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ABSTRACT 

The proton-deuteron (pd) radiative capture reaction significantly impacts primordial 

nucleosynthesis. Employing a phenomenological potential model, we analyze pd radiative capture 

at energies below 300 keV, emphasizing electric dipole (E1) transitions. Bound and scattering states 

are exclusively determined through the Woods-Saxon potential by solving Schrödinger equations. 

The selected experimental data were used to validate the proposed theoretical framework. 

Keywords: potential model; proton-deuteron; radiative capture 

 

1. Introduction 

Primordial nucleosynthesis, also known as Big Bang nucleosynthesis (BBN), is a 

pivotal astrophysical process occurring in the early stages of the universe. It entails the 

synthesis of nuclei beyond the lightest hydrogen isotope, contributing to the formation of 

various elements in the cosmos. This nucleosynthesis unfolds in the initial moments 

following the Big Bang. 

The pd radiative capture or ( , )d p  3He reaction, a fusion of deuteron and proton, plays 

a crucial role in BBN as a nuclear fusion pathway. In this process, deuterium and a proton 

combine to form 3He, accompanied by the emission of a γ-ray photon. This reaction is part 

of the complex network of nuclear reactions during BBN, influencing the abundance of 3He 

and the overall primordial element abundance pattern. The investigation extensively reviews 

related literature both empirically and theoretically on astrophysical S factors related to solar 

fusion reactions (Adelberger et al., 2011). 

Experimental measurements of this reaction at low energy have been conducted in 

various accelerator experiments (Bystritsky et al., 2008; Casella et al., 2002; Griffiths et al., 

1963; Mossa et al., 2020; Schmid et al., 1995; Tišma et al., 2019; Turkat et al., 2021). 

However, these measurements come with considerable uncertainties, impacting the 

comparison between predicted and observed primordial abundances. 
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Theories of pd radiative capture and scattering have a long history, employing 

advanced techniques (Friar et al., 1991; Kievsky et al.,1995; Marcucci et al., 2016; Viviani 

et al., 1996). In this work, we adopt a phenomenological approach (Huang et al., 2010; Xu 

et al., 2013) to investigate this reaction, aiming to obtain astrophysical S factors and the 

extrapolated value of 1(0)ES . Radial overlap wave functions for both bound and scattering 

states are crucial inputs for the potential model. The Woods-Saxon potentials for the nuclear 

part are used in the present work. These wave functions are obtained by solving Schrödinger 

equations for both states. The S factor calculation for pd radiative capture is then compared 

to experimental data, focusing on the E1 transition below 300 keV. 

The forthcoming section will detail the formalism of the potential model for pd 

radiative capture, taking into account the E1 transition. The results and ensuing discussions 

will be presented in Section 3, followed by conclusions in Section 4. 

2. Potential model for radiative capture reaction 

2.1. Electric dipole transition in radiative capture 

The astrophysical S factor for the E1 transition is defined as 
2

1 1( ) ( ) ,E ES E E Ee =  (1) 

where   is the Sommerfeld parameter. The cross-section for the E1 transition to a bound state 

is now written as 
3

2

1 1

16 1
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where  is the reduced Planck constant, k is the photon wave number as a function of the proton 

energy E, and   is the relative velocity of the proton-deuteron system. The intrinsic spins ps  

and dI  are of the proton and deuteron, respectively. The reduced matrix elements of the E1 

transition are written as 

1 1( ) ( ) ,
b s

b s
E d b p j E d s p j

J J
M I s O I s   =         (3) 

where the scattering state is ( )
s

s
d s p j

J
I s     and the bound state is ( )

b
b

d b p j
J

I s   
. 

Both states are sandwiched by the electric dipole operator 1EO  (Xu et al., 2013). The 1EM  can 

be simplified by the calculation of the single-particle reduced matrix element. 

1 (s.p.)

1 1
ˆ ˆ( 1) ,

1
d b s b b dI j J

E e s b E

s s

j J I
M C J J M
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+ + +  
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 
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where the hat notation is ˆ 2 1J J= +  and the curly bracket is the Wigner 6j coefficient, and eC  

represents the effective charge. The single-particle reduced matrix elements (s.p.)

1EM  can be 

written as 
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(s.p.)
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where the round bracket component is the Clebsch-Gordan coefficient. The radial overlap 

integral of two states, which plays the most crucial role in the potential model calculation, is 

given by 

1 ( ) ( , ),
b b s sE n j jI dr r r E r =   (6) 

where 
s sj

  and 
b bn j are the wave functions of the scattering state and bound state, 

respectively. 

2.2. Bound and scattering equations 

The wave functions for bound and scattering states are solutions to the radial 

Schrödinger equations, each corresponding to a specific single-particle wave function. The 

equations governing these states are given by 

2 2

2
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2 b b b bb n j b n j

d
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where   represents the reduced mass, and the binding energies 0bE   are discrete, while 

the scattering energies 0E   are continuous. The potentials for both scattering and bound 

states include contributions from nuclear, Coulomb, and centrifugal terms 

nucl. Coul. cent.( ) ( ) ( ) ( ).V r V r V r V r= + +  (9) 

The nuclear part takes the form of a Woods-Saxon potential 

0
nucl. ( )/

( ) ,
1 r R a

V
V r

e −
=

+
 (10) 

where R  and a  are the radius and diffuseness parameters of the Woods-Saxon potentials, 

respectively. The depth of potential 0 0V   is adjusted to match experimental data. The 

Coulomb potential is described by a spherically symmetric uniformly charged sphere 

( )
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where CR  is the Coulomb radius, and, in this work, we set CR R= . As the E1 transition 

involves different orbital angular momenta ( )1b s  =  , the centrifugal term differs 

between scattering and bound states 
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2 2

cent. cent.2 2

( 1) ( 1)
( ) ,  ( ) .
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+ +
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3. Results and discussions 

In this analysis, we focus on E1 transitions to the ground state of 3He with 1/ 2bJ = . The 

ground state of 3He is modeled as a proton with spin 1/ 2ps =  coupled to the deuterium core, 

having an intrinsic spin 1dI = . We fit the Woods-Saxon potential to match the form of the 

Hartree-Fock potential with the SLy5 force, determining the parameters R = 2.31 fm and  

a = 0.37 fm through fitting as shown in Figure 1. The depth 0V  is the sole parameter adjusted to 

simultaneously reproduce the binding energy and pd scattering. 

Table 1. Relevant single-particle states in the E1 transition within the potential model 

No.  
s sj  sJ  b bj  bJ  ps  

dI  

1  
1/2p  1/2 1/2s  1/2 1/2 1 

2  
1/2p  3/2 1/2s  1/2 1/2 1 

3  
3/2p  1/2 1/2s  1/2 1/2 1 

4  
3/2p  3/2 1/2s  1/2 1/2 1 

 

 

Figure 1. The Woods-Saxon potential with V0 = −22 MeV, R = 2.31 fm and a = 0.37 fm  

obtained from fitting to the converged Hartree-Fock potential with SLy5 

In the potential model, a proton is captured into the 1/21s  state ( 0)b =  from incoming p 

states ( 1)s = . The binding energy of the 1/21s  proton equals the Q value of the reaction, given as 

5.5bE = − MeV. To achieve this binding energy, we utilize 0 32.06V = − MeV. The single-particle 

states involved in the E1 transition are presented in Table 1. The squared asymptotic normalization 

constant for the bound s state of 3He is determined to be 3.18 in this study. The experimental values 

are found to be 3.4 0.2  (Plattner et al., 1977) and 3.5 0.4 (Bornand et al., 1978).  
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Figure 2. Astrophysical S factor with only E1 transition of d(p, γ)3He reaction compared 

with the experimental data from previous studies 

 (Mossa et al., 2020; Schmid et al., 1997; Tišma et al., 2019; Turkat et al., 2021). 

Figure 2 displays the calculated astrophysical S factor for the ( , )d p  3He reaction, 

considering only E1 transitions below 300 keV. Notably, the calculated curve aligns well with 

experimental data from previous studies  (Mossa et al., 2020; Schmid et al., 1997; Tišma et al., 

2019; Turkat et al., 2021). Notably, the largest magnitude of the transition occurs for the 

incoming 3/2p  wave with 1/ 2J =  (depicted by the magenta dashed line), while the contribution 

of the 1/2p  wave with 1/ 2J =  (represented by the red dotted line) is negligible. The magnitudes 

of 1/2p  with 3/ 2J =  and 3/2p  with 1/ 2J =  are equal due to the omission of spin-orbit 

splitting. 

The statistical method 2  is employed to evaluate the goodness of fit between observed 

(experimental) data and expected (theoretical) values. The 2  values are determined by 

2
exp theo

2

1

1
,

N
i i

i i

S S

N


=

 −
=  

 
  (13) 

where exp

iS  and theo

iS  represent experimental and theoretical values, respectively. The 

uncertainties (errors) i  are associated with the N measured data points. For the experimental 

data below 300 keV reported in the literature review (Mossa et al., 2020; Schmid et al., 1997; 

Tišma et al., 2019; Turkat et al., 2021) with 26 data points, the calculated 2  is 3.78. 

Extending the data points up to 1 MeV (36 data points from Mossa et al., 2020; Schmid et 

al., 1997; Tišma et al., 2019; Turkat et al., 2021) and using 0 32V = − MeV, the extracted 2  

value is 4.24. Figure 3 illustrates the variations in the chi-squared values when altering the depths 

of the scattering potentials. The minimum 2  value is found at 0 27.3V = − MeV. 
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Figure 3. Comparison of 2  values obtained from the astrophysical S factor calculation 

and experimental data for the ( , )d p  3He reaction. The test includes data points up to 1 

MeV with the variation of 0V  from −35 MeV to −25 MeV 

Figure 4 shows the total S factor of pd radiative capture when comparing the cases of using 

0 32V = − MeV and 0 27V = − MeV. The case with 0 27V = − MeV is in better agreement with 

the recently measured experimental data reported by Mossa et al. (2020). Additionally, it exhibits 

a smaller slope in comparison to the other case. The extrapolated values at extremely low energy 

do not differ significantly between these cases. 

 

Figure 4. Astrophysical S factor with only E1 transition of ( , )d p  3He reaction using  

0V = −32 MeV (dashed line) and 0V = −27 MeV (solid line) vs. data from Mossa et al. (2020), 

Schmid et al. (1997), Tišma et al. (2019), and Turkat et al. (2021) 

The extrapolated values of 1(0)ES , considering the E1 contribution, are determined to 

be 0.115 eV b for 0 32V = − MeV and 0.110 eV b for 0 27V = − MeV in this work. In comparison 

with the studies by Descouvemont et al. (2004) using R-matrix analysis to be 

1(0) 0.089 0.004ES =  eV b and by Dubovichenko et al. (2020) adopting the modified 

potential cluster model to be 1(0) 0.135ES = eV b. Schmid et al. (1995) using the angular 

distribution data reported 1(0) 0.053 0.005ES =  eV b, and the value for the p-wave 
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component of the zero-energy astrophysical S factor is 1(0) 0.073 0.007ES =  eV b  

(Schmid et al., 1997). 

In this study, the astrophysical 1( )ES E  factor, calculated for energies below 300 keV, 

is approximated using a cubic function 
2 3

1( ) 0.110 6.37 8.35 5.22ES E E E E= + + − , for 0 27V = − MeV, (14) 

where 1( )ES E  and E are in eV b and MeV, respectively. The polynomial in Eq. (14) is 

valuable in astrophysical models that simulate the conditions within stars, helping 

astrophysicists gain insights into the nucleosynthesis processes, energy generation, and 

overall stellar evolution. It is noteworthy that the best-fit total S factor used in Mossa et al. 

(2020) was determined as 2 3( ) 0.2121 5.973 5.449 1.656S E E E E= + + − . Comparing the 

slopes, our ( )S E  slope, the coefficient of the first derivative '(0)S  is close to that reported 

by Mossa et al. (2020). This positive slope indicates E1 resonance behavior at higher 

energies attributed to p waves. Furthermore, 1(0)ES  is lower than total (0)S , suggesting the 

influence of the M1 transition, a factor not being considered in this study. 

4. Conclusions 

This study highlights the effectiveness of computing S factors using the potential model, 

proving to be a valuable tool for investigating radiative capture reactions. The potential model, 

often considered simple, emerges as an effective approach for describing few-body problems at 

low energy. 

Future work will focus on exploring the role of magnetic dipole (M1) transitions, known 

contributors to enhanced S factors at very low energies. Additionally, the investigations in this 

study will extend to examining the consistency between pd elastic scattering and radiative 

capture, contributing to a more comprehensive understanding of these complex nuclear processes. 
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TÓM TẮT 

Phản ứng bắt xạ proton-deuteron (pd) ảnh hưởng đáng kể đến quá trình tổng hợp hạt nhân 

nguyên thủy. Sử dụng mô hình thế hiện tượng luận, chúng tôi phân tích phản ứng bắt xạ pd ở mức 

năng lượng dưới 300 keV, tập trung vào chuyển dịch lưỡng cực điện (E1). Các trạng thái liên kết và 

tán xạ được xác định thông qua thế năng Woods-Saxon bằng cách giải các phương trình 

Schrödinger. Kết quả lí thuyết được so sánh với dữ liệu thực nghiệm chọn lọc để kiểm chứng tính 

toán lí thuyết của chúng tôi. 

Từ khóa: mô hình thế; proton-deuteron; phản ứng bắt xạ 
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