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ABSTRACT
In this paper, we consider Calderon-Zygmund commutators [b,T] of type 6 (see Definitions

1.3,1.4,and 1.5 in Section 1) on generalized Morrey-Lorentz spaces M (R“) (see Definition 1.1).

In this setting, we first establish the pointwise estimates for the Hardy-Littlewood maximal operator
and the sharp maximal operator acting on Calderon-Zygmund operators of the type # and Calderén-
Zygmund commutators of type € (see Lemma 2.4, Lemma 2.5 in Section 2) by using Kolmogorov’s
inequality, Holder’s inequality, the conditions of standard kernels in the definition of Calderon-
Zygmund operators of type #, and the well-known consequence of John-Nirenberg inequality.
Thanks to these significant pointwise estimates, we then prove that Calderdn-Zygmund operators of

type ¢ are bounded on generalized Morrey-Lorentz spaces Mg"(R“) (see Theorem 2.1) by
modifying the ideas and techniques related to maximal operators proposed by Thai et al. (20223,
2022b), Carro et al. (2021), and Liu et al. (2002). Futhermore, we deduce that commutators [b,T]
of type @ are also bounded on these spaces due to the pointwise estimate for the sharp maximal
operator acting on commutators [b,T] of type @ and the boundedness of T in M) (]R”).

Keywords: Calderén-Zygmund commutator of type &; generalized Morrey-Lorentz space;
maximal operator

1.  Introduction

Calderon-Zygmund operators, which were first introduced by Coifman et al. (1978),
have played an important role in modern harmonic analysis. Since then, there have been a
number of studies about the boundedness of Calderon-Zygmund operators and their
commutators. Grafakos (2009) indicated that Calderén-Zygmund operators are bounded on

LP for 1< p <o and from L' to L. Carro et al. (2021) found sufficient conditions for a
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pair of weights u and w such that the Calderén-Zygmund operator T and its commutator
[0,T], with be BMO, is bounded on weighted Lorentz spaces A](w), for 1< p<w.
Recently, Dao et al. (2021) showed the Lorentz boundedness of Calderén-Zygmund operator
T and its commutator [b,T] on spaces of homogeneous type.

In this paper, we consider generalized Morrey-Lorentz spaces in R" with Lebesgue
measure. We assume that pe(Loo), re[loeo) and the function ¢(t):(0;00)—> (0;00)
satisfies the following conditions:

1) @(t)is nonincreasing,
ii) |B,|¢” (t)is nondecreasing, for any ball B, = X, (1.1)
iii) @(2t) < Do(t), Vt >0,
for some constant 0 < D <1.
Now, we define the generalized Morrey — Lorentz space as follows:

Definition 1.1. A real-value function f on R" is said to belong to the generalized Morrey-

Lorentz space MS'V(R“) if the following norm is finite:
” f ||Lp‘r(B(x,t))
B(xt) " o)

where the supremum is taken over all the balls B(X,t) in R", and ||f||Lp,,(B(X’t)) denotes the

[ £y, = sup (1.2)

B(x,t)

Lorentz norm of f on B(x,t) (see Dao et al., 2021, Definition 2.5).
Definition 1.2. A function b e L, (R") is said to belong to the space BMO(R") if

1
L— sgpE [ Ib()—bgdx < oo,
where

1
b, :ﬁ ij(x)dx,

and the supremum is taken over all balls Bc R".
On the other hand, Yabuta (1985) first introduced Calderén-Zygmund operators T of
type @ and obtained the boundedness of T on Lebesgue spaces. After that, Liu et al. (2002)

show that if b e BMO(R”) and T is a Calderén-Zygmund operator of type 6 then [b,T] is
bounded from Hl(R“) to weak Ll(]R“). More recently, Thai et al. (2022) proved the

boundedness of Calderén-Zygmund operators and commutators of type & on the generalized
weighted Lorentz spaces A/ (w). Inspired by the above works, we aim to study the
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boundedness of Calderén-Zygmund operators and commutators on the generalized Morrey-
Lorentz space M?" (R").
The definition of the Calderén-Zygmund operator T of type # and its commutator is

presented below:
Definition 1.3. (Yabuta, 1985) Let ¢ be a nonnegative, nondecreasing function on (0, o)

with
Loyt dt <oo. (13)
A continuous function K(x,y) on R"xR"\{(x,x):xeR"} is said to be a standard kernel

of type @ if it satisfies the following conditions.
(i) (Size condition)

|K(x, y) < . (1.4)
| x=y|
(if) (Regularity condition)
| KX, y) = KX, V) [+ Ky, X) = K(Y, %) IKC [ % =y [ 6’(:;(/0_—_):(”, (1.5)

for every X,X,,y with 2| X=X, |<|y—X,|.

Definition 1.4. (Yabuta, 1985) Let 8 be a function as in Definition 1.3. A linear operator T
from S(R") to S'(R") is said to be a Calderén-Zygmund operator of type 4 if it satisfies
the following conditions.

(i) T is bounded on L?(R"), which means

[Tf]. <C|f]., foreveryfeCy(R"). (1.6)
(ii) There exists a standard kernel K of type @ such that for every function f € C;(R") and
X & supp(f)

TEO) = [ KO y) F(y)dy. (1.7)

Definition 1.5. Let T be a Calderdn-Zygmund operator of type 8 and b Ll,OC(R”). Then

the commutator [b,T] is defined by

[b.T]f(x):=b()T () (x)=T (bf )(x)
for suitable functions f .

The structure of this paper is as follows. We establish pointwise estimates for sharp
maximal operators and key lemmas in Section 2. Then, we prove the boundedness of the

Calderén-Zygmund operator of type 6 and its commutator on M " (R“).
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As usual, for any q e [1,00), we denote by g' the conjugate exponent of (, that is,

l+i_1 We also denote a constant by C, which only depends on p,q,r,n,¢ and may

q 9’
change at different lines. In addition, we write A < B if there exists a constant C >0 such

that A<CB. Finally, we write A~ B if A<B and B < A.

2. Main results
2.1. Pointwise estimates for sharp maximal operators
For >0, let M, be the modified Hardy-L.ittlewood maximal function

M f () =M( f[1)"(x) =(sugﬁ15| f(y)F dyj ,

and let M; be the modified sharp maximal function

1q
# _ H 1 q q
qu(x)—srggncgﬂg[ﬁjshf(yn ~lcldy |

where B = B(x,r) isaball in R".
We briefly write M* for M.
Remark 2.1. It is clear to see that

M7 (F)(x) ~ sup(lBlj RICOLERi Mdy} : (2.1)

Lemma 2.1. (The Kolmogorov's inequality) (Lu et al., 2007, Theorem 1.3.3) Suppose that
T is asublinear operator from L?(R"), 1< p <o, to the space of measurable functions on
R".

(i) If T isof weak type (p, p), thenforall 0<r < p and all sets E with finite measure,
there exists a constant C >0 such that

—j ITE) [ dx<C———| . (2.2)

|E r/p
(i) If thereexist r e(O, p) and a constant C >0 such that (2.2) holds for all sets E with
finite measure and f e L"(R"), then T is of weak type (p, p).
Lemma 2.2. Let pe(L o), ref[lo), and let o(t) satisfy (1.1). Then, forany 0<q< p
there is a positive constant C =C(p,q,r) such that
M4 (F)

<C|f

r pr "
M) Mg

Proof. Let B, = B(x,t) be any ball in R". Then we write
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f=1fl + le!C =f+f,.
so, M, (f)(x)<M,(f)(x)+M,(f,)(x). First, we estimate M_(f,). Since M, maps
L""(R") — L™ (R") (see Dao et al., 2021), then we get

1 1
5 M o S 1tk = g1l 1
which yields
[Ma ()], <[l 2.3)

Next, since f,=0 on B,, then we observe that forany z€B,,,

M, (f,)(z)< sup ( |j| y) [ du(y qu.

7eB;,5>t/8

Then, it follows from Holder’s inequality in Lorentz spaces and the monotonicity of ¢ that

My (£)(2) S sup (B[ |l B} = sup (B[ [f(, |

€B;,0>t/8 zeBs,6>t/8

< s {go(a)nan;r}s«)<t/8>llfllw~

2eBy,5>t/8

Therefore, we deduce that

M (£, NIBuelwt/fﬂ [l
which implies
HM Mp N| Mo (2.4)

By combining (2.3) and (2.4), we complete the proof of Lemma 2.2.
In the sequel, we use the following lemma.
Lemma 2.3. (Tran, 2014, Lemma 3.3) Given balls B, =B(x,,r,), B, =B(X,,r,), whose

intersection is not empty and %rz <r, £2r,. Then for each function b e BMO(R” ) we have

‘bBl - sz ‘ <2C ||b||BMO '

To establish the main results of this stuy, we need to prove the following pointwise estimates
for the modified sharp maximal operator, following Thai et al (2022a, 2022b) and Liu et al.
(2002).

Lemma 2.4. Let T be a Calderon-Zygmund operator of type @ and 1<q< p. Then, there
exists a constant C > 0 such that

M (TF)(%,) < CM, f (x,),

o7



HCMUE Journal of Science Le Trung Nghia et al.

forany f eM?"(R") and x, e R".
Proof. For any ball B=B(x,r) and any feM?" (R“), we write f =f +f,, with
f,="fy,p and f,= flR”\ZB' Then it is sufficient to prove that there exists a positive

constant C such that
1
[ﬁum |—(Tf2)B‘dxj§Cqu(xo).

Indeed, we have

IBII I7f |- |\dx_—j Tf —(Tf, \dx _HTf +(Tf, = (Tf,) 5 )| dx

1
TE Lo [T =(TF), | ox.
Set |1:|—|;|IB|Tfl|dx and 1, = j T, —(TF,), | dx.

Since Yabuta (1985) showed that T is of strong type (q,q) on LY(R"), so T is of weak

type (q,q) on L'(R"). Therefore, based on the Kolmogorov’s inequality, we get

1N|B|j I o |Bl|1/q (MR

which implies

1 1q 1 »
I, ,S—l B (LBI fQ(x)Idx) §|ZB|1,q (LBI fq(x)|dx) <M, (%),

For 1,, we use the conditions of standard kernels in the definition of Calderon-Zygmund

operators of type 6 to obtain

l, = IBII | T, — (Tf,), | dx

<pplallek y)f(y)dy—ﬁjj K (z,y) f,(y)dydz|dx

\& BiijRnKu,y)fz(y)dydz—lB|jj K (2, y) ,(y)dydz|dx

\ﬁ@ oS D (K%, y) - K (2, ) dydz]dx
lBHBlHjRnH(y)HK(x y)—K(z,y)|dydzdx.

Take z, xeB and y¢2B. Clearly, 2| x—X,|<|y—X,| and 2|z—X,|<|y—X,|. Then it
follows from the regularity condition of the standard kernel of type @ that
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[l L OVIK ) =K O [y = [ 1 FOI[K X, y) =K (x5, )|y

: 0(x=% 111y ~%)
S AL L

%9( J)|21+18|J.21+1 | (y)ldy

0

-] 1 fa
20 ) g (g W)ldy)"

=1

A

00

<S0ETIM T () <M, f (xo)j:@dt <M, f(%).

=1

By an argument analogous to | K(z, y) —K(X,,y)|, we also obtain

[T T K2 Y) = K%, y)| S MF, (%) dy.
This leads to

Izsﬁﬁjjjwlf(ynm(x y)—K(z,y)|dydzdx

SﬁﬁIIIRnl () [ (KX, y) = K(X,, Y) | +] K(z, y) = K(X,, y) |)dydzdx

Mf dzdx < M, f
|B||B|H A (%) dzdx S M f (x)).
Therefore, we deduce that

1
(ﬁ IR UAS |dx|j,s L+, SMF(x),

which completes the proof.
Lemma 2.5. Let be BMO(R") and T be a Calderén-Zygmund operator of type 6 with

_|'016(t)t’1 |logt|dt <. Then, for any 1< q < p, there exists a positive constant C such that
M ([, TJ(F)) (%) = €l (M o(T (£))06)+ My ().

forany f eM?"(R") and x, eR".

Proof. It is sufficient to prove that for any 1< q < p, any ball B =B(x,,r), f eM}" (R”)

and for some constant ¢, there exists C = Cq >0 such that

[ﬁj”[b,ﬂ f (y)|—|c”dyj<C||b||BMo (M (T (1)) (%) + M, (%))-

Wewrite f = f +f,, with f, = fy,; and f, = f;(]R . Then, it is clear to verify that

M2
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[b,T]f :(b_bzs)Tf _T((b_bzs)fl)_T((b_bzs)fz)-
Now, if we take c=—(T((b—b,;)f,)); then

|B|ﬂ|[bT]f(y)| [T ((0=by6) T,))s |\dy<—j|[bT]f(y)+(r«b b,6) f,))s|dy

1

| B ((b(y) by ) TF (y)-T ((b_bzs) fl)(y)—T ((b_bzs) fz)(y)+(T ((b_bzs) fz))B)dy
SE GRS (y)\dyﬁ JIT(6-bi) £)(v)

+ﬁﬂT ((b-ye) £)(¥)~(T ((b-bis) 1.)), .

Set I, :ﬁ,ﬂ(b(y)_bzs )HTf (y)‘dy, I, :é”T ((b_bzs) fl)(y)‘dy and

1, :ﬁﬂT ((b=bye) £,)(y)~(T ((0=bys) fz))B‘dy.

For 1,, applying Holder’s inequality with exponents qand q' gives

1/q

1q' 1 .
O T NI

For 1I,, let VE(l,C]). Since T is of weak type (v,v), so based on the Kolmogorov’s

inequality, we get

! gﬁmb_%) f(y)

<[ oo

For 1,, observe that

, :%H;‘T ((b=be) ) (¥)=(T((bbse) 1.)), |y

Uv

1/v
) e W (00 (y)‘v"yj

*de (|ZB| .H J ’S”b”BMO Mq(f)(XO)'

5W.£I I K (y,w)—K(z,w)[|(b(w)~b,g ) f (w)|dwdzdy

- o(ly-z|/|x, -
< qrs A oy
B B 0
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j=1 2]1
S _OO 8(2_1) 2]-:+—LlB J. ‘b(w)_bsz f W)‘dW+
=l 2ilpg

>0(2)
j=1
Let I, = ie(
j=1

ZT]-B‘ jj[ ‘bZJﬂB _bZBH f (W)‘dW

w)‘ dw and

I3b= 2”1 ‘ _[ ‘bz, ZBHf(w)‘dw.

For 1,,, applying Holder’s inequality with exponents qand q' yields
Ug' lq
5;9( 2“13\ j lb(w) b, | ] [2“15\ j |£9( )\dw}

< bllo M (1)000) [ 22t < ] M (1))

For I, in view of Lemma 2.3 for each pair of balls 2“'B and 2“B with k=1,2,..., ]

together with Holder’s inequality with exponents q and q', we derive

|3b 5 2;9( ” ”BMO
i=

2]+1B‘ J‘ ‘ ‘dW

1/q
2ip J

o(t
S 1Bl M (1)) [ 2 logt]t < ol M, ()().
Therefore, 1, < b0 Mq ( )(XO).
Finally, we deduce from the above estimates that
1
(Eﬂ|[b,T]f(y)|—|c”dyj S+ +1, §||b||BMO(M (T(F)) (X)) + M, f (xo)).
B

2.2. Main Results
The following section proves the following main results of this study:

Theorem 2.1. Let pe(l o), re[l o), and let ¢ satisfy (1.1). Let T be a Calderdn-

21+1

<3o(2)il ||BMO[

Zygmund operator of type 6. Then, T maps M>"(R") - M " (R") . Moreover, we have
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[T S e
forany feM"(R").
Proof. Forany f e M?"(R"), we take some (e (1, p). Then in light of Lemma 2.2, it is

clear to see that
M, (F)

s L v
In addition, it follows from Lemma 2.4 that
HM (Tf)

Therefore, we deduce that
e NHM (Tf)

Mp NHM f

which completes the proof of Theorem 2.1.
Theorem 2.2. Let pe(lo), re[lo), and let ¢ satisfy (1.1). Let T be a Calderdn-

Zygmund operator of type 6 with J'(Jle(t)t’l|logt|dt <. Ifbe BMO(R") then [b,T] maps

MP>"(R") = M)"(R") . Moreover, we have

[o.T1(5)

MR~ ||b||BMO ” ”MP !
forany feM"(R").
Proof. For any f e M?" (R”), we take some ¢ € (1, p). Then in view of Lemmas 2.2, 2.5

and Theorem 2.1, we deduce that
.7 ) <M ( [0.TI()),,. Sl Jenso [M o(T (F))+ M, (1)

bl (Mo (O, M (P

S bl (17 () 0¥ g ) S o]

3. Conclusion
By employing the ideas and techniques of Liu et al. (2001) and Thai et al. (2022a,
2022b), we obtain the boundedness of Calderén-Zygmund operators T of type 6 and its

commutators on the generalized Morrey — Lorentz space M7 (R”) (Theorems 2.1 and 2.2).

p,r
M(/’
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Result 1. Let pe(L), re[lo), and let ¢(t) satisfy (1.1). Let T be a ¢ type Calderon-
Let pe(Loo), re[l o), and let ¢ satisfy (1.1). Let T be a Calderdn-Zygmund operator
of type 6. Then, T maps M?"(R") - M?"(R") . Moreover, we have

(D <l
forany feM!"(R").
Result 2. Let pe(L), refl,), and let ¢ satisfy (1.1). Let T be a Calderén-Zygmund
operator of type @ with jolé?(t)t‘l|logt|dt <w. If be BMO(R”) then [b,T] maps
M>"(R") - MP"(R") . Moreover, we have

73 5l -

forany f e MP" (R“).
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HOAN TU CALDERON-ZYGMUND LOAI THETA
TREN KHONG GIAN MORREY-LORENTZ TONG QUAT
Lé Trung Nghia, Phan Thanh Phdt, Lé Minh Thirc, Dw Kim Thanh, Tran Tri Diing®
Truong Pai hoc Sur pham Thanh phé Ho Chi Minh, Viét Nam
*Tdc gid lién hé: Tran Tri Diing— Email: dungtt@hcmue.edu.vn
Ngay nhdn bai: 09-10-2023; ngay nhdn bai sira: 03-11-2023; ngay duyét dang: 06-11-2023

TOM TAT

Trong bai b&o nay, ching toi xét hoan tir Calderén-Zygmund loai 6 (xem Dinh nghia 1.3, 1.4
va 1.5 trong Phan 1) trong khéng gian Morrey — Lorentz tong quét M) (]R“) (xem Dinh nghia
1.1). Truéce tién chang tdi thiét |dp danh gid diém cho toan tir cuee dai Hardy-Littlewood va toan ti
cuc dai chdt tae dong 18n toan tir Calderén-Zygmund logi @ va hodn tir ciia né (xem Bé dé 2.4 va
2.5 trong Phdn 2) bang céch sir dung bdt ding thizc Kolmogorov, bt ding thire Holder, cdc diéu
kién cia nhan chuan trong dinh nghia cua toan tir Calderon-Zygmund logi 6 va hé qua néi tiéng
cua bat dang thirc John-Nirenberg. Sir dung cdc danh gia diém quan trong ndy, ching téi chimg
minh dwoc rang cac toan tir Calderén-Zygmund logi 6 bj chan trén khdng gian Morrey — Lorentz
tong quét M) (R“)(xem Pinh Ii 2.1) dua theo y neeng va ki thudt lién quan dén toan tir cuc dai
trong cdng trinh cia Thai et al. (2022), Carro et al. (2021) va Liu et al. (2002). Hon nita, két hop
ddnh gid diém cho todn tir cuee dai nhon tdc dong 18n hoan tir Calderén-Zygmund logi @ va tinh bi
chen cua toan ti Calder6n-Zygmund trén M?” (R“), chiing t0i ching minh dwoc hoan ti [b,T |

loai @ ciing bi chan trén khéng gian nay.
Tir khoa: hoan tir Calderén-Zygmund loai #; khdng gian Morrey — Lorentz tong quét; toan tir

cuc dai
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