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ABSTRACT

This paper studies the formal local cohomology with respect to hon-maximal ideals. It is an
extension of the formal local cohomology for maximal ideals by Schenzel (2007). By using the
properties of inverse limits and I-adic topology, we have proved several crucial properties of the
formal local cohomology of order 0 regarding non-maximal ideals. In particular, detailed
computations were provided for the local cohomology of order 0 as regards non-maximal ideals.
The equivalent properties of the formal local cohomology of order 0 regarding non-maximal ideals
and associated primes of modules are rigorously proven.
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1. Introduction
Throughout this article, let R denote a commutative Noetherian ring with identity. Let
1,] be ideals of R. To investigate the asymptotic behavior of the inverse system of local

cohomology modules {Hj (M / I‘M)}t N}, Schenzel introduces the concept of formal
cohomology. To be more specific, for an R-module M, the module
Fi(M)= H‘(Iim(C; ®; M /|‘|v|)j

is called the i-th I-formal local cohomology module of M with respect to J, where

X=X, %,,..., X, isasystem of elements such that J =\/(X1,X2,...,Xr)R ,and C; is the Cech
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complex of R with respect to X. Schenzel (2007) [3.2], he show that there are the following
short exact sequences

0O——lim' Hi* (M /1'M)—— 7', (M)——limHj (M /1'M )} ——0
for all i€Z. In particular, when R is a local ring with the maximal ideal m and J=m,
we obtain isomorphisms

Fla.(M)=limH (M/1'M)

for a finitely generated R -module M (Schenzel, 2007). Most works on formal local
cohomology concern this particular case (Asgharzadeh & Divaani-aazar, 2011; Tran et al.,
2022; Schenzel, 2007; Yan, 2014). This paper reports the results of formal local cohomology
in the case that J is a non-maximal ideal.

The organization of our paper is as follows. Some preliminaries about inverse limits,
formal local cohomology and its basic properties are given in Section 2. The last section is
devoted to study some properties of the Oth formal local cohomology module under certain
assumptions. Theorem 3.3 states that if M is a finitely generated module over a complete
ring R with the I-adic topology, then there is an isomorphism

e (M);Q(ItM w (9))

Theorems 3.4 and 3.5 prove equivalent properties of the formal local cohomology of order 0 with
respect to non-maximal ideals and associated primes of modules.
2. Preliminaries

In this paper, it is assumed that R is a commutative Noetherian ring. We recall the

concept of formal local cohomology (Schenzel, 2007)). Let I,] be ideals of R and M an R-

module. Let C; denote the Cech complex of R with respect to X=X,X,,...,X, where

J :\/(xl, X,,....X )R . Now the system of modules {M / I‘M} . induces an inverse system

te

of R-complexes {C; ®, M /I'M]}

teN

Definition 2.1. With the previous notation, the i-th I-formal local cohomology module of
M with respect to J , denoted by ', (M), is defined by
F(M)=H' (Iim(C; ®, M /I'M )]

When there is no doubt on | , we simply say formal cohomology with respect to J .

The following theorem shows the relation of formal local cohomology with respect to
the inverse limit and its derived function of certain local conomology modules. For the sake
of completeness, we provide a proof.
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Proposition 2.2. (See also Schenzel, 2007). Let M be an R-module. There are the following
short exact sequences
0——lim*H;* (M /1'M)—— 7', (M)——limH} (M /1'M )} ——0

t

forallieZ.

Proof. We first note that {M /1'M } , is a surjective system. Then the inverse system of R-

te

complexes {C; ®; M/ ItM} . is also a surjective system. Analysis similar to that in [11,

te

Page 84], we have the short exact sequence
0——lim' H"™*(C; ®, M /I'M)—F', (M)

—— limH'(C; ® M /1'M)——0

for all i €Z . On the other hand, there are isomorphisms
H'(C; @ M/1'M))=H} (M /1'M)

for all integer t. Hence we obtain the short exact sequence as required. 0
From Definition 2.1, we obtain the property that equivalent ideal topologies define

isomorphic formal cohomology modules.

Lemma 2.3. (Tran & Nguyen 2023). Let M denote an R-module. Let {M,} _ be a

decreasing family of submodules of M . Suppose that there exists an integer t, such that

I"*N <M, and M., cI'M forall t>0. Itis equivalent to say that the topology induced

t+t,

by {Mt}teN IS equivalent to the I-adic topology on M. Then there are isomorphisms
Fi(M)= H‘(Iim(CX ®; M /M, )j

forall ieZ.
Let (R,m) be a local ring. Let 0—>N —M — L —0 denote a short exact sequence of
finitely generated R -modules. In [Schenzel P. (2007), Theorem 3.11], Schenzel proves that
there is a long exact sequence

o—F (N)—F (M) —>F  (L)—>...
This is an important tool to investigate formal local conomology with respect to a maximal
ideal. We prove a similar result for a non-maximal ideal as found in Tran & Nguyen (2023).

Theorem 2.4. (Tran & Nguyen 2023). Let
0O>N->M-—>L—>0

be a short exact sequence of R-modules. Suppose that N is finitely generated R-module. For
ideals I, ] of R, there is a long exact sequence
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—F S (N)—F, (M)—F' (L) —...
Let us recall the Mittag-Leffler condition for the exactness of the inverse limits: An inverse
system of R -modules, which is indexed by N | is said to satisfy the Mittag-Leffler condition
if for each n, the decreasing family {qﬁn,n(Mn,)g Mn:n'Zn} of submodules of M, is

stationary. In other words, for each n, thereisann, = n, such that forall n’,n" > n,, we have

S (M) =6, (M) as submodule of M, . If {M_,¢. 1} isan inverse system of Artinian

modules, then it satisfies the Mittag-Leffler condition.
Lemma 2.5. (Hartshorne, 1977). Let
0——{N,}—{M,}—{L,j—0
be a short exact sequence of the inverse system of modules. Then
(i) If {M} satisfies the Mittag-Leffler condition, then so does {L} .

(ii) If {N,} satisfies the Mittag-Leffler condition, then sequence of inverse limits

0——IlimN,——IlimM, limL, 0

n n n

IS exact.
3. On the 0th formal local cohomology modules
Let R be a Noetherian ring. Let 1,J denote ideals of R. By the view of Proposition

2.2, the Oth formal local cohomology module with respect to J is isomorphic to the inverse
limit of certain local cohomology modules.
Lemma 3.1. Let M be an R -module. Then

Fo(M)zlimHI (M /1'M).

Proof. It immediately follows from Proposition 2.2. [

From the previous result, we can calculate the Oth formal local cohomology module in
some settings.
Lemma 3.2. Let M be a finitely generated R -module. Suppose that

Supp(M )V (1)cV (J).

Then 7', (M)=0 forall i #0 and
Fa(M)=A (M)

where A, (M) is the I-adic completion of M .

Proof. Let t be an integer. We have that
Supp(M /1'M ) =Supp(M )~V (1) cV (3).
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Since R is the Noetherian ring and M is a finitely generated R -module, there exists an
integer n such that J" (M /1'M ) =0. In other words, M /I'M is an J -torsion module so

Hj(M/ItM):O forall i =0 and H?(M/ItM);M/I‘M.Taking the inverse limit, we

get an isomorphism
limHJ (M /1'M )= A, (M)

and Iithj(M /1'M)=0 for all i=0. Now the claim follows from the previous

proposition. [
Let M be a finitely generated R-module. For an R-submodule N of M, there is an
increasing family of submodules of N
N:,lcN: IPc...caN;, 1"
Therefore, let Nz, (1) denote the maximal module in that chain.

Next, the following result provides the precise computation of the Oth formal local
cohomology module with respect to J when R is | -adic complete (the natural

homomorphism R — A, (R) is an isomorphism).

Theorem 3.3. Let M be a finitely generated R -module. Suppose that R is complete in the
I-adic topology. Then there is an isomorphism

Fo(M)=(I'M 3, (3))

teN

Proof. First, we note that
I'M 5y (3)/1'M =HI (M /1'M)
for all integer t. Moreover, there are the natural short exact sequences
0— I'M —1'M:, (J)——1'M:, (3)/1I'M ——0,
Taking the inverse limit with index t and the notice that ﬂteN I'M =0 by the Krull
intersection theorem, we obtain
0—— (), (1'M 3y (3))—==>limH] (M /1'M ).
Now we will show that ¢ is surjective. Indeed, let
{xt+ItM}e<Ii_m(ItM » <J>/|‘|v|).

where X, € I'M 3, (J) forall t. Next, consider lim(1'M :,, (J)/1'M) as a submodule of

«—t

the I-adic completion A, (M).Since R is | -adic complete and M is finitely generated R

-module, M is complete in its | -adic topology. Therefore, there exists an element ze M
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such that z—x e I'M for all integer t. It is obvious that 2eﬂteN(ltM M <J>) and

p(z)= {xt +1'M } . Finally, the claim follows from Lemma 3.1. 0

As an application of Theorem 3.3, we show the vanishing of the Oth formal local
cohomology module with respect to J .
Theorem 3.4. Let M denote a finitely generated R -module. Suppose that R is complete in
the l-adic topology. Then the following statements are equivalent.

i) Fiy(M)=0.

i) For any prime ideal pe Ass;(M),J™ & | +p for all integer m.

In addition, if (R,m) is a complete local ring, then (i) and (ii) are equivalent to

iii) For any t, there is an integer s(t) such that 1M :,,(J)c I'M .
Proof. (i)=>(ii). Let p=(0: X) be an associated prime of R-module M such that
J™ < I +p for an integer m. Obviously, x is a non-zero element of M so, by Theorem
3.3, it is enough to show that for all integer n there is an integer m such that J"xc I"'M .
Now, let n be an arbitrary integer. By the assumption, we have that J" c | +(0:R x). In

other words, J"X < IM . Thus, J™xc I"M .

(if)=(i). By the previous theorem, there is a non-zero element xe[] (1'M: (J)).

Therefore, J" < 1+(0: x) for an integer m. Since Ass,(Rx)c Ass, (M), there is
pe Ass, (M) such that (0:; x) < p . Hence
J"cl+(0 x)cl+p.
(i) = (iii). For any integer t, we have the short exact sequence
0——HJ(M/I'M)—>M/I'M —M /(I'M 3, (J))—0
Note that I'M 3, (J)/I'M =HJ(M /1'M ). Now, HJ(M/1'M) is semi-discrete linear
compact because R iscomplete in m -adic topology and H?(M /ItM) is finitely generated

R -module. Therefore, the sequence
0——F% (M)——limM /1'M ——limM /(1'M 3, (3))——0

t

is exact by Theorem 3.3 and (Jensen, 1972), 7.1). Thus, the exact sequence implies that
{ItM}tEN and {ItM » <J>}t€N induces the same topology on M . Hence for any t , there is

an integer s(t) such that I°M :, (J)c I'M .
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iii)= (i). In virtue Theorem 3.3, it suffices to prove I'M 3, (J)) is zero. For any
M

integer t,
KOM c 1°UM 3, ()< I'M
These inclusions induce

(M5 (3)= 1w

teN teN
and the second module is equal to zero by the Krull intersection theorem. It finishes the

proof. []
The hypothesis that R is complete, the | -adic topology can be omitted in (i)= (ii) of

Theorem 3.4. Indeed, from the proof Theorem 3.3, there is an injection

ﬂ(ItM w (1)) © F5 (M),

teN

Therefore, we can consider ﬂ (ItM " (J)) as a submodule of the formal local

(™, <J>))

contains all prime ideal p e Ass, (M) such that J™ < I +p for an integer m .

cohomology module £° (M) . Furthermore, it is easy to see that Assg (ﬂ

t

Theorem 3.5. Let (R, m) be a local ring. Let M denote a finitely generated R -module.
Then

Fra(M)=(1'M 3 ()

teN
and the following statements are equivalent.

) Al (M)=0.
if) For any prime ideal P € Ass, (I\7I ) dimlil(lli + P) >0.
iii) For any t, there is an integer s(t) such that 1*M =, ()< I'M .
Proof. First, for each t,H? (M /1'M ) has a natural structure of an R module and, in this
case, the natural homomorphism
Ho(M/1I'M) > H2 (M /1'M)®, R
is an isomorphism. Now, the flatness of R over R induces that
HO(M/1'M)=H2 (M /1'M)
Thus, the inverse limit provides that
Fra(M)=72 (M)

Hence the claim follows from Theorem 3.3 and Theorem 3.4. []
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TOM TAT

Bai bao nay nghién citu vé doi dong diéu dia phwong hinh thirc ing Vi idéan khéng toi dai.
Pay la mét mé réng Cia doi dong diéu dia phwong hinh thirc vmg Véi idéan toi dai cua Schenzel
(2007). Bang cach s dung cc tinh chdt cia gidi han ngiroc va td pod I-adic chiing t6i da chirmg minh
dwoc mét s tinh chdt quan trong cia doi dong diéu dia phwong hinh thirc ¥mg bdc 0 1mg vdi idéan
khong toi dai. Cu thé, chiing téi dwa ra cdc tinh todn chi tiét cho doi dong dia phicong hinh thirc bac
0 4N Vi idéan khong toi dai. Cac tinh chdt tuwong dwong ciia doi dong dia phirong hinh thirc bac 0
UNg Voi idéan khéng t6i dai va cdc idéan nguyén to lién két véi médun ciing dwoc chimg minh
chat ché.

Tir khoa: chiéu d6i dong didu; d6i ddng didu hinh thic; d6i dong didu dia phuong
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