinh rang nghién ctru lich sir cung cip cho chung ta co hoi dé hiéu
nhitng kh6 khin ciia hoc sinh va ca nhiing cach dé vugt qua nhimg khé khan dé.

Trudc nhiéu kho khin ma hoc sinh gip phai khi hoc toan, trong nhitng nim gan day,
mot s6 nha nghién ctru da ¢ gang phan tich lich str toan hoc dé cung cép thong tin cho thyc
tién giang day (Nataraj & Thomas, 2012). Cac nha gido duc da khang dinh rang lich st toan
hoc 12 mot ngudn tai nguyén tuyét voi cho viée giang day va co thé mang lai loi ich to 16n
trong viéc ning cao hiéu biét vé toan hoc (Fauvel & van Maanen, 2000).

2.  Phwong phap nghién ciru

Nghién ciru tri thirc ludn

Theo Lé Thi Hoai Chau (2017), nghién ctru tri thire luan 1a nghién ctru lich st hinh
thanh tri thirc nham lam ro:

- nghia ciia tri thirc, nhitng bai toan, nhitng van dé ma tri thirc 6 cho phép giai quyét;

- nhitng tré ngai cho sy hinh thanh tri thue;

- nhig diéu kién san sinh ra tri thirc, nhitng budc nhay can thiét trong quan niém dé
thiic ddy qua trinh hinh thanh va phat trién tri thic. (Le, 2017)

Mot nghién ctru tri thure luén lich str hé théng biéu tuong dai s6 nham xac dinh nguyén
nhan va cac quan niém anh hudng 1én qua trinh hinh thanh va phat trién; cac dic trung tri
thire luan cia hé théng biéu tuong dai $6, cho phép lam co sé cho phan tich cac sai 1am cua
nguoi hoc khi tiép can dai s6 theo quan diém didactic toan. D6 ciing 1a muyc dich ctia nghién
ctru trinh bay trong bai viét nay.

3. Két qua va thao luin
3.1. Téong quan ba giai doan phdt trién ciia hé théng biéu twong dai so

Theo Stallings (2000), hé théng biéu twong cua dai sé phat trién qua ba giai doan chinh:
tu tir/van xudi (thetorical/prose), rat gon (syncopated?), va biéu tuong (symbolic).

Giai doan dai s6 tu tir/ van xudi la giai doan ma tat ca cic phat biéu va lap luan toan
hoc déu duoc thé hién b.':ing tr va cau. Trong giai doan dai s6 rut gon, mot sb chir viét tat
duoc su dung khi xtr li cac biéu thirc dai sd. Cudi cung, trong giai doan dai s6 biéu tugng,
c6 su dién dat tat ca bﬁng biéu tuong: tat ca cac con s, phép toan, mbi quan h¢ dugc thé
hién thong qua mot tap hop cac biéu tuong d& nhan biét va cac thao tac trén cac biéu tugng
dién ra theo cac quy tic di duoc hiéu 15 (Katz & Barton, 2007). Tuy nhién, ba giai doan trén
dién ra theo cach chong chéo 1én nhau giira cac chau luc do sy truyén ba toan hoc khong day
dﬁduqcﬂumlﬁénquacéchoatd@ngthuongrnaivéhuyénbétowlhoa

Theo Katz va Barton (2007), Stallings (2000), dai s bét dau tai ving Ludng Ha vao
khoang nim 2000 TCN va phat trién & Babylon va Ai Cap vao khoang nam 1700 TCN.

2 Theo tir dién Merriam-Webster, syncopated nghia 14 rat gon, viét tit.

1720



Tap chi Khoa hoc Trwong DPHSP TPHCM Tdp 20, Sé 10 (2023): 1718-1731

Céc vi du vé dai s6 tu tir cua al-Khwarizmi duge st dung dé minh hoa nhitng kho khan
tiém an phat sinh khi giai cic bai toan dai s6 bang cach str dung cac tir khong co ki hiéu. Nha
toan hoc Hi Lap Diophantus 1a mot trong nhiing nguoi tién phong ciia dai s6 rat gon. Trong
giai doan nay, mot s6 toc ki d3 duoc sir dung cung véi van xudi. Céc nha toan hoc Anbo da
phat trién mot hé théng biéu tuong dai s6 rat gon ddc 1ap voi Diophantus. Khoang nam 1500
TCN, dai sb biéu twong bat dau phat trién. Qua trinh phét trién ciia mot hé thong biéu tuong
chuén hoa, hiéu qua dugc minh hoa bﬁng cach theo doi qua trinh phat trién ctia mot s6 biéu
tuong phé bién, bao gém cac biéu tugng cho su bﬁng nhau, cong, trtr, nhan va chia
(Stallings, 2000).

Nhung theo Katz & Barton (2007), bén canh ba giai doan biéu dat cac y tuong dai sb
nay, con c6 bon giai doan quan niém khéac da xdy ra cing véi nhitng thay ddi trong cac biéu
dat dai sb d6. Cac giai doan nay la giai doan hinh hoc, trong d6 hau hét cac khai niém dai s6
1a khai niém hinh hoc; giai doan gidi phuong trinh tinh, trong d6 muc tiéu la tim céc sb thoa
man céc hé thirc nao do; giai doan chirc nang dong luc, trong d6 chuyén dong duong nhu 1a
mot ¥ tudng co ban, va cudi ciing, giai doan triru tugng, trong d6 cu trac toan hoc dong vai
tro trung tim. Puong nhién, ca bon giai doan nay va ba giai doan trudc déu khong tach biét
v6i nhau; ludn ludn c6 mot sd chéng chéo va dan xen.

3.2. Dai 56 tu tiv hay vin xuéi (2000 TCN — 250 SCN)

Dai s6 tu tir la giai doan ma cac y tudng, lap ludn dai s6 dugc thé hién bﬁng 161 van va
khong sir dung biéu tugng toan hoc. Chéng han dai s6 Babylon va dai s6 Ai Cap thoi ki dau
déu 1a dai sb tu tir (Baumgart, 1969). Theo Katz & Barton (2007), bai toan trén phién da
YBC 4663 (1800 TCN) yéu cau tim chiéu dai va chiéu rong cia mot manh dat hinh chir nhat,
biét rang téng chiéu dai va chiéu rong 1a 6 Y%, va dién tich cua hinh chit nhat 1a 7 %
(Neugebauer and Sachs, 1945, p.70). Scribe® mé ta chi tiét cic budc giai bai toan. Trudc
tién, chia doi 6 2 duogc 3 % , binh phuong 3 4 dugc 10 % va trur di dién tich 7 %2 duoc 3 i.
R0t can bac hai cta s nay dugc 1 %. Sau cling, scribe ghi chi rang chiéu dai 1a 3 Y% + 1 %
=5, vachiturongla3 %-1%=1%.

Theo Katz & Barton (2007), scribe dang xir li mot quy trinh hinh hoc. Trén thuc té,
viéc doc ki tir ngit khic trén phién dé cho thiy ring scribe dd nghi dén hinh chit nhat, trong
d6 do tinh tong quét (vi c6 nhiéu bai toan tuong ti duoc giai theo cting mot cach), cac canh
dd duoc dan nhan phu hop véi hé phuong trinh tong quat ma ngay nay ching ta viét 1a
X +y = b, xy = c. Scribe bit dau bang viéc chia doi tong b va sau d6 dung mot hinh vudng
canh b/2 (hinh 1). Vi b/2 = x — (X = y)/2 =y + (X — ¥)/2, hinh vudng canh b/2 bang hinh chit
nhat ban dau c6 dién tich ¢ cong thém hinh vudng canh (X — y)/2; tic la

2 - 2 r A r
(xzﬂ) =xy + (xTy) . Hinh v& cho thay rang néu thém canh /(b/2)? — c cta hinh vuéng

nhé vao b/2 thi duoc chiéu dai x, trong khi trir b/2 cho canh nay thi dwoc chiéu rong y. Do

3 Scribe 1a nguoi tao ra cac vin ban sao cua céc tai liéu trude khi may in duge phat minh ra.
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do, thuat toan c6 thé biéu dat dudi dang x = b/2 + /(b/2)2 —c;y = b/2 — [(b/2)? —c.
(Katz, 2009, p.23)

.

~ x=y
b /2 2

bfz <4

X=) x=y '
2 2 !

—_—

Hinh 1. Quy trinh hinh hoc cua nguoi Babylon (Katz, 2009)
Katz va Barton (2007) nhan manh riang cac cong thirc trén 1a cong thirc hién dai, va

ngudi Babylon khong khic bat cir didu gi twong tu trén phién da cta ho. Nhimg gi ngudi
Babylon mé ta hoan toan bang 161 13 mot quy trinh, mot thuat toan, va ngudi Babylon chic
chén dang ¢ giai doan dai sb tu t.

Cudn sach dai s6 dau tién cua al-Khwiarizmi vao nim 825 c6 trinh bay mot sb bai toan
lién quan dén phép nhan cac nhi thirc dugc viét bang dai s tu tir, chang han nhu bai toan:
“Muoi va cai dugc nhan voi cai giam di muoi.”

Ngay nay, hoc sinh sé& viét lai bai toan bang biéu twong toan hoc nhu sau:

(x +10)(x — 10) = x? — 100.

Bai gidi cta bai toan trén dugc dich nhu sau:

“Muoi va cai dugce nhan véi céi gidm di muoi” c¢6 nghia 1a cai va mudi nhan voi cai
trir di muoi. Do d6, cai nhan véi cai 1a mot s& duong binh phuwong; va mudi nhan voi cai la
muoi cai duong; va trir muoi nhan véi cai 1[a mudi cai am. Bay gio loai bd muoi cai duong
va mudi cai am, thi chi con mot binh phuong. Trir muoi nhan véi mudi 1a mét tram, dugce
trir di tir binh phuong. Do d6, nhin chung, day 1a mét binh phuong gidm mét tram... (Nelson,
1993, p.33).

Mot s6 kho khin gap phai khi doc bai toan d6 trong thoi Ki dai s tu tir cho thiy tai sao
cac nha toan hoc tiép tuc viét tit va hoan thién ki hiéu cta ho (Stallings, 2000, p.231).

O Hi Lap, tir nglt 1a hinh hoc. Vi dy, xyz s€ dugc goi 1a “hinh khdi co cac canh 1a cac
dai lugng chua biét thir nhit, thi hai va thtr ba" (Nelson, 1993, p.33). Mot li do kha di cho
viéc ho sir dung cac dién giai hinh hoc 14 do nhitng kho khan vé khai niém ctia nguoi Hi Lap
v6i phan sd va s6 vo ti, chang han nhu ¢t sdc cta cac hoc gia Pythagore khi kham pha ra
cac sO vo ti ma dbi voi ho 1a phan tryc gidc. Miac di ngudi Hi Lap thiy kho chap nhan /2,
nhung ho c¢6 thé chap nhan rang V2 ¢ thé 1a do dai dudng chéo cia mot hinh vudng c6 canh
bang 1 (Baumgart, 1969). Mot dién giai kha di khac do Gullberg (1997) dé xuét 1a “hé thong
ki hiéu s6 cua Hi Lap, st dung céac chir cai trong bang chit céi cua ho déi khi dugc viét theo
vai tAng, va rai rac cac dau trong 4m, diu nhay don va cac dau phu khac” (p.298).
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Nhu vay, h¢ théng biéu tuong dai sb trong giai doan tu tir chua dugc hinh thanh va
manh nha viéc st dung tde ki dé dién dat cac 1ap luan toan hoc dua trén co s& hinh hoc.
Chinh vi thé, ddc trung tri thirc ludn ctia hé théng biéu tuong dai s6 ¢ dang so khai trong giai
doan tu tr 1a dac trung tu tr, quy trinh hinh hoc.

3.3. Dgi sé rit gon (250-1500)

Dai s6 tu tir kéo dai trong vai thé ki cho dén khi Diophantus ctia Alexander (khoang
nam 250) di tién phong trong dai sb rt gon (Nelson, 1993). Su phat trién ciia dai s6 trong
giai doan tiép theo nay sur dung mét s6 cach viét toe ki, rat gon hodc viét tat, rat hitu ich voi
céc lity thira 1én dén bac sau va nghich dao ciia chiing. O hau hét cac noi trén thé gidi, ngoai
trir Hi Lap va An D9, dai 6 tu tir d3 ton tai trong mot thoi gian dai hon; chéng han, Tay Au
d3 st dung n6 cho dén thé ki XV (Eves, 1983).

Biéu twong cho an s, so hang, lily thira ciia Diophantus

Pai sb rut gon dugc su dung lan dau tién trong cong trinh Arithmetica (S6 hoc) cua
Diophantus, 1 cudn sach c6 anh huong to 16n dén dai s6 va i thuyét s6 (Struik, 1967). Tur
arithmetica co ngudn gbc tir tiéng Hi Lap arithmetike, dugc thao thanh tir cac tir Hi Lap:
arithmos co nghia 1a s6, va techne c6 nghia 1 khoa hoc. Tac pham Arithmetica chira dung
cac 101 gidi, lap ludn dai $6... dugc viét béng nhitng tir nglt viét tat giup chuyén cach ki hiéu
dai s6 mang tinh tu tir sang rit gon, diéu nay giy anh huong Ién sy phat trién ctia mot sd
biéu twong dai s6 mang tinh c4 nhan (Eves, 1983). DPay la thoi diém bét ddu cua giai doan
dai 6 rat gon, 1a giai doan ma cac biéu tuong toan hoc dugc dién ta béng tor ngir viét tat, do
do goi tat dai sd trong giai doan nay la dai sb rat gon hodc dai ) mang tinh rat gon, kéo dai
tir luc tac pham Arithmetica cta Diophantus ra doi t6i dai s6 chau Au cho dén gitra thé ki
XVII, va nhu vay dai s6 rat gon da dugc st dung trong thoi ki ctia cac nha toan hoc: Viete,
Descartes va van Schooten. Bang 1 cho théy mot s6 vi du vé dai sb rat gon cua Diophantus
sir dung hé mat ma Hi Lap cho cac chir $6.

Bing 1. Mgt s vi du vé dai so rt gon cuia Diophantuc trong Arithmetica (Nelson, 1993)

Biéu twrong (giai doan
dai sb rit gon)

AY KY A M KYaAY 5B AYe ACY M

S6 han x3 + 4x?
e - khong &6? + 2x Sx% = (3x +10)
Theo (Eves, 1983; Nelson, 1993), cac nha sir hoc di tim ra 10i giai thich cho nhiéu lya
chon biéu tuong cua Diophantus:
- Biéu tuong 4n s cua Diophantus c6 thé 1a su két hop cua hai chit cai Hi Lap dau tién

a va B, mic du theo thoi gian nd giéng voéi chit ¢ cuia Hi Lap.

Biéu twong hién dai X x

- Biéu tuong A cho mét 4n s6 dugc binh phuong c6 ngudn gde tir hai chir cai dau tién
cua tir Hi Lap “ltiy thira” (dunamis hoac AY NAMIY).

- Biéu tuong K¥cho mét an sb duoc lap phuong c6 ngudn géc tir cac chir cai cua “lap
phuong” (kubos hoic KYBOZX ). Cac biéu thirc nhur AYA (binh phuong binh phuong), AKY
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(binh phuong 1ap phuong) va KYK (lap phuong lap phuong) dugce rat ra tir cac biéu
tuong trén.

- DAu duoc sir dung cho diu trir 12 su két hop cua hai chir cai déu tién cua tir “thiéu”
(leipis hoac AEIVIY).

- Ki hiéu cho héng s6 1a chir viét tit cua tr Hi Lap cho “cac don vi” (monades hoac
MONAAEY).

Theo (Nelson, 1993), ngoai ra con c6 mot sé quy wéc co ban khac ma Diophantus da

st dung nhu sau:

- Céac sd hang dm dugc nhom lai sau dau trur.

- Céc sb hang dimg ké nhau phai dwoc cong lai véi nhau.

- Khi mét s6 bang chir Hi Lap theo sau biéu tugng lity thira, thi chinh 13 4n s6 dugc nang
1én theo liy thtra do.

Biéu twong cho an so, s6 hang, lily thiva ciia ciia Aryabhata va Baarahmagupta

Aryabhata va Brahmagupta duoc xem 1a nhitng nha toan hoc ¢ cong hién quan trong
cho toan hoc An Do. O An Do, Aryabhata (khoang nim 475-550) va Brahmagupta (khoang
nam 598-665) cling da phat trién mot dai sb rat gon. Méc du, rat it tai liéu dé cap dén toan
hoc An o va A Rap vao trude thé ki IV hodc thé ki V nhung da xuét hién mot vai biéu
tuong cho cac 4n sb thay thé cho mot s6 luong 16n biéu twong cé trong ban gidy coi Rhind
(Boyer, 1991).

Nhimng kham phé khac cua cic nha toan hoc An Do va A Rap bao gdm giai phuong
trinh bac hai béng cach cit — dan va hoan thanh mét hinh vuong, da nhan ra sy tdn tai nghiém
4m va nghiém v ti, va phat hién ra rang phuong trinh bac hai c6 hai nghiém (Boyer, 1991).

Theo (Cajori, 1993, p.75), trong cac cdng trinh cua Aryabhata va Baarahmagupta, ru
(c6 ngudn gdc tir rupa) biéu thi sb tuyét dbi, ya (c6 ngudn gde tir yavat tavat) biéu thi cho
an sb chinh, va tén cua cac mau sic dugc st dung cho cac 4n s khac, chang han ka (c6
ngudn gdc tir kalaka) co nghia 13 mau den, biéu thi an s thir hai; ni (c6 ngudn gdc tir nilaka)
c6 nghia 1a mau xanh duong, biéu thi an sb thir ba, pi (c6 ngudn gbc tir pitaka) co nghia 1a
mau vang, biéu thi cho an tht tu (Bang 2).

Bing 2. Mét sé vi du vé dai sé rat gon cia Aryabhata va Brahmagupta (Nelson, 1003)

Biéu tuong bha ya ka ka n ru yaka6bha ka5ru?2
D.: dich hié ) )
dl?n FELER tieh X 'y O -n s0 nguyén 6xy V5-2

ai

Tré ngai doi véi cac nha todn hoc Hoi gido trong nghién ciru ham sé

Trong vai thé ki tiép theo, cic nha toan hoc Hoi gido dd dua ra nhiéu y tuong khac
nhau vé dai s6. Ho da phat trién tat ca cic quy trinh cua dai s6 da thirc, bao gdm cac quy tic
vé s6 mil, ca duong va am, va cac quy trinh chia ciing nhur nhan céc da thirc.

Sharaf al-Din al-Tusi, mdt nha toan hoc nguoi Ba Tu, nghién ctru cach giai phuong
trinh bac ba x® + d = bx?. Ong dua phwong trinh vé dang x?(b — X) = d, va dat van dé liéu rang
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phuong trinh c¢6 nghiém hay khong phu thudc vao viéc “ham s6” & vé trai ¢ dat dén gia tri
d hay khong. Mic du, ong khong cho biét da lam nhu thé nao, nhung tuyén bd va chimg
minh rang gi4 tri 16n nhat cta ham s6 bang 4b%27, xay ra khi x = 2b/3. Do d6, Sharaf tuyén
b6 rang néu gia tri ndy nho hon d, thi phuong trinh khong c6 nghiém (dwong); néu né bang
d thi c6 mdt nghiém tai x = 2b/3 va néu n6 16n hon d thi c¢6 hai nghiém, mot nghiém nam
gifta 0 va 2b/3 va nghiém con lai nam giira 2b/3 va b.

Tuy nhién, Sharaf van khong thé tim ra mot thuat toan dé xac dinh cac nghiém nay,
nhung it nhét ong ciing biét cac diéu kién co ban vé viéc lidu cac nghiém dé co ton tai hay
khong. That khéng may, nghién ctru ctia 6ng di khong duoc tiép tuc & ca cac nude Hoi gido
va chau Au. Vi vay, nd luc chuyén sang "ham sb" cudi cung khong di dén dau. C6 18 mot
trong nhiing li do 14 Sharaf khong str dung ki hiéu nao va viéc xir li cac ham sé khong c6 ki
hiéu 14 rat khé khan (Katz, 2007, p.192).

Nhu vay, su can thiét don gian hoa céc van ban toan hoc, ki hi¢u toan hoc khong chira
s6 hodc hé mat ma cua Hi Lap, An Bo, va A Rap tur giéy c6i sang giéy thong thuong dé
truyén dat toan hoc sang chau Au 1a nguyén nhan thuc day sy ra doi cia dai sé rit gon. Dic
trung tri thirc ludn ciia hé théng biéu tuong trong thoi Ki nay 1a toc ki, mat ma Hi Lap, va
mau sic.

3.4. Dgi 56 biéu twong (1500 — hign nay)

Dai s6 biéu tuong 1a giai doan phat trién tiép theo ciia hé thong biéu tuong dai s sau
giai doan dai s6 rat gon va dugc duy tri td1 hién nay. Pay dugc xem la giai doan phat trién
manh nhét cta hé théng biéu tuong dai s6, bat nguén tir viéc dai s6 chau Au da khong huong
loi tir dai sb rat gon cua cac nha toan hoc Hi Lap va An Do vi dai s6 duge truyén dén chau
Au 14 mot phién ban khong day du (Baumgart, 1969).

Biéu tugng dai s6 duge du nhap vao chau Au bﬁng moi phuong tién, co thé dén tur
nhiéu nguén nhu cong trinh nghién ctru dAu tién caa chau Au vé toan hoc An Do va A Rap,
Liber abaci, dugc viét boi nha toan hoc va thwong gia ngudi Y, Fibonacci (1175-1250)
(Struik, 1967). Mot yéu t6 hoan canh khac dan dén su phat trién cua dai sé chau Au 1a do sy
trdi day ctia dao Mo-ha-mét gido, nhirng cudc chinh phuc ctia nguoi A Rap dén cac ving dat
khac di dién ra bao gom ludn & An Do, Ludng Ha va Bic Phi nén ngudi A Rap di duy tri
toan hoc Hi Lap va An Do gido trong sudt thoi ki Trung c¢6 ctia chau Au. Chinh vi li do d6
ma dai s chau Au dan hoan thién phién ban biéu tuong khong dﬁy du cua minh. Thuan loi
hon 1a khi cac thwong nhan va hoc gia A Rap truyén nhiing y tuong d6 ra thé gisi va ho
mang theo hé thong chir s6 Hindu-A Rap thanh lich va nho gon ma chung ta van con sir dung
cho dén ngay nay. Tuy nhién, biéu tuong dai sé duoc xem 1a phat trién manh mé nhét vao
giai doan mdy in ra doi va kinh té dang phat trién. Cing véi sy phat trién manh mé do, hé
thong chir s6 Hindu-A Rap di tao tién dé cho sy phét trién nhanh chong cua dai sé biéu
tuong trong khoang thoi gian tir nam 1200 dén 1300 (Baumgart, 1969).
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Pai s biéu tugng la giai doan ma cac ki hi¢u dai s6 dugc biéu thi hoan toan béng
nhiing biéu tuong dai sé va duy tri dén ngay nay, va goi tat 1a dai s6 biéu twong hay dai sd
mang tinh biéu tugng khi xét vé cac giai doan phat trién ctia hé thong biéu twong dai s6. Dai
s6 biéu twgng bat dau phat trién vao khoang nam 1500, nhung khong thay thé hoan toan dai
s6 tu tir va dai sb rat gon cho dén thé ki XVII (Eves, 1983). Dai s6 biéu tugng ban dau st
dung vai biéu tuong; theo thoi gian, cac biéu tugng tré nén dé su dung hon va dugc chuin
hoa hon. Bang 3 cho thdy mt cai nhin so lugc vé su phét trién do.

Bdng 3. M4t sé vi du vé cac phat biéu mang tinh biéu tirong cii hon
cung voi cac phién ban hién dai cua ching (Baumgart, 1969)

Nhirng nha

i Biéu twong cii hon Dai s6 hién dai
toan hoc
Cardano (1545) Cubus p 6 rebus aequalis 20 x3+6x =20
Bombelli (1572) {i}'p%EguaIe 320 X6 + 8x3 =20
Viete (1591) 1QC-15QQ +85C-225Q + 274 x® — 15x* + 85x3 — 225x2 + 274x
N aequatur 120 =120
Harriot (1631) aaa — 3bba===+2.ccc x3 —3b%x = 2¢3
Descartes 3 3 2 _
(1637) x°> —6xx+ 13x—10>00 x> —6x*+13x—10=0
Wallis (1693) x*+bx3+cxx+dx+e=0 x*+bx}+cx?+dx+e=0

Dau bang ciia Robert Recorde (1510-1558)

Trong dai sb tu tir, mot sb tir duogc sir dung cho su br?mg nhau bao gém aequales,
aequantur (ddi khi duoc viét tat 1a aeq), esgale, faciunt, ghelijck va gleich (Cajori, 1993).
Déu bang 1an dau tién dugc nha toan hoc ngudi Anh, Robert Recorde (1510-1558), str dung
trong cudn sach dai s6 The Whetstone of Witte ciia minh vao nam 1557, va duge ki hiéu 1a
“==" (Baumgart, 1969). Déu “="duoc chép nhan rong rai khi Leibniz (1646-1716) st dung
n6 trong ki hiéu vi tich phan cia minh vao cudi thé ki XVII (Cajori, 1993).

Dau céng va dau triv

Gidy c6i Rhind (1650 TCN) chira mot trong nhitng biéu tugng sdm nhat cho phép cong
va phép trir; mot doi chan di vé phia trude biéu thi phép cong va mot doi chan bude di xa
cho phép trir (Eves, 1983). Céac ban thao bang tiéng Dirc vao cubi nhitng nim 1400 cho thy
lan dau tién str dung cac ki hiéu hién dai cho phép cong va trir. Dau “+” duogc cho 1a bét
ngudn tir et, trong tiéng La tin c6 nghia va. Khong c6 16i giai thich vé su lya chon déu “~”
cho phép trir. Johann Widman (1460-1498) 1an dau tién str dung dau “+” va “—” in nam 1489
(Eves, 1983) trong c4c bai toan d vé viéc mua qua sung, hat tiéu va xa phong (Cajori, 1993).

Ddu nhdn va ddu chia

William Oughtred (1574-1660) 1a nguoi dau tién st dung chit thap “X” ctia Thanh
Andrew dé chi phép nhan trong tac pham Clavis mathematicae nam 1631 ciia 6ng (Boyer,
1991), mic du chit X trude d6 da duge str dung cho cac ¥ nghia khac nhau, bao gdm ca phép

1726



Tap chi Khoa hoc Trwong DPHSP TPHCM Tdp 20, Sé 10 (2023): 1718-1731

cong, ti 16 va phép chia phan sd (Cajori, 1993). Leibniz da dé xuit dau "" cho phép nhan
thay cho x (Eves, 1983).
Trong thoi Ki @6, ki hiéu cho phép chia

13

+” 1an dau tién duoc Johann Heinrich Rahn
(1622-1676) sir dung trén ban in. Viéc sir dung ki hidu d6 lan rong sau khi tac phdm ctia ong
dugc dich sang tiéng Anh vai nam sau d6. Cac ki hiéu trudc day cho phép chia bao gdm chit
D va d4u hai chdm, ciing nhu viét s6 chia bén dudi sb bi chia (giéng nhu phan sb) co hoic
khong c6 thanh ngang ngén cach chung (Cajori, 1993).

Bién so va lily thira

Trong tac pham In artem ndi tiéng nhat ciia minh, Viéte da sir dung cac nguyén am
cho céc an s6 va phu 4m cho cac dai luong da biét (Eves, 1983). Ong ki hiéu cac lity thira a,
a?, a’la A, A quadratum, A cubum. Thomas Harriot (1560-1621) sau d6 da don gian hoa cac
ki hiéu lity thira nay 14 a, aa, aaa (Cajori, 1993). Descartes dugc cong nhan 1a ngudi dau tién
sir dung céc chir cai ddu tién cta bang chit cai cho cac dai luong da biét va cac chit cai cudi
cung cho cac dai lugng chua biét (Gullberg, 1997). Trong cudn sach La Géométrie nim 1637
cia minh, Descartes dd gi6i thiéu cach sir dung sé mii hién tai ciia chung ta (a°, a%...)
(Eves, 1983).

Dau cdn

DiucinV duoc nha toan hoc nguoi Buc, Christoff Rudlff (1500-1545), gidi thi¢u
trong cudn dai sb Die Coss ciia 6ng vao nam 1525. C6 gia thuyét cho rang ki hiéu V' duge
14y tir chit r trong tir radix, c6 nghia 13 géc (Eves, 1983). Tuy nhién, mot s nha str hoc cho
rang ddu cin c6 ngudn gde tir viée sir dung cac dau cham trong cac ban viét tay tir cudi nhitng
nam 1400: Mot ddu chdm co nghia 1a can bac hai va hai d4u chdm co nghia 1a can bac hai
cua can bac hai (Cajori, 1993).

Cac ki hiéu khac

Leibniz 1an dau tién sir dung ki hiéu | cho tich phan trong tic phdm Analyseos
tetragonisticae pars secunda xudt ban nam 1675. [ 1a kéo dai cua chir cai diu tién cua tir
Latinh summa (tong) (Eves, 1983). Leibniz ciing gi6i thiéu ki hiéu “~” cho phép tuong tir
va “=~” cho dong du (Cajori, 1993).

Nam 1657, John Wallis (1616-1703) gidi thi€u biéu tugng “c0” cho vo cuc trong cudn
Mathesis Universalis vé dai s6, s6 hoc va hinh hoc (Britanica). C6 gia thuyét cho rang ki
hiéu nay xuét phat tir mot biéu tuong La Ma cho 1000 (Cajori, 1993).

Leonhard Euler (1707-1783), duoc biét dén 1a da gidi thiéu nhidu ki hiéu toan hoc
dugc st dung ngay nay hon bat ki nha toan hoc nao khac. Euler lan dau tién sir dung ki hiéu
f(x) cho ham s6 vao nim 1734 trong cudn Commentarii Academiae Scientiarum
Petropolitanae. Ong gidi thiéu chir e 1am co s6 cho logarit tw nhién trong mot birc thu giri
cho Christian Goldbach vao ngay 25 Thang 11 nam 1731. Ki hiéu e dugc chon tur
exponentialis (s6 mii). Phan 16n nghién ctru ciia 6ng sir dung e xuét hién trong cudn sach dau
tién ctia chuyén luén hai tap rat c6 anh hudng ctia ong Introductio in Analysin Infinitorum
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(Gidi thiéu vé Giai tich V6 han) duogc viét vao nim 1745 va xuit ban nim 1748. Vao nim
1755, Euler da gidi thiu tr “sigma” viét hoa trong tiéng Hi Lap, Z, dé biéu thi mot téng. Ki
hiéu i cho don vi a0 dugc Euler dua ra vao nam 1777 (Eves, 1983).

Nhu vay, viéc phat minh ra may in, sy truyén ba dao Hoi, su giao thuong manh mé
giita cac chau luc A - Bic Phi - chau Au, dai s6 héa hinh hoc, su phd bién cac két qua nghién
ctru thién van hoc va giai phuong trinh béc cao, sy phat trién kinh té manh mé cho phép cac
hoc gia du hanh truyén ba toan hoc 1a nguyén nhan thuc day sy hinh thanh va phat trién cua
hé théng biéu tuong dai sb hién dai. Vi thé, dic trung tri thire ludn cua h¢ théng biéu tuong
trong giai doan nay la sy tinh gon va thanh lich cua hé théng Hindu-A Rap, bang chir cai
Latinh, truyén ba ton gido, hé théng biéu tuong La M3, hé théng biéu tuong Hi Lap.

3.5. Cdc quan niém dnh hwéng lén qud trinh hinh thanh va phdt trién hé thong biéu
twong dai so

Tir két qua phan tich cho thdy mot s6 quan niém d anh huong 1én qua trinh hinh thanh
va phét trién hé théng biéu twong dai s6 nhu sau:

Quan ni¢m hinh hoc: 14 quan ni€ém anh hudéng manh mé qua cac giai doan vi hinh hoc
dugc chon 1am co so giai thich cho cac ménh dé toan hoc trong sudt qua trinh hinh thanh va
phat trién cua dai s6 tir thoi c¢6 dai dén thé ki XVII.

Quan niém s hoc: |a mot trong nhitng quan niém anh hudng 16n dén qué trinh hinh
thanh hé thdng biéu tuong dai sd, thong qua su khong chip nhan nghiém am cua phuong
trinh cua cic nha dai sé Babylon va Ai Cap, va anh hudng cta tic pham Arithmetica cua
Diophantus.

Quan niém truyén ba toan hoc: su truyén ba todn hoc gilta cac vung mién, chau luc doi
hoi su tinh gon trong cach trinh bay céc van ban toan hoc da gop phan thic day sy phat trién
ctia hé théng biéu tuong dai sd.

4. Kétluan

Bai viét tom tit ngan gon vé lich sir hinh thanh va phat trién ciia hé thong biéu twong
dai s6 duoc str dung phd bién nhat cho thay rang cac nha toan hoc ciia nhan loai ¢a mat 3000
nam dé phat trién hé théng biéu tuong dai sé nho gon va hiéu qua.

Su phat trién cta hé théng biéu tuong dai s6 tao diéu kién thuc déy su hinh thanh va
phat trién cac khai niém méi ciia dai s6 noi riéng va toan hoc néi chung. Hé thong biéu tuong
tinh gon gitp con nguoi tri gidc mot cach nhanh chong va chinh xac ndi ham, déi khi phtrc
tap va phong phu, cia céc khai niém dai s6. Pic biét, hé théng biéu tuong tinh gon cho phép
uﬁntuqnghéanﬁnsékhﬁmﬂ@nto@nhocGcépdécaohon

Ngudn gbe ctia mot s6 biéu tugng phd quét cung cap nhimng cai nhin tha vi vé toan hoc
v6n 1a mot nd lyc dang phat trién ciia con ngudi, chir khong phai 1a cach trinh bay c6 dong
va triru tuong cao trong hau hét cac sach gido khoa (Stallings, 2000).
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%  Tuyén bé vé quyén loi: TAc gid xac nhan hoan toan khéng cé xung dét vé quyén loi.
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ABSTRACT

This article presents a historical-epistemological analysis to clarify the formation and
development of the algebraic symbolic system and identify viewpoints affecting the development and
epistemological characteristics of the algebraic symbolic system. The analysis results show that the
system developed in three intertwined stages: rhetorical or prose algebra, syncopated algebra, and
symbolic algebra. In addition, three viewpoints greatly influenced the formation and development of
the algebraic symbol system: geometry, arithmetic, and spreading mathematics. The results
contribute to an epistemological analysis of the history of mathematics and serve as a basis for
research on students' obstacles when accessing the algebraic symbol system.
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