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TOM TAT

Trong bai b4o nay, chiing t6i khdo st hién firong buing né cuiia nghiém phurong trinh Parabolic
p — Laplace. Dira vao bdr dang thite Hardy, chiing téi tim ra diéu kién dé nghiém cia phirong trinh
Parabolic p — Laplace bung né tgi thoi diém hiru han. Hon nita, chiing téi wéc leong chan trén va
chan duéi cho thoi diém bung né. Nhiing két qua nay duroc phét trién tir bai toan cia Han vao nam
2018 (Han, 2018) va gidi quyét mét so vin dé mé ciia Liu vao niam 2016 (Liu, 2016).

Tir khoa: bung nd; Toén tir p — Laplace; Phuong trinh Parabolic

1. Giéi thieu
V& mit toan hoc, khi nghién ctru cac phuong trinh Parabolic, nguoi ta thudng quan
tam nghién ctru céc van dé sau:

i. Sy ton tai nghiém dja phuong hay tinh chinh dia phwong ctia bai toan.

ii. VAn dé dit ra tiép theo 1a nghiém dia phuong nay c6 tiép tuc ton tai theo thoi gian hay
khong? Néu nghiém thoa man mot sé diéu kién can thiét vé tinh tron tiép tuc ton tai lién tuc
theo bién thoi gian thi ta néi day 1a nghiém toan cuc. Nguoc lai, néu tdn tai mot thoi gian
T >0 sao cho ||u(t)||X duge xéc dinh voi 0 < t < T va khong bi chan khi t dan dén T,

nghia 14 |u(t)|, —oo khi t =T , thi tan6i nghiém u(t) bung n6 trong khong gian X tai

thoi gian T va T duoc goi la thoi diém bung né.

Trong thuc té, nguoi ta mudn biét nghiém cua bai toan c6 bung né hay khéng, va néu
c6 thi bung nd vao thoi diém T nao. Vi T khong thé duoc xac dinh mot cach rd rang trong
hau hét cac trudng hop, nén vain dé quan trong 1a phai thiét l1ap dwoc chan trén hoic chin
dudi cho T . Mot trong nhiing phuong trinh p —Laplace dugc quan tdm hién nay co6 dang
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a(x)ut—div(|Vu|p_2Vu)= f(u). (1.1)
Trong vai thap ki qua, cac nha nghién ciru da nd lee dé giai quyét cac van dé trén, chi
yéu la cho trudng hop a(x) =1 (xem (Dibenedetto, 1993)) trong (1.1). Nam 2004, Tan (Tan,

2004) da xem xét su ton tai va dang diéu tiém can cua nghiém toan cuc va hién tuong bing
nd cho nghiém bai toan cua Han (Han, 2018). Bing cach sir dung phuong phap giéng thé do
Payne va Sattinger (Sattinger, 1968; Payne & Sattinger, 1975), va ciing véi bat dang thuc
Hardy, Tan di dua ra mot s6 diéu kién du cho sy ton tai nghiém toan cuc hoic hién tuong
buing nd cho thoi diém hitu han, khi ning lugng ban dau & mire duéi ti han. Nhiing két qua
nay da duoc mé rong cho cac phuong trinh méi trudng x6p cta Zhou (Zhou, 2014). Nam
2016, bang cach xac dinh mac giéng thé mai va tap hop twong tng cua ching, Liu (Liu,
2016) da chting minh duoc sy ton tai cua nghiém toan cuc va thoi diém bing né hitu han
ctia nghiém bai toan cia Han (Han, 2018) khi ning luong ban dau 1 téi han. Liu ciing dé
Xuat mot bai toan ma vé viéc liéu bai toan cua Han (Han, 2018) c6 thoi diém bung nd khi
nang lugng ban dau 1 trén toi han.
Tur d6, ching t6i md rong bai toan cua Han (Han, 2018) thanh bai toan
;?— Lu=u’ (xt)eQx(0,T),

u(x,t)=0, (x,t)e0Qx(0,T), (1.2)
u(x,0)=u,(x), xe,

trong d6 L u= div(|Vu|p_2 VuA(x)). Muc tiéu cua bai bdo nay nham khao sat hién tuong

bung nd cua bai toan (1.2) dua trén ¥ twong chinh caa Han (Han, 2018).

CAu trac bai bao bao gdm 2 phan:

+ Phan 1: Gi6i thidu bai toan va mot sb kién thirc chuan bi.

+ Phan 2: Hién tuong bung nd nghiém cta phuong trinh dao ham riéng.

Trong phdn 1, chung toi gi6i thiéu vé bai toan, mot sé dinh nghia va bd dé dé hd tro
cho noi dung chinh ctia bai. Trong phdn 2, chung t6i dua ra diéu kién dé nghiém yéu cua bai
toan (1.2) bung nd tai thoi diém hitu han va tim duoc chan trén cho thoi diém dy . Pong thoi,
chung t6i s& tim chin dudi cho thoi diém bung nd hitu han.

2. Noi dung nghién cau
2.1. Gidi thigu bai toan va céc kién thirc chudn bj
2.1.1.Gigi thiéu bai toan
Trong bai bao nay, ta khao st tinh chat bung nd nghiém cua bai toén
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ﬁ—Lpu:uq, (x,t)eQx(0,T),
X
u(x,t)=0, (x,t)edQx(0,T), (2.1)

u(x,0)=uy(x), xeQ,
trong d6 L u = div(|Vu|p72 VuA(X)), Q 1a mién b chan trén R" (n>3) véi bién tron aQ

L 0eQ, 2<p<n, p<g+l<p =—"P_ 0<u,eW,?(Q) va u,(x)#0. Hon nita

X=(X,\%,... %, ) €R", x| :\/Xf +X5+...+x° va ma trdn ham A(X):(aij (x))nxn thoa
diéu kién Elliptic déu, nghia la ton tai A >0 sao cho

a; (X)&,& 2 2|E voimoi £ €R" va x e Q hau khip noi.
2.1.2.Kién thizc chuan by

Taki hiéu ||, 1a chuan trén khong gian L' (Q)(1<r <Q), (--) 1a tich v huéng trén

L*(Q) va W,"(Q) lakhong gian Sobolev véi chuan |u

|Vu||p.

wWiP() ~
Dinh nghia 2.1.1. (Tan, 2004) Ham u duoc goi la nghiém yéu cua bai toan (2.1) trén
Qx(0,T) néu

u (x,t) i

dt < oo,
X

uel”(0,T;W,"(Q)), ]

2

u(x,t) theaman u(x,0)=u,(x) va

J(u‘ (X't)v+|Vu(x,t)|p_2 Vu(x,t)A(x)-Vdex—iuq(x,t)vdx, (2.2)

ol ¥
voi moi veW, " (Q), te(0,T).

Suyr ton tai dja phuong cua nghiém yéu cho bai toan (2.1) dugc dua ra trong (Han & Li,
2018). Néu khdng 6 su nham 1an, d¢ don gian, ta viét u(t) la nghiém yéu u(x,t) trong bai
toan (2.1). Ta ki higu T™ e[0,+00) la thoi diém ton tai 16n nhat cua u(t) dugc dinh nghia
nhu sau
Dinh nghia 2.1.2. Gia sir u(t) 1a nghiém yéu ctia bai toan (2.1). Ta n6i u(t) bung né tai
hitu han diém T khi u(t) ton tai véi moi te[0,T7) va

lim

toT”

VO (23)
X

2
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Khi do, ta goi T™ la thoi diém ton tai 16n nhét cua u(t). Néu (2.3) khong xay ra tai bat ki T”
hitu han nao thi u(t) duoc goi la nghiém toan cuc va thoi diém ton tai 16n nhat cua u(t) 1a

+00 .

Lay ueW, P (Q) tiy ¥, ta dinh nghia

ot (2.4)

q+l’

p-2
J(u) (|Vu| VUA(x Vu)—m”

va
g+l

= (|Vu| P2 VUA(X), Vu) ~[u

Vi q+1< p" nén p dung phép nhiing Sobolev, tacé J(u) va I (u) xéac dinh va lién

(2.5)

q+l”

tuc trén W,"P (Q) voi moi t [0, +).

Nhdn xét 2.1.3. Ta biéu dién J(u) theo 1 (u) va nguoc lai nhu sau

g+1l-p p-2 1
W= (|vU| VUA(X )Vu)+ﬁ'()

va

1(u)=(q+1)J (u)_q*lT‘p(wur-z VUA(x),Vu).
Bé dé 2.1.4. (Liu, 2016; Tan, 2004) Gia st u(t) la nghiém yéu ciia bai todn (2.1). Khi dé

J (u (t)) khéng ting theo t vavéi moi t €(0,T), ta dwoc

IL

q dr+J(u(t))=J(up)- (2.6)
2
Hon nita, theo Dinh 1i 1.2 cua Tan (Tan, 2004), néu ton tai t, €[0,T) sao cho

J(u(ty))<0 thi u(t) bung né tai thoi diém hitu han. Do d6, néu nghiém yéu u(t) cua bai
toan (2.1) la toan cuc, khi do

J(u(t))>0 vsimoi te[0,T). (2.7)
Bé dé 2.1.5. (Bdt dang thirc Hardy (Chong, 1974)) Gida sir 1< p<n va ueW*"(R"). Khi

do NE L”(R”)

j b g < Cos j vul” dx, (2.8)

R"
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p
trong do C, = (nij .Néu p=2 thitakihi¢u C,,=C,.
Nhdn xét 2.1.6. Vi moi ueW, " (Q), ta mé rong u(x)=0 véi moi x e R"\Q. Khi d6
ueW*?(R") va bat ding thirc (2.8) ding vi moi U eW,"? ().
Bé dé 2.1.7. (Bat dang thirc Gagliardo — Nirenberg (Brezis & Brézis, 2011)) Lday
2<p<q+l<p’ :n”—p. Khi d6 véi moi u e WP (Q), ta duroc

Jullys < Co vuly ™ ful ", (2.9)
gl (1.1 1) \ - \
trong d6 a = 2] E+H_B €(0,1) va C, >0 lahang sé chi phy thugc vao n, p va q.

Bo dé 2.1.8. (Liao & Gao, 2017) Gid sir f (t) la ham duong, khd Vi bac 2 va théa man
£7(t) f (t)-(1+0)( (1)) >0,

trong @6 0>0. Néu f(0)>0va f'(0)>0 thi f(t)— +owo khi t—>LSt*=9ff§?())).

2.2. Cdac dinh li chinh

Véi céc kién thuc da dugc chuan bi ¢ 2.1.2., ta phat biéu va ching minh cac dinh Ii
2

chinh trong bai viét. Bé don gian, ta dit U, = |u—° va
X
2
2
u(t)
U(t)=
x| |,

2.2.1. Chan trén cho thoi diém bung né nghiém
Dinh 1i 2.2.1. Gig sir 2< p<n, p<g+1<p” va u(t) la nghiém yéu cua bai toan (2.1).
Néu

0<KJ (uo)<%U0 - K,

thi u(t) bing né tai thoi d@iém hitu han T". Hon nira, chan trén cua T™ théa
e MKV,
(a-1)"H(0)
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p-2
) 1 q+1)C, -2)2 C,
trong dé H(O)zEUO—KlJ(uo)—K2>O, Kl:,z((q+1)— p)-(pp j , K2=7|Q|, C,

la hang sé dirong tir bat d‘éng thizc Hardy, A 1a hang sé dicong sinh ra tir diéu kién Elliptic
déu cuiia ma trgn ham A va |Q| la do do Lebesque cua €.

Chitng minh. Bang céc st dung y tuéng tir (Sun et al., 2018) va &p dung bét dang thirc Hardy,
dau tién ta chitng minh nghiém yéu cua bai toan (2.1) bung né tai thoi diém hitu han khi

0< KlJ(u0)<%UO—K2. Taco

22U (- i 4Hutt) (|tx)|‘j (1) 4.

Mit khac, u(t) 13 nghiém yéu cia bai toan (2.1) nén tir (2.2) va thay
v=u(t)eW, " (Q), ta duoc

J[M+|VU (t)|p*2 Vu(t)A(x)-Vu (t)J dx = qu (t)u(t)dx,

al X
hay
l%d - (|Vu |p2Vu(t)A(x),Vu(t))+||u(t) "
Do do, tir (2.5), suy ra

1d

S0 () ==([vu()]"* vu(t) AG), vu(t) )+ fu (0 =1 (u(t)) (210)

Gia su phan chung u(t) la nghiém toan cuc, nghia la T~ =+o0. Khi do, véi moi

q+1'

€ (O, +oo) ,taco

tu t u(t) u = 2
— N dr> S S ISVET () I VRS (2.11)
(] o=l -, =0 o
Tir (2.6) va bat dang thac Holder, ta co
1 v (o) 21 1
U2 (t)<ug +|tf Tx| dr | =U2+t2[J(u,)-J (u(t)) . (2.12)
0 2
Vi u(t) langhiém toan cyc nén theo (2.7), J (u(t)) >0 v6i moi t &[0, +w). Do dé, tir (2.12)
suy ra
1 1 1 111
U2 (t)<UZ +t2[ I (up) - I (u(t)) ]2 <UZ +t237 (u,). (2.13)
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Mt khac, &p dung bat dang thirc Young, ta duoc

p-2 p-2
2(p-2) > 2(p-2)>
IIVU(t)lli < I{E[DT] |Vu(t)|p +1} dx :F(pT] ||Vu (t)||z +Q,
Q
hay

(2.14)
Hon nita, do A(X) thoa diéu kién Elliptic déu nén ton tai 1 >0 sao cho

(IVu(®)* vu(t) Ax), Vu(t)) 2 2|vu(v)]).

p
p

(2.15)
Khi d6, tir (2.10), Nhan xét (2.1.3) va B6 dé (2.1.5) dan dén

Ldy )= q*;‘ P (|vu(t)|‘” Vu(t)A(x),Vu(t))—(q +1)J (u(t))

2dt
N A(q+1-p

2 Evu (o)~ (a+2)2 u(t)

AP (ou(off o)) (@ a ) 210

A1) 0 (L - (o)

p-2
A 1- 2
trong d6 K, = (qz p)(ppzj Klz/1

n

o

1)C 2\ 2
q+)_“ [P=21% K2=&|Q|.Bat
(q+1-p) p 2

H () =20 (1)K (u(0) d

~K,. Theo B4 d& (2.1.4) thi aJ (u(t))<0 nén

) z%@u (t)j > K,H (1),
Vi H (0):%U0—Kl\] (uy)—K, >0 nén H(t)>0 véi moi te[0,+wx). Lay tich phan hai
vé cua (2.17) trén [0,t] ta dugc

H(t)=H (0)e"".

(2.17)

(2.18)
Do 0<J(u(t))<J(u,) véi moi te[0,+00) nén tir (2.18), ta co
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U(t)=2H (t)=2H (0)e",
v6i moi t €[0,+o0), mau thudn véi (2.13) khi t du I6n. Vi vay, T" <+ va u(t) bing no
tai thoi diém hixu han.

Tiép theo, ta tim chan trén cho T~ Tir nhan xét (2.1.3), diéu kién K,J (uy)+K, < %UO
, (2.14), (2.15) va B6 dé (2.1.5), ta cd

1(ug)=(q+1)J (uy)- q +t_ P (|Vu0|’)'2 VuOA(x),Vuo)

A(q+1-
<(a+1)3(0)- 2P
p-2
i 1.. 1 A(q+1-p p( p )2 1
—KoKl‘J(uo)"'KzEUo%l:”vuo”;:—"z'(ﬁj (|Q|C_HU0J]

p
1.7 A(q+1-p 2 1
<K, |<1J(u0)+r<2—§u0 - ( ).( P j (||VUO||2—C—UOJ

p-2 n
<0.
Ta ching minh 1 (u(t)) <0 véi moi te[O,T*) Vi 1(uy) <0 vatinh lién tuc caa | nén tn
tai t,>0 @it nhé sao cho I(u(t))<0 v&i moi te[0,t). Gia sir phan ching ton tai
t,e(0.T") vat, >t saocho I (u(t))<0 véimei te[0,t,) va I (u(ty))=0.Tir(2.10) nén
U (t) tang ngit trén [0,t,) va vi thé
K,J (U)+K, <%U0 <%u (t,). (2.19)
Mt khac, do BS dé (2.1.5), (2.14), (2.15) va tinh don diéu cua J (u(t)) trong BS dé
(2.1.4), khi 6
K, (Ug)+ K, 2K I (u(ty))+K,
1

-t TP e | e A e+ 00| S

p-2
Kﬂ, 1_ C C 2 _2 2
>Mllw<to>||;+7n|a|7{—-["—} IIVu(to>IIZ+IQ|]

p(a+1) P p

> G
2

1
vu (to)”z ZEU (t),
mau thudn véi (2.19). Do ds 1 (u(t)) <0 véimoi te[0,T7) va U (t) tang ngattrén [0,T7).

Ly T&(0,T"), >0 va >0 tiy Y, ta dinh nghia
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ju )dz+(T-t)U, + B(t+0), (2.20)

voi te[0,T]. T (2.6), (2.10), (2.15) va Nhan xét (2.1.3), ta c6
F'(t)=U(t)-U,+28(t+0)

't[diU dr+2ﬂ t+0 = j{ ]dr+2ﬁ(t+o*) (2.21)
va
F”(t)=2(u(t),utx(|z ]+2ﬂ=—2l(u(t))+2ﬁ
_ 2(q+1)3(u (t))+2(q+—:_p)(|Vu (O vu (1) A(x). vu(t))+ 25 (2.22)
2—2(q+1)J(u(t))+u(Lpl_p)"Vu(t)"p+2ﬂ
—2(q+1)3 (u) +2(q +1) j wuw(t)ﬂzﬂﬂ

Lay te[O T] tuy y, dat
ﬁu d7+ﬂ t+o) }{j‘
0 0
t t u (
U( oY)
“leee Py

r 2
dr +,B]— J‘{u(z’),uf(:)jdr+ﬂ(t+a)}
0
t »
T) dr—!j[u( ) (:)Jdr +
0 2 0 | | |
t t UT(T)
I dr+ t+0' I dr—2(t+0')J u(r),—2 dr|.
0 0 2 0 |X|
Ap dung bat dang thic Holder va bt dang thirc Cauchy — Schwarz, khi d6 f (t) khong am trén
[0,T]. Vithé tir (2.14), (2.20), (2.21), (2.22), B6 dé (2.1.5) va tinh don diéu cua U (t), ta co

u. ()
X
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=F(t)F ()+2(q+1)[f() (F( [I|—) dHﬁH
>F(t)F"(t) (Q+1)F()[i d +ﬂ}
> F(t)|-2(a+1) 3 (u,) (q? 2 [Vu (o), 2(q+1)4

V&I moi te[O,T] va ﬁe(O, A (O)} Do d6

1

F(t)F”(t)—(1+qT_J(F’(t))2 >0,
Ma F(0)>0 va F'(0)>0 nén tir B6 dé (2.1.8), ta dugc
2F(0) B U, o

I ORCE =, o

Kl

<\ wm)

taco

- H (0) o
Co dinh g, €| 0, . Khi @6 véi moi
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va tur (2.23), suy ra

o (, U o B0
qu_l(l (q—l)ﬂoaj NCEIyEET (2.24)

Cuc tiéu hoa vé phai cua (2.24) Véi o e( Yy ,+oo}, khi d6

(a-1)5
: B,o° 4J,

T< m|n = 5 (2.25)
R R

o H (0) PR y H(0)
vai moi S, €| 0, " . Cuc tiéu hoa ve phai cua (2.25) véi S, O’T , ta dugc

1 1
min AU, KU,
ﬂoE( }(q 1) ﬂo (q _1) H (O)
MaT<T" tly y nén
T 3—4K§U° :
(a-1)"H(0)
Vay ta dugc diéu phai chang minh. O
2.2.2.Chdn duéi cho thoi diém bung né nghiém

T<

Pinh1i2.2.2.Gigsirrang 2< p<n, p<q+1< p(1+%), u(t) langhiém yéu cia bai toan

(2.1) bung né tai thoi diem T~ va cac gia thuyét ciia Pinh Ii (2.2.1) xdy ra. Khi dé
Ut
* 2 _ 0 ’
C (7/—1)
trong d6 y >1 va C" >0 1a 2 hang sé dwoc xdc dinh trong chizng minh.
Chizng minh. Tir chig minh cua Binh 1 (2.2.1) thi 1 (u(t)) <0 voi moi te[0,T7), ngha la

q +1
gq+1

(Vu®)]"* vu©) Ax), vu () <Ju )]l (2.26)

v6i moi te[0,T"). Tir (2.15) dan dén

g+1

[FPuolf, <2l
Khi d6, tir (2.26) va B6 dé (2.1.7), ta co
<C, ||Vu (q+l)

a(q+1) a(a+1) q+1) (2.27)

<cor * (Juofi) * (jue II)
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Mat khac,

Jut || J.|u |d _I|x|| dx < (diam(Q ))ZU(t).
Do do, tir (2.27) suy ra

. a(g+l) . a+1) , (1-a)(a+)

ol <cea o (ot ‘”) [(dem(@)fu(t)]

hay
ol (1-a)a+1)
(” Zi) i SC*[U(t)]l o (2.28)

a(g+l) -1
trong d6 C.=CeA * (diam (@)™, ¢ =91 6%-%} va diam(Q)>0

la duong kinh cua Q. Ta co

g+1< p(1+%j,

nén
poelar)
p
Do d6
y:zi( @)+l)__ g+l-p . p_P_,
2, (qp+1) 2[1_a(q+1)] 2" 2
p

Vi vay, tir (2.10) ta duoc

L0 (0)=-2([vu(o) *vu( AK). Vu ()« 2u (0]
<2u(t)< <2 T U =cur ()

l—@
v6i moi te[0,T7), trong @6 C"=2C. P . Do I(u(t))<0 véi moi te[0,T") nén
U (t)>0 véimoi te[0,T"). Dan dén

d

T (t)
ur(t)
L4y tich phan hai vé cta (2.29) trén [0,t], ta co

o

<C". (2.29)
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1

E(u 7 (t)-Ug7)<C't. (2.30)
Do u(t) biing no tai thoi diem T~ nén limu (t)=+o0. Clng véi y >1 nénkhicho t > T~
hai vé cua (2.30), ta duoc
oy U7
(1=p)c
Vay ta dugc diéu phai ching minh. .

3.  Kétluan
Trong bai béo nay, dua trén ¥ teéng cua Han (Han, 2018), ching toi da phat trién bai
toan ciia Han (Han, 2018) bang cach thém vao ma tran ham A(x) thoa diéu kién Elliptic

déu. Tur d6, chung t6i da dua ra duoc diéu kién dé nghiém yéu bai toan (2.1) bung no tai thoi
diém hitu han va tim duoc chan trén cho thoi diém bung nd. Hon nita, nhd vao bat dang thirc
Gagliardo — Nirenberg, chung t6i di tim duoc chin dudgi cho thoi diém bung né hitu han dya
trén diéu kién dua ra & trén.

% Tuyén bé vé quyén loi: Tac gid xac nhan hoan toan khéng cé xung doét vé quyén loi.
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ABSTRACT
In this paper, we investigate the phenomenon of blowup for solutions of the Parabolic p—

Laplace equation. According to the Hardy inequality, we identify conditions under which solutions
of the Parabolic p — Laplace equation experience blow-up at a finite time. Moreover, we establish

upper and lower bounds for the blow-up time. These results extend from the work of Han in 2018
(Han, 2018) and address certain open issues raised by Liu in 2016 (Liu, 2016).
Keywords: Blow-up; p — Laplace operator; Parabolic equation
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