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TOM TAT
Bai todn gid tri riéng ld mét phan quan trong trong todn hoc, thuong xudt hién trong cdc
phirong trinh vi phdn va todn tir. N6 ¢6 ting dung réng rdi trong nhiéu linh viee nhuw khoa hoc mdy
tinh, ki thuat, vat li va nhiéu linh viee khdc. Bai toan gia tri riéng da duoc nhiéu tac gia nghién cuu
tir rét lau, cho dén nay bai todn van nhdn dwoc sw quan tam cua nhiéu nha toan hoc. Trong bai bdo
ndy, ching t6i nghién ciru vé sw ton tai ddy gid tri riéng khéng am, khong giam cho todn tir
p-Laplace va tinh dong cua tdp hop cdc gia tri riéng do. Hon nita, chung t6i thiét ldp tinh bi chan
va tinh lién tuc Holder cua ham riéng voi diéu kién bién Robin. Bdi todn dwoc nghién ciru voi ham
B xac dinh trén 0Q, khong lién tuc thoa man B e L”(Q) va I B(x)do >0.
o0
Tir khéa: bai toan gia tri riéng; p-Laplace; diéu kién bién Robin c6 trong
1. Gioi thiéu
Trong bai bao nay, ta nghién ctru vé gid tri riéng cua bai toan bién Robin
p-2
—Au=am(x)[u]" " u, xe Q,
(1.1

vu|™* 2—ti+ﬂ(x)|u|p2 u=0, xedQ,
trong d6 v 1a phap tuyén don vi hudng ra ngoai, 1< p <oo Va Au= div(|Vu|p_2 Vu) toan
tt p-Laplace, QcR" (vé6i N=2) 1a mién bi chin voi bién tron 6Q, ham trong
mel”(Q) c6 dau tuy ¥y va thoa man m"=max{m,0}0 trén Q. Ngoai ra,
B:8Q —>[0; +w0) thoa man S e L”(6Q) va Iagﬂ(x) do>0.
Bai toan gia tri riéng cho toan tir p — Laplace
—Au=amll "y, xeQ,

v6i diéu kién bién Dirichlet, Neumann hay Steklov dd dugc nhiéu tac gia nghién ctru (Anane,
1987; Cuesta, 2001; Huang, 1990; Torne, 2005).
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V6i diéu kién bién Robin, tac gia An Lé da nghién ctru truong hgp m=1 (Le, 2006).
Trong nhitng nim gan ddy do cac vin dé phi tuyén nay sinh trong viéc nghién ctru vé di
truyén hoc quan thé nén truong hop p =2 di dugc cac tac gia nghién ctru (Allegretto &
Huang, 1998).

Ngoai ra, hai tac gia Arouzi va Khademloo (Arouzi & Khademloo, 2007) da xét bai
toan (1.1) va xay dung diéu kién can dé co gia tri riéng dau tién trong mdi truong hop trén.

Vi B=0 Va B =+, bai toan (1.1) 1an lugt tré thanh bai toan gia tri riéng véi diéu
kién bién Neumann va Dirichlet c6 trong (Anane, 1987; Huang, 1990).

Hon nira, trong (Rahmani et al., 2012), Rahmani va cdng su da nghién ctru bai toan
(1.1) véi trudng hop B(x) = B 1a ham hang trén 6Q va 0< B < +w.

Trong bai bao nay, chidng téi nghién ctu gia tri riéng bai toan (1.1) vai truong hop
B(x) khong lién tuc thoa man g e L”(0Q2) va J.aa B(X)do > 0. Chung t6i luu ¥ ring trudng
hop trén chua duogc tac gid nao nghién ctru trude day.

Céu trac cta bai bao nhu sau: trong muc 2, ching t61 gidi thi€u mat s6 ki hiéu dung
trong bai bao, kién thirc chuan bj ciing nhu dinh nghia nghiém yéu ciia bai toan va cudi ciing
la nguyén Ii Ljusternik — Schinirelman. Trong muc cudi, chdng t6i chung minh sy ton tai
cua ddy gié tri rieng khdng am, khéng giam va tinh dong cua tap hop céc gié tri riéng. Hon
nita, ching t6i con chi ra rang ham riéng cua bai toan (1.1) bi chan va lién tuc Holder.

2. Noi dung nghién cau
Trong bai b4o nay, ham S:0Q —[0,+w0) thod mdn g e L”(2Q) va jg B(x)do>0.

Taki hiéu C(7,N, p,M,K,L,Q) lahing sé C phu thudc vao »,N, p,M,K,L va Q.
2.1. Nguyén li The Ljusternik-Schinirelman
Dé ching minh s ton tai cua day cac gia tri riéng khéng &m ching tdi s& ap dung
nguyén li Ljusternik-Schinirelman. Do d6, chung t6i sé gigi thiéu lai nguyén li nhu sau:
Cho X 1a khong gian Banach thyc c6 tinh phan xa va F,G la cac ham trén X . Ta
x¢ét bai toan gid tri riéng sau:
F'(uy=uG'(u), ueS, uekR, (2.1)
véitapmuc S ={ue X :G(u) =1} . Giastt F,G thod man céc gid thiét sau:
(Al) F,G: X — R lacachamchinva F,G eC'(X,R) véi F(0) =G(0)=0.
(A2) F' lién tuc manh (nghia la, u, —u trén X kéo theo F'(u,)— F'(u)) va
(F'(u),u)=0, uecoS = F(u)=0 trong d6 coS 1a bao 1i déng cita S .
(A3) G’ lién tuc, bi chin va thoa mén diéu kién (S,), tuc la,
u, =~u, G'(u,) >V, (G'(u,),u,)—(v,u) kéo theo u, —u khi n — oo
(A4) Tapmtrc S bichanva u=0 suyra
(G'(u),u)>0, lim G(tu) = +oo, inf (G'(u),u)>0.
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Theo (Zeidler, 1980), ta cd (u, ) 1a nghiém ciia (2.1) khi va chi khi U 1a diém t&i han
cua F dbivéi S.

Vi mbi s6 nguyén duong n, taxét A 1a ho cac tip con compact, d6i ximg K cua
S thoda man F(u) >0 trén K va »(K) > n, trong d6 »(K) la gidng ciia K, tic 1a,

7(K)=inf{k e N:3h: K — R*\{0} sao cho h 1¢ va lién tuc}.

Ta dinh nghia
sup inf F(u), khiA, =,
an = HeA, ueH (22)
0, khiA, =9.
va

supineN:a, >0{, khia >0,
z:{ Pt } % (2.3)

0, khi a, =0.
Nguyén Ii Ljusternik — Schinirelman duoc phat biéu nhu sau:
Dinh 1 2.1. Vi céc gia thiét (A1) — (A4), ta c6 céc khang dinh sau:
1. Néu a, >0 thi (2.1) c6 mot cdp ham riéng *u, va gia tri riéng 4, # 0. Hon nfra,
F(u,)=a,.
2. Néu y =00 thi (2.1) c6 v sb cip ham riéng *U, twong ung voi cdc gia tri riéng khac
khong.
3.w>a2a,2...20 vaa, >0 khin—o.
4.Néu y=o0 va F(u)=0,uecoS = (F'(u),u)=0 thi ton tai mot ddy vo han cac gia
tri riéng phan biét {,un} cua (2.1) sao cho g, =0 khi n — oo,
5.Néu F(u)=0,uecoS=u=0 thi y =00 va tdn tai mot ddy cip riéng {(u,, 1,)} cua
(2.1)saocho u, > 0,, >0 khi n—>o va g, #0 véimoi ne N.
Chirng minh. Pinh 1i dugc chirng minh trong (Browder, 1970; Zeider, 1980). O
Nhdn xét 2.2. Bang cach thay F boi —F , ta duoc diy cac gia tri riéng am.
Dinh nghia 2.3. (Gia tri riéng) Tanoéi A 1a gia tri riéng cua bai toan (1.1) néu ton tai mot
ham khac ham hang 0 (ham riéng) u e W"(Q) sao cho véi moi veW"(Q), ta co
p-2 p-2 p-2
JQ|VU| Vqudx+_fm,B|u| uvdo:/lj'gm|u| uv dx (2.4)

trong W*?(Q) 1a khong gian Sobolev v&i chuan

Up
Jul| = (J.Q|Vu|p dx+_[Q|u|p dx) :
2.2. Thiét ldp cdc ham d@é chiing minh s ton tai day cac gia tri riéng
Bay gio, ta s& p dung nguyén Ii Ljusternik-Schnirelman dé thiét 1ap su ton tai day cac
gia tri riéng duong cho bai toan (1.1).
Trén khong gian Sobolev W*?(Q) , ta xét cac ham
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F(u)= jQ m(x)[u(x)|” dx (2.5)

G(u) = jQ|Vu(x)|" dx + LQ LX) do (2.6)
RG rang, F,G e C*(Q). Ta xét Az%F’ va B:%G' trong d6

<Au,v>:j0m|u|p_2 uv dx (2.7)

<Bu,v>:J'Q|Vu|pf2 Vqudx+_[aQ,8|u|pf2 uvdo, u,veW>"(Q) (2.8)

Khi d6, (2.1) tro thanh Au = xBu véi G(u) =1. Do d6, véi moi veW*P(Q), ta cd
JQ m|u|"* uvdx = y(IQ|Vu|p ? Vqudx+jmﬁ|u|p ? uvdo-) (2.9)
Ta s€ ching minh F,G thoa man (Al) — (A4). Tt (2.5), (2.6), (2.7) va (2.8), rd rang
F,G thoa man gia thiét (A1) va (A4).
M¢énh dé 2.4. Cho F dugc xac dinh trong (2.5). Khi d6, F' thoa mén (A2).
Chitng minh. Ta chtitng minh A lién tuc manh trén WP (Q).

Ly (u,) cW"?(Q) sao cho u, —u trén WP(Q).
Ta s& chitng minh Au, — Au trén W (Q)".
Véimoi veW?(Q), 4p dung bét dang thirc Holder va phép nhung Sobolev, ta duogc

(AU, - Au,v)| < J‘Qm(|un|p_2 u, —Jul””* u)vdx‘
<l o -l e
<Cyllmi], flun|" vy =l Moy

pat w, =|u,|"“u, v& w=[u["*u. Do u, = u trén W**(Q), u, >u trén L"(€2) nén tacod

P b
W, (X) = w(x) hkntrén Q va .[Q|wn|p—1 dx —>L}|w| p-1dX.

p

Suyra w, > w in LP(Q) (Le, 2006). Do d6, Au, — Au trén W*?(Q)". O
Ta can mot bd @& duoc chimg minh trong (Le & Schmitt, 1997) dé chiing minh gia
thiét (A3). Hon nita, ta s& ding chuan

. p p o \UP
Jul, .:( [ [vul ax+[_plu da)
tuong duong véi chuan thong thuong trén W (Q) (Deng, 2009).
Bé dé 2.5. Cho B duoc xac dinh trong (2.8). Khi d6, véi moi u,ve W*"(Q) taco

(Bu~Bv,u=v)(Jul <[V )(Iul, -, )
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Hon nira, <Bu - Bv,u —V> =0 khi va chi khi u=v hkn trén Q.
Chitng minh. B6 dé duoc chirng minh trong (Rahmani et al., 2012). O
Ménh d@é 2.6. Cho G’ duoc xac dinh trong (2.8). Khi d6, G' thoa man (A3).
Chitng minh. Ta ¢ G'= pB nén ta chi cin ching minh B thoa méan (A3). Bang cach ap
dung phép nhung Sobolev, bt dang thirc Holder va lap luin twong ty Ménh dé 2.4 ta duoc
B lién tuc va bi chan.
Ta chimg minh B thoa méan diéu kién (S,), tirc 13,

u, =u, G'(u,) >V, (G'(u,).u,)—>(v,u)
v6i veW P (Q)" va ueW""(Q) kéo theo u, —u in W (Q).
Do W'P(Q) 14 khong gian 16i déu dia phuong nén dé ching minh U, —u trén W'"(Q) ta

chi can chiing minh ||un||ﬂ — ||u||ﬂ . Taco

lim(Bu, — Bu,u, —u)=lim({Bu,,u,}—(Bu,u,)—(Bu,u, —u))=0.

n—oo n—oo

Mit khac, theo B6 dé 2.5 ta co
(Bu, —Bu,u, —u) > (Ju, [ = ully ™) (u ], <l )

Do 6 Ju,, - Jul], khi n—>co.

Vay B thoa man diéu kién (S,). O
3. Kétluan

Bay gio, ta s& ching minh sy ton tai ctia ddy gia tri riéng bang cach ap dung Pinh li
2.1 theo nguyén li Ljusternik-Schnirelman.
Dinh Ii 3.1. Cho F,G 1a cac ham xéc dinh trén W"(Q) trong (2.5), (2.6). Khi d6, ton tai
mot ddy khong tang cac gia tri riéng khong am {,} co6 dugc tir nguyén li Ljusternik-
Schnirelman sao cho g, - 0 khi n — oo, trong d6

M, = sup in: F(u) (3.1)

HeA, Ys
vamodi w, la gia trj riéng ctia F'(u) = £G'(u) .
Chitng minh. Su ton tai cia day {u } dugc suy ra tir Pinh li 2.1 (5). Tir (2.5), (2.6), (2.7) va
(2.8) tacd
= 14,6 (U,) = 1, (Bu,,u ) =(Au,,u ) =F(u)=a,.
Két hop tat ca voi (2.2) ta duoc (3.1). O
H¢ qua 3.2. Ton tai mot diy khong giam cac gia tri riéng khong am {4} ctia (1.1) thu dugc

. : : : 1 . .
bang cach ap dung nguyén li Ljusternik-Schnirelman sao cho 4, =— — o0 khi n — oo, v6i
Hy

M, 1a gid tri riéng cua phuong trinh F'(u) = 4G'(u) duogc xac dinh trong (3.1).
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Chirng minh. F'(u) = uG'(u) tuong duong voi
p-2 p-2 p-2

JQm|u| uvdx = y(IQ|Vu| Vqudx+LQﬂ|u| uvda)
véimoi Ve WP (Q)
hay

f vul”? Vqudx+I Bl wdo :lj' m|u|” uv dx

Q oQ lu Q

v6imoi Ve W™ P(Q) . Suy ra u 1a mot nghiém yéu cua (1.1) lién két v6i gid tri riéng 1 .Do
d6, ap dung Pinh i 3.1 ta duoc két qua. O
Dinh i 3.3. Tap hop céac gi tri riéng cua bai todn bién Robin (1.1) 1a tap dong.
Chirng minh. Gia st {(u,,7,)} 1a day c4c cap riéng cua (1.1) sao cho y, -y Véi y>0.

Khéng mat tinh tong quat, ta gia sir ||un||ﬂ =1.Khido6, u, —u in W"P(Q). Theo Bo dé 2.5,
ta co

(Bu, = Bu,u, ~u) (Ju, ;" =l ) (el )
Mat khac, do (u,,7,) 1a cap riéng cta bai toan (1.1) nén ta co

(Bu, —Bu,u, —u)=(Bu,,u, —u)—(Bu,u, —u}y =7, (Au,,u, —u)—(Bu,u, —u}.
Ma (Bu, —Bu,u, ~u)—0 khi n—oo nén [u,[|, —>[uf, khi n—c. Suyra u, —>u trén
WP(Q) do W*"(Q) 1a khong gian 16i déu dia phuong.
Pé chitng minh ¥ 1a gia tri riéng cia (1.1) va u 1a ham riéng twong mg, ta can chirg minh

rang voi moi veW'P(Q) khi n— oo thi

J' Vu, [ vu,Vvdx — J' Vul”* vuvvdx (3.2)
Q Q

J'Q m(x)|u,|” u,vdx — jg m(x)|ul” uv dx (3.3)
'[BQ,B(X)|un|pf2 uvdo — Lﬂﬂ(x)|u|pf2 uvdo (3.4)

pat w, =[vu,|”” vu, va w=|Vu|"* Vu.Khi dé, do u, > u in W-P(Q) nén

p p
W, (X) = w(x) hkntrén Q va J.Q|Wn|D—1 dx — IQ|W| p-1dX.
p
Theo (Le, 2006), ta suy ra w, —w trén L"*(Q). Do dé, ap dung bét dang thirc Hélder, ta
duoc (3.2). Tuong ty, ta cling ¢6 (3.3) va (3.4). O
Dinh li 3.4. Cho u 1a ham riéng cua bai toan (1.1). Khi do, u € L* ().
Chitng minh. Theo dinh 1i phép nhiing Sobolev, ta chi can ching minh trong truong hop
p < N. Ta s€ dung ki thuat 1dp Moser trong chiing minh nay.
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Giast u>0 trén Q. Véimdi M >0, taxét v,, (x) =min{u(x),M}.
Cho f(x)=x néu x<M va f(x)=M néu x> M . Khi d6, theo (Le, 2006), ta suy ra dugc
Vv, eWP(Q)NL*(Q).
Vé&imdi k >0, taxét ¢ =v>*". Khido, Vo = (kp+1)vIVy,,. Suy ra ¢ eW*"(Q) N L*(Q)
Chon ¢ 1a ham thur trong (2.4), ta dugc

(kp+1) J.Q|Vu|p72 Vuwvy,, v dx + J:_?Q,B|u|p72 u®tdo = ijﬁ mlu]” v dx

< ij m|u|(k+1)p dx
Q

hay

ALV vl o
Suy ra

kp +1 +. + kp+l .

(k +1)p .[Q(|VV'I\(/| ' p k ! )dX<|:ﬂ+ (k+1)p j|'[gm|u|(k Dp dx.

Do d6
+ kp+1 .
] <] 4ok e

Ap dung phép nhung Sobolev, ton tai ¢, >0 sao cho

k+1 k+1

], <alph
trong d6 p* = Np néu p<N va p*=2p néu p>N.Do d6
k+1 o
”VM ||(k+1)p* —| M+ E:l
1 kp +1 (k+1)p
<67 471 o o,

Hon nita, ton tai ¢, >0 sao cho

1
{/1 o1 ﬂ"m”m” <6, %k >0.
k+D)° -

Do do

\ gcﬁcﬁu
1“2

M ||(k+1) p* ||(k+1)p '

Theo b dé Fatou, cho M — o0, ta duogc

1

_1
Ju <c¢ ke, u (3.5)

||(k+l) p* ||(k+1)p
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Chon k; sao cho (k, +1)p = p*, khi d6 (3.5) trd thanh

1

1
<otk Ju -

u

-

Ta tiép tuc chon k, sao cho (k, +1)p=(k, +1) p* khi d6 cho k, =k trong (3.5), ta dugc

1

—c k2+1 «lk2+
1

[l < 0 o, u

”(k2 +1) p* ||(k2+l) p ” ||(kl+1) p*

Béng quy nap, ta duoc
1

1
<c i, ot u

Ju

(kna 1) p*’

trong d6 day {k,} thoa man (k, +1)p=(k,, +1)p*,k,=0.Rorang, k, +1= (p—j . Do do
p

n i n 1
i=1k; +1 = Jki+1
”u (k,+1) p* < G c
p* A
Do — <1 nén ton tai C >0 sao cho v6imoi n=1,2,...
p
Jul, <C|ul,. (3.6)

voi 1, =(k, +1) p*—> o0 khi n — .
Ta chimg minh U e L”(Q) bang phan chimg. Gia sir u ¢ L (Q) khi d6 ton tai & >0 va tap
A ¢6 do do duong trong Q sao cho |u(x)|>C ||u

pinf (J, ) =i

Diéu nay mau thudn véi (3.6). Vay u e L*(Q).

. +&=K véimoi Xxe A.Khi dod

1/,

liminf ||u

n—w

=K>Cl|u -

Néu u (ham riéng caa (1.1) d6i ddu trén Q, ta chimg minh u* va u~ thudc L (Q) . Khi do,
u=u"-u el*(Q). O
DPinh 1i 3.5. Cho Q 1a mién bi chan trong R" véi bién C*, 0<y <1 va u bi chin la
nghiém yéu cta bai toan

—A u(x) =g(x) Xe Q,

[Vu|™ 26—u_¢(x u) xeoQ,

véi [u|. <M . Néu geL”(Q) véi |g| <K va ¢ thoa man diéu kién (S1), tirc 14, ton tai
L >0 sao cho

|(x,2) - g(y,W)| < L(|x—y|y +|z—w|7) va |p(x, z)|<L
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véi moi (,2),(y,w) € 8Qx[-M,M]. Khi d¢, ton tai hiang s6 @ =a(y,N, p,M,K) duong

sa0 cho u e C**(Q) va |u|

<C(7,N,p,M,K,L,Q).
Churng minh. Pinh 1i dugc ching minh trong (Le, 2006). O
DPinh 1i 3.6. Cho 6Q thudc I6p C*7, B eC (0Q) voi 0< y <1 va u la ham riéng cua (1.1).
Khi d6, u e C*“(Q) véi a (0,1).
Chirng minh. Taco U e L”(Q2) va me L*(Q) nén

g(x) = Am()[u(x)|” “u(x) e L"(©2) va g, <K .

ch ()

Bay gio, ta ching minh ¢(x,u) =—A(x)|u|" *u thoa man diéu kién (S1). That vy, ta c6
B0, 2) =4y, w)| =|-B00[ 2+ A(y) ol v
<)W' w=[2" 7 +|B() - I

Chi ¥y ring BeCY(0Q) va ¢(x,z)=|7]" "z thoa min diéu kién (S1) véi moi
0 <y <min{p-11} (Le, 2006). Khi do, ton tai C, >0,C, >0 va C, >0 sao cho

BY) <C., |A(Y) - O < Cylx— [ va [ *w—[z]"* 2

véimoi 0<y <min{p-1,1}.

< C3(|x— y[ +|w- z|y)

Do d6, tdn tai L >0 sao cho
#(x, ) — p(y, W)| < L(|x—y|y +|z—w|7) va [¢(x,z)|< L
véimoi (X,2),(y,w) e GQX[—M M ], voimoi 0 <y <min{p-1,1}.

Ap dung Pinh 1i 3.5, ton tai hang s6 a =a(y,N, p,M,K) duong sao cho
ueC*(Q) Va |u) g <C (7N, p.M,K,L,Q). O

ch ()

% Tuyén bé vé quyén loi: Tac gid xac nhan hoan toan khéng cé xung dét vé quyén loi.
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ABSTRACT

The eigenvalue problem is an essential part of mathematics and is often encountered in various
fields, such as computer science, engineering, physics, and many others. Properties of eigenvalues
have attracted the attention of mathematicians for centuries. In this paper, we conducted a study on
the existence of a non-negative, non-decreasing sequence of eigenvalues for p-Laplacian and the
closedness property of the set of these eigenvalues. Specifically, the study explores the boundedness
and Holder continuity of eigenfunctions under Robin boundary conditions. This investigation
involves a function g defined on the boundary aQ, which is not necessarily continuous but satisfies

fel”(Q)and Lgﬁ(x)da >0.
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