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TOM TAT

Muc tiéu chinh ciia bai bdo nay la chitng minh su ton tai va duy nhdt ciia nghiém Renormalized
khong am cua phwong trinh Parabolic lién két voi todn tir phi tuyén, véi cac ham dir liéu thude L.
KT thudt duge sir dung trong qud trinh chimg minh I thiét Idp bai todn xdp xi bang cdch chdt cut
cdc ham dir liéu, su hoi tu ciia ham chat cut va cac danh gid dé cé6 duwoc nghiém Renormalized.

Tir khoa: ton tai; phuong trinh parabolic phi tuyén; nghiém renormalized; duy nhat

1.  Gieithiéu

Toan tir Fractional Laplace va toan tir phi dia phuong dugc nhidu nha toan hoc quan
tam trong nhitng ndm gan day. Toan tir ndy Xuat hién mot cach tu nhién trong nhiéu linh virc
khac nhau nhu ki thuat, co hoc dién ta, xir Ii anh, i thuyét tro choi, dong luc hoc quan thé,
hién twong chuyén pha, qué trinh ngau nhién Levy trong Ii thuyét x4c suat, c6 thé xem trong
(Applebaum, 2004; Caffarelli, 2012; Caffarelli & Silvestre, 2007; Caffarelli & Valdinoci,
2011; Metzler & Klafter, 2004). Toan tir phi dia phuong p - Laplace (-A);, da dugc nghién

ctru trong (Alibaud et al., 2010; Karlsen et al., 2011), hon nita truong hop phuong trinh dang
Parabolic da dugc nghién ciu trong (Leonori et al., 2015). Cac phuong trinh dao ham riéng
lien két vai loai toan tir noi trén véi dit liéu c6 tinh tron kém thu hat nhiéu nha toan hoc
nghién ctu, chang han nhu dit liéu thuoc L* (xem trong (Alibaud et al., 2010)) hozc dir liéu
12 d6 do Radon (xem trong (Petitta, 2016)). Do d6, viéc nghién cau vé su tén tai nghiém cho
phuong trinh dao ham riéng lién két vai cac toan tir ké trén la can thiét, quan trong. Muc tiéu
chinh caa bai béo nay 1a chang minh sy tdn tai va duy nhat nhiém Renormalized cia phuong
trinh Parabolic dang phi tuyén lién két véi toan tir phi dia phuong £, véi cac dit liéu c6 tinh
tron kém duoc gidi thi¢u sau day.

Gia str rang Q la mién bi chan trong R™ véi bién Lipschitz 6Q, T 1a hang s6 duong.
Trong bai bdo ndy, chiing t6i xét phuong trinh Parabolic dang phi tuyén nhu sau:
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u +Lu="f, (xt) e,
u(x,t) =0, (x,t) e Q° x(0,T), (1.1)
u(x,0) =u,(x), xeQ,
trong d6, Q. =Qx(0,T), QF 1a phan bu ciia Q trong R", 0<s<1< p< N, cac ham dir
liu f va u, la cac ham do dugc khong am thoa
fel'(Q;) vau, el (Q). (1.2)
Toan ta L£: X, (Q) = X (Q)" xac dinh boi
(Lw,v)= % W) =w(y)[”* w(x) —~w(y)TEv () —v(y)IK (x, y) dxdy

D(!
véi mdi w, ve XP(Q), trong d6 D, = (R xR )\ (Q° xQ%), XP(Q) duge gidi thiéu &
phan sau, nhan K :R" xR" — R thoa man cac diéu kién:
(K1) K la ham do duoc;
(K2) K 1a ham d6i xang, tac la K(x, y) = K(y,x), véi moi x,y e R";
(K3) Ton tai hang s A >1 sao cho A™ <K(x,y)[x—y|" " <A, véimoi x,y e R".

Dé thuan tién cho cac chirng minh va dinh nghia, tir day ta ki hiéu
dv =K(x,y)dxdy.

Ta dinh nghia khong gian 7;"P(€2;) 1a ho cac ham do duoc u:R" x(0,T] >R sao
cho T, (u)eL*(0,T; X;P(QQ)), véi moi k>0; & day T, 1a ham chat cut tai k>0 xac dinh

boi: véimdi z e R thi

T, (2) =min{k, max{z,—k}} :{Szlgn(z)'k t:: :ilit
Ham T, ¢ mot nguyén ham la ®, : R — R, xac dinh boi
@k(z)=ka(§)d§={22/2 khi |7 <k,
d (2k|z|-k?)/2 khi 7> k.

D& dang chimg minh dwoc ring 0< 0, (z) <k|z|, véi moi z e R. P& thuan tién, ta ki hiéu

U(x,y,€) =[u(x, &) -u(y, &) [u(x.&) -u(y,&)].
Dinh nghia 1.1. Ham u € 7,°°(Q,) " C([0,T], L'(2)) la nghiém Renormalized ciia phuong
trinh (1.1) néu cdc diéu kién sau ddy thoa
(i) lim m Ju(x,t)—~u(y, )" dvdt=0,

[y :u(x ) u(y )Ry }

véi R, ={(u,v)eR*:h+1<max{Ju|,|v[} v& (min{lul,|v[} <h hogc uv<O0)}.
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(i) V6i moi ¢ eCH(Q,) véi =0 trén Q°x(0,T), o(-,T)=0 trén Q, véi moi
S eW™*(R) thugc lép C* sao cho S’ cd gia compact va thoa

- j S(uo)go(x,O)dx—] j S(u) ¢, dxdlt

+ j [JUGY.DIE W) (x ) - (S Wg)(y. D] d vt = J J s pda. (13)

0 Dy
Sau déy la két qua chinh cua bai bao.
DPinh |i 1.2. Dudi gid thiét (1.2), phwong trinh (1.1) ¢é duy nhat nghiém Renormalized khdng am.
2. Kién thic chuan bi va cac két qua chinh
2.1. Khong gian ham Fractional Sobolev
Véi mdi p e[, ], ta dinh nghia khong gian Sobolev cap phan sb nhu sau:

WSP(RN){UeLp(RN) D;u(x,y) = M LP(RNXRN)}

| y|(N+sp)/p

la khéng gian Banach véi chuan la

oo ) _(J.|u(x)| dx + H |D u(x, y)| dxdyj .

RN xRN

Ju

Khong gian X**(Q) la I6p cac ham u e L°(Q2) ma D,u(x,y) € L°(D,) Vi chuan

N, {J.|u(x)| dx+”|D u(x, y)| dxdyJ :

D!l

Ju

Tiép theo, ta ki hieu X"(Q) la khong gian cac ham ue X*"(Q) va triét tiéu hau
khip noi trén Q°. Vi moi ue X3P (Q) thi u=0 hau khép noi trén Q°, taco

_U |D u(x, y)| dxdy = ” |D u(x, y)| dxdy+2j|u _[

RN xRN QxQ ot

dydx .

N+sp

X— y|
Két qua sau day c6 trong B6 dé 6.1 cua (Di Nezza et al., 2012), ta c6

j ;Nﬁpdy > C|Q|%,
Q¢ |X_ Y|
véi hang s6 C =C(N,s, p) . Mat khac, theo bat dang thirc Poincare ta c6
||u||fp(g) < CMD;u(x, y)|p dxdy .
7,
Do d6 ton tai hang s6 duong C =C(N,s, p,€2) sao cho véi moi u e X:°(Q) thi
mD;u(x, y)|p dxdy < |u is,p(g) < CmD;u(x, y)|p dxdy .
Dy Do

Do d6, ta c6 chuan tuong duong véi chun trén khong gian X (Q) la
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X3 @) (HID u(x,y)|’ dXdyJ [mu(x)_ uN(+>S/p)| " dy}

Tiép theo, ta giéi thiéu vé khong gian co bién thai gian L"(0,T;XP(€2)) la khong

o

gian gom tat ca cac ham sb u e L°(Q,) thoa Julle oxce oy DU DD Vi
LREY

u(x, t) u(y 1)
T [j flee0-utr dxdydtj

Khéng gian L°(0,T; xgvp(g)) cling véi chuén |- |

Up

PO X3P (@) la khéng gian Banach,

c6 khong gian di ngau 1a L” (0,T; XP(Q)"), voi p’ 1a s6 mil lién hop Holder caa p.
2.2. Swtén tgi nghiém yéu , ‘ "

Ta chtng minh sy ton tai nghiém yéu (1.1) véi dit liéu ban dau du tron. Bé don gian
cho cac chiang minh, ta ki higu E = L°(0,T; XSP(Q)) va E"=L" (0, T; X" (Q)).
Bé dé 2.1. Dudi gid thiét u, € L*(Q) va f e E*, phuwong trinh (1.1) ¢6 duy nhat nghiém yéu,
tirc 13, ue ENC([0,T]; L2(Q)) véi u, € E* va

] (U, dt+j (Lu,p)dt= ”fgpdxdt (2.1)
0

voi moi p e C7(Q;).
Ching minh. Ldy neN thoa n>T. Pat h=T/ne(0,1). Ta ki hiéu f, la trung binh

Steklov cua f xac dinh bai
t+h

fh(x,t)=%j f(x,&)dE hau khp noi (x,t) e Q, .
t

Véi mbi k € N, ta xét bai toan roi rac theo bién thoi gian sau

U, (x) - uk—l(x) = — €
— R LU (0 = (G (k=Dh), xeQ, (2.2)

u, (x) =0, xeQ°.
V6i k =1, xét phiém ham F:W - R, véi W = X3P (Q) N L*(Q), xac dinh bsi

F(u)=2—1hj(u—uo)zdx+2—1p”|u(x)—u(y)|pdv—<fh(-,0),u>, uew .

Theo Pinh | 1.5.6 trong (Badiale & Serra, 2011), vi phiém ham F lién tuc, cudng birc va
10i ngdt nén F t6n tai duy nhat diém cuc tiéu trén W, goi diém cuc tiéu d6 1a u, eW .

Vé&i mdi k > 2, thuc hién twong tu ta thu dugc u, eW 1a nghiém ctia phwong trinh
(2.2). Khi @6, véi moi ham thir ¢ eW , ta c0
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u, —u

J‘%(pdxﬂ'@uk,@dx:<fh(-,(k—1)h),go>. (2.3)
Q Q

Véi moi h=T /n, ta dinh nghia nghiém x4p xi nhu sau

Uy, (x), t=0,

u, (x,t) = uj.{x), (j:l)h<t£jh,

u,(x), (n-Hh<t<nh=T,

Vi mdi ke N va t e ((k-1)h,kh], trong (2.3) tacho ¢ =u, dan dén
X 17

j[uh(x,t)]zdxsc va E”ﬂuh(x,g)—uh(y,§)|"olvolgsc,

Q 0 Dq

véi C >0 doc lap voi h. Tir day thu duge danh gia |u,

oray HUnle <C - Khi do ton
tai ddy con cua {u,}, (van ki hiéu tuong tu) sao cho
U, hoi tu yéu-* vé& u trong L”(0,T;L%(Q)) va u, hoituyéu vé u trong E.
Tachontuyy ¢ eC;(Q;) la ham thir trong (2.3) ta thu duoc

_l'gj;uh(x’t) p(x,t+ hr: —p(xt) dxdt+l'g[<£uh,(p>dxdt = :[( f,p)dt, (2.4)

v6i h du nho. Trong (2.4), cho n— oo thi h— 0", dan dén

_T”U(Pt dth-l-]J.(,CU,(o}dxdt =]<f,gp>dt .
00 00 0

Tir dang thirc trén ta dugc u, € E* va (2.1) thoa. Ngoai ra, véi ue ENL*(0,T;L*(2)) nén
ta c6 thé két luan ue ENC([0,T];L*(Q)). Vay u la nghiém yéu cua phuong trinh (1.1).
Goi U va v 13 hai nghiém yéu ctia phuong trinh (1.1). Ki hiéu
V(X ¥, 8) =N E) vy, &) [V(%, &) - (Y, E)] véi (x,),(y,€) .
Khi d6 W=u—V 1a nghiém yéu ctia phuong trinh
W, + Lu—-Lv =0, (x,t) e Q;,
w(x,t) =0, (x,1) e Q° x(0,T),
w(x,0) =0, XeQ.
Chon w 1a ham thir cho phuong trinh trén va nhan 2 hai vé, ta duge

IO de [ [J1U 0y )=V (x y,£)

Q 0D,

<[(u(x, &) =u(y, &) = (v(x,&) —v(y, &) ]dvdé =0, hau khdp noi t e (0,T).
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Vi hai s6 hang ctia vé tréi 1a khdng am, nén ta c6 u=v hau khap noi trén Q. O
2.3. Swton tgi nghiém Renormalized
bat 0<f =T, (f)eL”(Q,;) va 0<u,, =T (u,) e L”(Q) . Suy ra (f,,u,,) > (f,u,)
manh trong L'(Q.)x L'(Q), | f””Ll(QT) <|f ”Ll(QT) va ||un||L1(Q) < ||u||L1(Q). Ta xét phwrong trinh
xap xi cta (1.1) nhu sau
u,),+Lu, =f, (x,t) e Q;,
u,(x,t)=0, (x,1) e Q° x(0,T), (2.5)
u, (x,0) = u,, (x), XeQ.
Theo B6 d 2.1, phuong trinh (2.5) c6 duy nhat nghiém yéu u,. Day {u,}, 1a ddy ting va
khong am (theo nguyén Ii so sanh). Ta ching minh {u } ¢6 mot ddy con hoi tu vé ham do

dugc u thich hop, ciing chinh 1a nghiém Renormalized cho phwong trinh (1.1). Dé thuan
tién cho cac chung minh, ta ki hiéu

U, (% ¥,€) = |u, (6 &) =, (1, 6)]" " [, (%,€) =u, (v, £)].
Bédé2.2. Tontai u e T, "(Q;) NC([0,T], L'(Q)) saocho u, hdi tu hdu khep noivé u trén Q. .
Chitng minh. Ldy m,neN va te (0,T], chon ¢ =T, (U, —U,) %0y theo (2.1), ta duoc

j<(un _um)t’Tl(un _um)>d7+j.<£un _Eum’Tl(un _um)>dT

]
= [J(f, = )T (U, —up) 26, Ot (2.6)
0Q

S6 hang tha hai cua (2.6) 1a khdng &m. That vay, ta cd

t t

J'{/jun —Lu,,T,(u,—u,))dzr = I(Lun,Tl(un —um)>dr—'t[<£um,Tl(un ~u,))dr

0 0

%f [[1U,06y.2)=U L 06y, )L T (U, — U, )(x,7) =T, (U, —u, )(y, 7)]d vz

0D,

Theo dinh Ii gia tri trung binh, ta c6

T, (U, =u, )(%,2) =T, (U, =u, ) (Y, 7) =T, (&)U, = U )% 7) = (U, = U, )(Y, )]
Cung véi T, >0, ta c6 s6 hang thi hai cia (2.6) 1a s6 khong am. Do d6

t T

J{u, =)o To(u, —ug))dr < [ [ (F, = £)To(U, =) 0, dXCt.
Khi d(’)0 ta co danh gia -

i@l(uOn ~Ug )X, 1) AX <[y = Ugi 1y [ o = Tl ) = Bom-

Tt dinh nghia cia ©, két hop cung danh gia trén, ta co
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J' (U, —u, ), B[ dx + I |(u, —u,)(x,1)|dx < 2I®l(u0n —Ug,)(X,t)dXx <23, ..

Jun—up|<13 {Jun—up 213
Do d6, vai moi t € (0,T] thi
Uy =U) Oy = | I —u)OB[dx+ [, —u, )(x, )]dx

{Jun—uy <13 {Jun—uy 213

1/2
1
< |Q|% j (U, —u ) dx | +2a,, < |Q|% (2a,,)2 +2a,,,.
{‘Un_um‘d-}

Vi (f,,uy,) = (f,u,) manhtrong L'(Q;)xL(Q) nén lim a,, =0, dod6 {u,}, 1a

day Cauchy trong C([0,TJ;L*(€2)) nén {u } hoi tu manh vé u trong C([0,T]; (), do
d6 tim duoc day con (van ki hiéu 1a {u,}, ) hoi tu hau khap noi vé U trén Q. . O
Bé dé 2.3. Véi méi k 1asé duwong, T, (U,) héi tu manh vé T, (u) trong E khi n — +oo.
Chizng minh. Lay k >0 tiy y. Nhéc lai vé bat dang thirc dai s6 sau

IT(@)-T.(B) <la-BI"? (a- BT (2)-T ()], «. BeR, p=1.
Chon T, (u.) 1a ham thir trong (2.5) ta dugc

T

j@k(un)(x,T)dx—j@)k(u(,n)(x)dx+]<.cun,Tk(un)>dt =[] £, T (u,) dxdt.

0Q
Tur tinh chat 0< @, (z) <k.| z|, 0< T/ <1 va bit dang thirc dai s6, ta c6

ITw)l <Af [T @) =T (u)(y, ) dvdt

0 D,

<A U, 06y DT ()06 D) =Ty (u,)(y, H]d v dt

0 Dy

<2kA

+ 2KA gy gy < 2KA s g+ 2KA Jug|

fn”Ll(QT) L(Q) L(Qr) NN
Vay day {T, (u.)}, bi chin trong E nén c6 diy con héi tu yéu vé T, (u) trong E.
Dé xur Ii dao ham theo thoi gian cia ham chat cut, ta diung phuong phap trong (Landes,

1981) bang cach sur dung day (T, (u)),, xap xi T, (u). Véi >0, ta dinh nghia
t
(T (u)), (6 t) = ¢ [ €T, (u(x, £)d .

D& thiy ring (T, (), €ENL*(Q;), [T, (u),(xt)|<k(@-e*)<k hiu khip noi
(x,t) e Q; va (T, (u)), kha vi hdu khip noi te (0,T) véi
[(Ty W), ] = alT, (u) - (T (), ].
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Thyec hién tinh toén, ta c6 duge (T, (u)), — T, (u) manh trong E. Theo tinh tru mt, ton tai
{0} < C; (Q) héi tu manh vé u, trong L'(Q). Pat 1,,;) =T, (u)), +e T, (o;) . Ham

1,.;(U) 1a mot xap xi tron cua T, (U), ¢6 cac tinh chét sau

(1, W), = 4T (W) -7, W], 7, X0 =T, (@)X, |, W<k,

1,.;(U) > T, (u) hoi tu manh trong E, khi z — .

C6 dinh s6 k>0. Véi h>k, ta chon ¢, =T, (U, =T, (u,) +T(u,) -7, ,(u)) 1a ham
thir trong (2.5) ta dugc

j<(u Joogn)dt+ mu (% ¥.Dle, () =, (v, t)]dvdt—ﬂ fog, dxct

o D,

Ki hiéu 8(n, u, j,h) 1a tit ca cac dai luong sao cho

I|m lim lim I|m a(n, u, j,h)=0.

Theo mot phan ctia bude 2 trong chimg minh Dinh Ii 1.1 cta (Zhang & Zhou, 2010) ta thu
dugc déanh gia

[ 17U 06 .07, (U, (. 0) =T, (U, (v, )] d vt

0D,

mu (%, Y, DT (U, 1) =T (u(y, )1 d vt + 6(n, o, j,h).

Khi d6 theo B6 de 3.6 trong (Abdellaoui et al., 2016) cuing vai tinh khong am, don di¢u tang
cua ddy {u,}, ta duoc

nmsupjjﬂT (U, (%) =T (u, (y, )| d vt <”j|T (U, (6 8) =T, (U, (v, )|  dvdt .

0 Dy 0D,
Mit khac, day {T, (U, )}, hoi tu yéu vé T, (u) trong E, do d6
T, (u.) > T, (u) manh trong E . (2.7
Bo dé 2.4. Ham u trong Bé dé 2.3 1a nghiém Renormalized duy nhat cia (1.1).
Chitng minh. Chtrng minh duogc chia thanh hai phan: su tn tai va su duy nhat.
a) Chirng minh sy {6n tai cia nghiém Renormalized.
Xét L, (z2)=z-T,(z) thi L] >0. Chon T,(L,(u.)) 1a ham thir trong (2.5), ta dugc

](( Uy), Tl (U, ))>dt+I Lu,, T, (Ly (u,)))dt = Hf T.(L, (u,) dxat

Ta c6 danh gia s6 hang tht nhét trong biéu thtc trén 1a

[ @ FmxT)dx= [ 0,y Fh)(dx< [{(u,), T(L u,)dt

{lun|>h} {lugn|>h} 0

Suy ra
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T

o'—,

(Lu,, T,(L, (u,)))d ]j f T,(L, (u,))dxdt

Q

- [ O, FH(xTdx+ [ ©,(u,, Fh)(x)dx

{lun|>h} {luga|>h}

g] [ [fldxdt+ | Jug,|dx.

0 {JuI>h} {lugnl>h}
Ap dung dinh Ii gié trj trung binh, cong thtrc dao ham hgp va T/>0, L, >0, taco

U, (6 Y, OIT(L, (u)) (6 1) =Ty (L W)Y D] = TG (ED)- L (E)-Ju, (6 t) —u (v, )
la khong &m. Tur sy hoi tu cua ddy {u_}. vé u trong C([0,T];L(Q)) thu duoc gisi han
lim|{(x,) € Q- :Ju,| > h}|= 0 hoi tu déu ddi voi mdi n.
Véimoi (U, (x,t),u (y,t)) € R, thi
U, (%, Y, DT, (L, W) 00 1) = Ty (L, (U )Y, 0] 2 u, (1) = u, (v, 1)

Str dung B6 dé Fatou, qua gii han cho N — o va sau d6 cho h — oo, ta c6 diéu kién (i)
cua nghiém Renormalized, tuc la

lim m u(x,t)—u(y,t)|" dvdt=0. (2.8)

h—oo
{0y ):(uxt)uly.t)eRy}

Lidy SeW"*(R) sao cho suppS’'c[-M,M], véi M >0 nao d6. Ta phan hoach

D,x(0,T)=D,uD,uD,UD,, trong d6:
={(x,y,t) e D, x(0,T):u (X, t) =M, u, (y,t) =M },

D, ={(x,y,t) e D, x(0,T):u,(x,t) <M, u,(y,t)<M},

D, ={(x,y,t)e D, x(0,T):u,(x,t)>M, u,(y,t)<M},

D, ={(x,y,t) e D, x(0,T):u, (Xx,t) <M, u, (y,t)>M }.

Vi mdi ¢ eC(Q;) sao cho ¢=0 trén Q°x(0,T), o(-,T)=0 trén Q, chon
S'(u,)e 1a ham thir trong (2.5) ta duge

j<(u ) S'(U,)e dt+j Lu,,S'(u,)e)d

ol—,—|

j f S'(u,)pdxdt,
Q
hay

[ [t + [0, 0000000 - p(y. 07 ZEAEDF TN g,

29 Dy 2

2 ”f“ (%, y,O[8'(U,)(x,0) - 5'(u,) (v, 0] 2% t)zco(y 0 4ot

073ﬂ
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| f S'(u,)pdxdt. (2.9)
i
n

0
Xét s6 hang dau tién cua vé trai trong (2.9), taco vi S lién tuc va bi chan, u_ hoi tu
hau khép noi trén Q. vé U, nén S(u.) hoi tu hau khip noi trén Q. vé S(u) va hoi tu yéu-

* trong L (Q,). Khido (S(u,)), hoituvé S(u,) trén D'(Q,) khi n— oo, tic 1a
T T
.”.S(un)(/)t dxdt —)J-J.S(u)(p[ dxdt, khi n — oo,
0Q 0Q
Do do,
T T
[[(s,),pdxdt > — [ (uy) (%, 0) dx +[ [ S(u)g, dxdt, khi n — oo,
0Q Q 0Q
Nho vao sur hoi tu cua ddy {f }. cho ta két qua qua gidi han caa vé phai (2.9):
T T
[[f.8'(u)pdxdt — [ [ f S'(u)pdxdt, khi n—co.
0Q 0Q
Véi sb hang thir hai cua (2.9), ta co dugc

K, :=} [[U, (% .0l 1) - o(y. ]

0D,

S'(u) (%) +S'W)(Y.1) g
2

N MU (v O[p(x,1) — oy, O] XD+ SMWY 4t ki 0= o0,

2
0 D,
Trén D, taco S'(u,)(X,t)=S"(u,)(y,t)=0 do suppS’' <[-M,M].
Trén D,, tacéd u,(x,t) =T, (u,)(X,t) va u (y,t) =T, (U, )(y.t). T (2.7) ta cd

[Ty (U, O 8)) =Ty (U (Y, )] [T (U, (6, 0)) =Ty (U, (y,1)]
|X —y (N+sp)/p’

N [T (WO ) =Ty Wy, )T, (U, ) =Ty (v, 1))]
|X— y|(N+Sp)/p’

Ngoai ra, ta lai ¢6 U, hoi tu hiu khap noi vé u trén Q. , do d6

manh trong L (D, x(0,T)).

¢(X’t)_¢(y’t) 'ZD (S Lp(DQ X(O!T))

|X— y(N+sp)/p
va
p(x,t) —p(y,t) S'(u,)(x,t)+S'(u,)(y,t)
|X— y|(N+Sp)/p 2 D,
p(X,t) —p(y,t) S'(u)(x,t)+S'(u)(y,t) 4 '
N |X— y|(N+Sp)/p ) 2 " Xu(x <M u(y,n=M} yeu trong L? (DQ x (O’T)) )
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Do d6 ta co

-2 y:00os)- o001 S S g g

ST Uy blex -yl WD SN

{u(x,t)sM,u(y,t)<m} 2

dvdt, khi n — 0.

Trén D, néu u_(x,t) <M +1 thi ta c6 thé thuc hién twong ty danh gi4 trén D,. Néu

u,(x,t)>M +1 thi max{u,(x,t), u (y,t)}>M +1 va min{u,(x,t), u, (y,t)} <M . Tu (2.8)
ta co

lim lim m lu, (x,t)—u, (y,t)|" " dvdt =0.

{(up (x,t),un (y,1)eRy }
Tur day ta co
lim lim (1] U (%, 0le00t) -y, )]~ U)X+ S WU g
M= nﬁoo{un(x,t)zM +Lu, (y,t)sM} 2

Trén D,, cac danh gia thyc hién tuong ty trén D,.
Do do, ta c6 danh gia nhu sau
lim lim C,

M —>w n—w

—tim [ UG yletan - oly, o) SOED SO0 4

o0

{u(x,t)<M,u(y,t)<M} 2

fim [ Uy Dlpk) -y, ol SO SWGD g g

M —w 2
{M<u(x,t)sM+Lu(y,t)<sM}

elim [ Uy - p(y.p) S ESDO 4 g

{u(x,t)<M ,M<u(y,t)<M +1} 2

= [[[U 0y - (0 SDXD+ SO g g

0D, 2

Véi sb hang thir ba cuaa (2.9), ta thuc hién twong tu, do d6 ta co

~[S(Ug)e(x,0)dx +h5(u)¢t dxdt

+2 [ U 0T - p(y, 01 SXESD g

0 Dy 2

%J JJUCy D[S @) =S u)(y.0]- (p(x’t);‘”(y’t) dydt

0D,

=h f S'(u)pdxdt,
0Q

hay
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- j S(u,)e(x,0) dx +] [S(u)g,

+2 ] [JU Gy DL @R D~ (S @)y, Dld v = [ ] £ 5/ w)pdxdt

0 Dy 00
Vay U la nghiém Renormalized ctia phuong trinh (1.1).
b) Chitng minh su duy nhdt ciia nghiém Renormalized.
Goi U, v la hai nghiém Renormalized ciia phuong trinh (1.1). Vi s6 duong o, dat

z khi |z|<o,
s, ()= (J+%)$%[z¢(a+l)]2 ki o<tz<o+l (2.10)
+(o+1/2) khi  *z>o0+1.
Ta thiy duoc ring
1 ki |z|<o,
S.(z2)=1(c+D)-]|z| khi o<|z|<o+],
0 khi |z|>o+1.

Dé dang kiém tra dugc S, eW*(R) va suppS’ c[-o—1,0+1]. Chon S=S_ trong (1.3)

thu duoc
T

{65, @) o)t +- [ [[UCy.D000 - 0y, ):

0 0 Dy

S, WY+ S, WM. 4, g
2

%f U .06 @ 0 -8, @y, 0)- 222D gy g :i [ 15 @pdxct,

0 Dy

va

S, +S, MY 44t
2

(5,00t + [ [V (x Y000 -0y,

0 D,

O ey —

LTIV 00y 068, 0000 -8, 00 0)- 2O 0D 6 6 5, (gt

0D, 00
Vi moi @ e CH(Q,) Voi =0 trén Q°x(0,T), o(-,T)=0 trén Q.
Cb dinh k >0, trong cac dang thic trén, chon @ =T,(S_(u) =S, (v)) va trir theo Vé,

ta duogcC

A+A,+ A=A, (2.11)
VGi

A = [{(S, () =S, (), T (S, (u) =S, (v))dt,
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S, (U)X, +SLU)(Y.1) SLW)(1) + S, (v)(y.1)
A, = HJ{U(xyt) > V(x,y.1) . }

X[T (S, (U) =S, (M)(X,) =T, (S, (u) =S, (V))(y, )] dvdt,

A = j [TV 0y, 1)-[8. (), 1) =S, (u)(y, ] =V (X, ¥, 1) -[SL(v)(%,1) = S, (v)(y, D]

0 Do

ODQ

| TelSa () =S, (DT, (S, @) =S, MY 4 e
: ,

A= [ [ £15,(0) - S, (T, (5, (0) S, () dxct.

Ta lan lugt danh gid A, A,, A, va A.Vi ©, >0 la nguyén ham ciia T, nén
A =[0,(s, ()-8, (v)dx >0,
Q

do u(x,0)=v(x,0)=u,(x) nén O, (S, (u)-S_(v))(x,0)=0.
Viét lai A, nhu sau

A, = j [0y, 0=V (% Y, HIT(S, (W) =S, )6 =T, (S, () = S, (V)(y, O] d vt

o Dy,

4] ﬂ(s 0D 5000 j U0

Dy

X[T (S5 (U) =S, (M) =T, (S, (U) =S, (V))(y, ] d vdt

J%”I[l_ S.(V)(x.t) ; SL(V)(y,t)j'V(K v.t)

X[T (S5 (U) =S, (M)(x,1) =T, (S, (u) =S, (V))(y, )] d vt
=A,+ AL+ A,
Véi o>k, taco
Aoy~ 1] TG0V 6 YD1 ~U(y,0) - (06D -y, )T vekt.
{|u|,|v|s§}
(2.12)
Vi S. (z) =1 khi o du 16n nén theo Dinh 1i hdi tu bi chin Lebesgue, ta ¢6 dugc |.A22| -0

va |A2’3|—>0 khi o — +o0. Hon nira

Al<c [[[ uet-u@yn " dvdt+C [ Voot -yt dwdt.

{luxt)ulyt)er,} {(vx V(Y t)eR,}
Vi U, V la hai nghiém Renormalized nén theo Pinh nghia 1.1, (i), ta c6 lim |.A3| =0.
o —>+m
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Ngoai ra, vi f[S.(u)-S.(v)] = 0 manh trong L"(Q) nén theo Pinh li hoi tu bi chan

Lebesgue, tacd lim |.A|=0.Cho o — +oo trong (2.11), cung vé6i dénh gié (2.12) ta dugc

O —>+0

[l Uy, 5=V (% y, 01T ) ~u(y, ) - (v(x,t) = v(y,t)ldvet = 0.

{julvi<k/2}
Diéu nay din dén 1a u(x,t)—u(y,t) =v(x,t) —v(y,t) hau khip noi (x,y,t) e {l ul,| vl g} :

Vi k tly y nén u(x,t)—u(y,t) =v(x,t)—v(y,t) hau khip noi (x,y,t)e R"xR" x(0,T).
Nhic lai vé bt dang thirc Poincaré (voi p =1) ta thu duoc

T T _ _ _
0< H|U(X,t)—v(x,t)|dxdt < C”J'|(u(x,'[) u(y,t)) El\igx,t) v(y.1))| dxclydt = 0.
0Q 0D, |X— |
Dan dén U =V hau khép noi trén Q. . Két thuc chitng minh. H

3. Kétluan va mé rong

Trong bai b4o nay, chung t6i da thu dugc Kkét qua vé sy ton tai va duy nhét nghiém
Renormalized cho phuong trinh Parabolic phi tuyén lién két v6i toan tir phi tuyén va phi dia
phuong £, 14 trudng hop tong quat hon ciia toan tir (-A);.

Tiép theo, ching toi nghién ciru vé su ton tai va duy nhat nghiém Entropy cho phuong
trinh (1.1), dong thoi tim mdi lién hé giita nghiém Renormalized d3 nghién ctru trong bai
bao nay va nghi¢m Entropy dugc ndi trén.

% Tuyén bé vé quyén loi: Tac gid xac nhan hoan toan khéng cé xung dét vé quyén loi.
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ABSTRACT

The primary objective of this paper is to establish the existence and uniqueness of a
nonnegative renormalized solution for a parabolic equation with a nonlinear operator, given
nonnegative L* data. The approach employed involves approximating the equation with truncated
data, demonstrating the convergence of the truncated functions, and deriving specific estimates to
obtain the renormalized solutions.
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