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TOM TAT

Trong li thuyét chinh quy, bdt dang thizc Harnack yéu déng vai tro quan trong. Bdt dang thirc
Harnack yéu la can thiér d@é chitng minh tinh lién tuc Holder cia nghiém yéu. Trong bai bao nay,
chiing toi ching minh bdr ddang thirc Harnack yéu cho toan tiz logi Schrodinger —div(AVu) +Vu,
|& mot trong nhitng phwong trinh ¢é nhiéu g dung quan trong trong vit Ii co hoc lwong tir, Véi A
la ma trgn hang va thé nang V thuéc \ép Holder ngiroc. Pé thu dwge diéu do, ching téi can dén céc
ddnh gid cho ham phu tro, bat dang thirc Fefferman-Phong, bat deang thirc Caccioppoli va bt ddang
thirc Friedrichs. Trong Shen (1995), éng da thiét ldp bat dang thire Hanack yéu cho nghiém ciia
phirong trinh —Au +Vu = 0. Két qua cia ching toi 1a si tong quét két qud da c6 cia Shen (1995).

Tir khoa: bién Neumann; toan tir loai Schrodinger; Bat dang thirc Harnack yéu

1. Giéithigu

Khi xét toan tir Schrodinger, trong bai bao quan trong va khai dau cua Shen (1995),
tac gia da chiing minh bat dang thirc Harnack yéu cho toén tir loai Schrodinger —A +V véi
thé nang V thugc I6p Holder nguoc. Trong bai béo nay ching t6i ma rong két qua trén cho
toan tir —div(AVu)+Vu véi A la ma tran hang véi diéu kién bién Neumann.

Thé nang V thudc 16p Holder ngugc, dugc dinh nghia nhu sau:
Pinh nghia 1.1. Tanéi V € RH_ khi d6 V(X ) <Cm*(V, X) . Hon nita,

v

v6i moi qua cau mo B trong R".
Véi Q e dQ tuy y var < diam(oQ) , ta goi:

Z@Q.n)={(X',X,):[X =Q|<r,|X,-Q,|< @+2m)r|

1a toa d6 tru va m 1a hé sb Lipschitz cua bién.

C
o SEIBV(X)dX
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Ta s& chung minh bat dang thic Harnack yéu cho nghiém cia phwong trinh
—div(AVu) +Vu = 0trong bai todn sau:
Bai toan: Cho 1< p<2 vaV e RH_, Qla mién Lipschitz bi chan va cho g e L”(6Q) :
—div(AVU) +Vu =0, trong Q
AVu.v =g, trén 0Q
o

trong do:
e AVuv =g trén 0Q theo nghia

lim  Vu(X)-%(Q)=g(Q)

X—Q,X<I(Q)
hau khép noi cho Q € 6Q) .
e V(Q) la vecto phdp tuyén don vi huwéng ra ngoai bién oQ.

LP (60)

e A lamatrdn hang sé cdp nxn, doi xitng va eliptic déu. Nghia la:
2 112
a; =a;;31(0,1] sao cho A& < > a,&& < A7
i,j=0

Véi moi £ R".
2. Mot so két qua can thiét

Trong phan nay, ta dé cap mot sé két qua vé cac danh gia lién quan dén thé nang V va
ham m.
Pinh 1i 2.1. (Shen, 1995, B6 dé 1.4): Ton tai C >0,¢>0 va k, >0 chi phy thugc vao n va

hang s6 RH_ sao cho véi mei X,Y € R", ta co:

a) m(vV, X) ~m(V,Y) néu |X -Y|< m(\/l R
b) m(V,Y) <C(L+|X ~Y|m(V,X))* m(v,X).

cmv, X)
{L4]X =Y [m(v, X}

c) m(V,Y)>

trong do

(11
m(V,X)=|nf{F>O.rn—_2J‘B(X]r)V(Y)dYgl}.

Hé qua 2.2. (Shen, 1995, Hé qua 1.5): Véi moi X,Y e R", ta cé:
1
C{L+[X =Y[m(V,Y)}or <1+|X =Y |m(V, X)
<C{L+[X =Y|m(v,Y)}*"
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Pinh i 2.3. (Bat diang thic Fefferman-Phong) (Shen, 1994, B6 dé 1.11):
Cho ueCy(R"). Khi dé:
2 2 2 2
[ JuOOf mev, X)?dX <C | [Vuf dX +C_[u(X)] V(X)dX.
Pinh 1i 2.4. (Bat diang thic Caccioppoli) (Kurata & Sugano, 2000, B6 dé 2.3): Cho
ue Hi, (B(X,,2R))(We? = Hy, (B(X,,2R))) 1a nghi¢m cua —div(AVu)+ Vu=0 trén

loc loc
B(X,,2R). Véi moi 7 € (0,), ton tai hang s6 C >0 chi phy thugc vao n va 4 sao cho:

C

2 2 2
jB(XO’TR)(|vU| +V |yl )dx SR IB(XO,R)|”| dX.

Pinh Ii 2.5. (Bat ding thirc Friedrichs) (Kurata, & Sugano, 2000, Dinh Ii 6.1): Cho Q 1a
mién Lipschitz bi chdn trong R" véi n<2. Cho E c éQ théa o(E)>0. Khi dé, ton tai
hang s6 C =C(n,Q, E) >0 sao cho:
2 2 2
[ Jufax <c([ [vufax + [ uf do)

Véi moi u e WH2(Q).

Pinh 1i 2.6. Cho u la nghiém cia —div(AVu)+Vu=0 trong Z(X,,2R)NQ véi moi
X,€Q va R>0. Gia s (Vu) e’ va AVU-v =0 trén Z(X,,2R)NQ. Khi dé, ta co

danh gia sau:

1 2 2
sup u|<C| — udx | .
st(xFZ,R)| | (Rn J.D[Xms;ﬂ | j
Chitng minh. Cé dinh R > 0. Khong mat tinh tong quét, ta gia sit X € 6Q. Vi mdi M >0
va X € D(X,,2R)=B(X,,2R)NQ, ta dinh nghia:

VM(X)={L;/TX.)’ khi —M <u(X)<M
sign(u), con lai.
va
W (X):{VU(X), khi —M <u(X)<M
M 0, con lai. '

Liy peC? (B(XO,%B va D= D(XO,%J . Theo cbng thirc tich phan tirng phan, ta co:

ID(AVU)-V(Vsz)dX zjaD [(AVU)-¥ v, .¢2da—jD vu@’div( A, Vu)dX
= —jDngoz div(A-Vu)dX <0.
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Suy ra,
ID[(AVU) (Vv ) JpPdX + 2 ID[(AVU) (VW ) JvdX <0,

Tiép theo, ta chéo hda matran A. Do A ddi xing nén ta c6 thé viét:

A=P'EP=P"VEVEP
trong d6, E la ma tran duong chéo va P 1a ma tran truc giao. Ta co:

_[D [( AVU)- (Vv )] p°dX = ID [(x/EPVvM ) : (x/EPVvM )}(pzdx
= [,| (VEPWY, )q)de.

Tuong t, ta ciing c6:

[ [(AVU)- Vo], pdX = M(E PVY,, )-(VE PV(D)}gD.VM dX.
Do d6

jD[(JE PVV,, )q)TdX +2 jD[(JE PVY, )-(VE PV(p)}q).vM dX <0.
Suy ra,

[ [VEPY(v0) | dX <[ [(VEPV ) v, | dX.
Hon nita, theo tinh chat eliptic déu, véi moi & € R", ta co:

A} <[VEPs| =(VEPE)(VEPE) = (AS)-¢ < i | £F.
Ta suy ra:

Af V(o)X <[ [VEPY(v, )] dX < jD[(\/E PVo)v, de <7 v Vol dx.
Vay

[ V(v X <272 [ v, Ve[ dX.

Mt khac, véi phép nhiing Sobolev sé mii p = Z_nZ ta co:
n_

2
([ et" ) =] s+ [ ¥ ()]
Theo Pinh |i 2.5, ta c6:
2
([ el )* <C, (v IVo1)dX

Ta chon ¢ e CZ(B(X,,s)) sao cho:

0<p<1 p=1trong B(X,t) va |V¢J|S%.
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trong do O<t<s<§.

Do do:

N . . q 1.1
= 2>lva ¢(q,t)._(J’D(x0’t)|vM|qdX) (1.1)

Suy ra,

T |
in. R _(C)&™y vl (3R
o(orme )< S b o 2R),

trong do,
i 1 'y n
j=0 7/3 y—1 2
Cho m — +o0, ta duoc:
1

2
up < c(Ri fD(xoéRﬂVM § dxj
2

XeD(Xo,

Cho M — +o0, ta duoc:

sup < c{Ri L(xo,sgﬂulz dx J O

XeD(Xo,

3.  Kétluan
Cudi cung, ching toi xay dwng bat ding thic Harnack yéu cho toan tir
—div(AVU) +Vu thong qua dinh li sau day.

Dinh Ii 3.1. (Harnack yéu): Cho V € RH_,—div(AVu)+Vu =0 trong Z(X,,2R) Q2
vii mpi X, €Q va R>0. Gia sii (Vu) el va (AVU-V)=0 hay u=0 trén

Z(X,,2R) M oQ. Thivéi mdi sé nguyén duong K sé ton tai hang s6 C, sao cho:
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1
C 1
sup |ulg k (—n de
XeD(Xq,R) {1+ Rm(V, Xo)}k R .[D (Xg.2R) | |

Chimg minh. Ta c6 thé gia si X,€8Q. Do (Vu) el’(Z(X,,2R)noQ) va
(AVU-V) =0 trén Z(X,,2R) m0Q. Theo Binh i 26, tact:

1 2
20 5| L o o

Do V >0 nén @ hoan tit chitng minh, ta c6 thé gia sir R >

theo Pinh li 2.4:

1
m(V,X,)

C
ID[XO,?)|VU|Z dX + J‘D(XOV:)’ZRJ|U|2 de < ?ID(XO,ZR)|U|Z dX

Cho 77 eC?(B(XO,%D sao cho 7 ~1trén B(X,,R) va |V77|£%. Theo

Pinh Ii 2.5, ta 4p dung cho ham uzy € C; (D(X %D
JD(XO,R)”‘(V’ X)?-|u[* dx :ID(XO’R)m(v, X)* -Jup|* dX
<C JD(XO,R>|V(“’7)|2 dX +C jo(xo,R)|“’7|2 VdX
< CID(XO,R)WU n+Vn- u|2 dX + C-[D(XO,R)|U77|2 VdX
<Cf VUl +[Vnuf dX +C[ - lunf -vdX
< CJD(X R)|VU77|2 dx +cj |un| VdX +—j | * dx
< ID(XO,?]WUF dX +ch SR)|u| VdX +—j |u| dX
c
2

R
Theo DPinh |i 2.1. ta co:

IN

I |u|2 dx
D(X,.2R)

C[m(v,xo)}kolﬂ
kO

R ko+1

m(V,X)=
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Véimoi X € D(X,,R).
That vay, ta co:
1+|X = Xo|m(V, X, ) <1+rm(V, X, ) < 2rm(V, X,) véi moi X e D(X,,R).
Khi dé:
L
cm(V, X,) s cm(V, X,) >Cm(V,X0)ko+1

kO - kO - kO

(L+]X = Xom(V, Xp))ort  (2Rm(V, X, ))e-t (R)kot

m(V,X)=

Ta c0:

J.D(XOR) (VX ||dX<_I D(Xg.2R) |dX
Suy ra,

1 2

Cm(V, X, Jk+ C

{ ER)kk"ol) J Sopmll X< m(V,X) fuf dX SE-ID(XO’ZRJuFdX.
Vay

“dX < < 2 dX
J.D(XO,R)|U| - 2 .ID(XO,ZR)|U| :

[Rm(V, X,) [kt

Lap luan tuong tu nhu trén, ta co:

2dX < C,
ID[XOv?j|u| [Rm(V,XO)]
Do do:

j |u| dX,vk € Z,k > 0.
D(Xg,2R)

1 1

1 2 2 c 1
)|<C| = dy S—k'( de
e ML E e L ML
1
C 1 :
Y
1 2
{2(1+Rm(V,XO))}

IN

L

C.

< ‘ K [in.[o Xo.2R |u|2 dYJ '
{1+Rm(V, X, )}" \R" P00
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ABSTRACT

In regularity theory, weak Harnack inequality play an important role. Weak Harnack
inequality is necessary to prove Holder continuty of weak solution. In this paper, we prove weak
Harnack inequality for Schrodinger operator —div(AVu)-+Vuwhich is crucial and has many
applications in quantum mechanical physics, where A is a constant matrix and V is potental belong
to Reverse Holder. To obtain that, we need estimate for fundamental solution, Fefferman-Phong’s
inequality, Caccioppoli inequality and Friedrichs inequality. In paper of Shen Z. (1995), he
established weak Harnack inequality for operator —A+V . The outcomes in our paper represent a

generalization of the results presented in the paper of Shen Z. (1995).
Keywords: Neumann boundary; Schrodinger operator; Weak Harnack inequality
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