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TOM TAT

Cho F la mot truong va p(X) la mét da thire bdc hai trong F [X] Kihiéu T (F) la vanh
tat ca cac ma trdn tam gidc trén F . Mot ma trdan AeT, ( F) dwoc goi la ma trdn toan phuong doi
VOi p(x) hodc don gian la ma trgn p(x) - toan phwong néu p(A) =0. Trong bai béo nay, ching
t6i nghién cuu sw phan tich cua cac ma trdn trong T (F) thanh tich cua cdc ma trgn p (X) - toan
phuong trong T (F) Chiing ti chitng minh dwoc rang: Néi k>4 la s6 nguyén dwong, moi ma
trén trong T, (F) c6 cdc phan tir trén duong chéo chinh la d* (2 <s, <k- 2) déu cé thé biéu dién
thanh tich cia K ma trdn p(x) -toan phuwong trong T (F) VOi p(X) la da thiec bac hai co hai
nghiém A, =d, A, =1. Ddy la mot két qua khé dep vi tir né chiing téi cé thé dé dang thu dwoc mét
két qua néi tiéng cia tac gia Slowik (Stowik, 2013), ciing nhw mé ra hudng tiép theo cho cic nghién

ctru sau nay.
Tir khéa: ma tran d6i hop; ma tran toan phuwong; ma tran vé han; tich cua cac ma tran

1.  Giéi thiéu
Phan tich ma tran trén trudong thanh tich ctia cadc ma tran c6 tinh chét dic biét nhu ma
tran Ity don, ma tran ddi hop..., da thu hat duoc nhiéu sy quan tam cua cac nha nghién ctru
va c6 nhiéu tmg dung trong céc linh vuc khac nhau.
Xuyén sudt bai bao nay, ching t61 [udn gia st Fla mot truong va nla mdt so nguyén
duong. Chung t6i1 ki hi¢u:
e M, (F) lavanh tat ca cac ma tran vudng cap ntrén F;
e GL,(F),SL,(F) lan luot 1a nhom tuyén tinh tong quat va nhom tuyén tinh dic biét
bac ntrén F;
e | lama trdn don vi trong M, (F);
e UT (F)latap hop tit ca cdc ma trin tam giac trén trong M| (F) sao cho cac hé s6 nam

trén duong chéo chinh ctia chung bang 1.

Cite this article as: Vu Minh Tam, & Doan Cao Minh Tri (2025). On the products of quadratic infinite matrices
over fields. Ho Chi Minh City University of Education Journal of Science, 22(1), 39-49.
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Mot ma tran A e M, (F) dugc goi 1a ma tran lity don chi s6 k (twong tmg, ma tran

d6i hop) néu (A -1, )k =0 (twong tmg, A* —1_=0). Khi F 1a trudng s6 phic C, Fong va
Sourour (Fong & Sourour, 1986) da nghién ctru nhom sinh bdi cdc ma tran Ity don va chi ra
dugc rang moi ma tran trong nhém SL, (C) déu 1a tich ctia ba ma tran lily don (khong gi6i
han vé chi s6). Sau d6, Wang va Wu (Wang & Wu, 1991) dé chimg minh dugc mot két qua
manh hon nhu sau: Moi ma tran trong nhom SL (C) 1a tich ctiia nhiéu nhat bon ma tran Ity

don chi s6 2. Ngoai ra, Gustafson (Gustafson et al., 1976) da chi ra duoc rz‘“mg moi ma tran
co dinh thirc b?mg 1 hodc —1 déu c6 thé phan tich dugc thanh tich cua bdn ma tran doi hop.
Hon nita, “bdn” 13 sb nguyén duong nho nhat thoa mén tinh chat nay.

Nhimng nim gan ddy, nguoi ta cling danh nhiéu sy quan tim dén bai toan phan tich ma
tran vo han thanh tich ciia cac ma trin ¢ cac tinh chat dic biét nhu da ké trén. Nhic lai rﬁng
M, (F) la tap hop tat ca cAc ma trin vo han trén F va |_ 1a ma tran don vi trong M (F),
T, (F) 1a vanh tat cd cdc ma tran tam gidc trén trong M (F). Ki hiéu UT, (F)la tap hop
cac ma tran trong T, (F) sao cho cac hé s6 nam trén duong chéo chinh bang 1. Trong mot
nghién ctru gan day cua Stowik (Stowik, 2013), ba da chimg minh dugc rang moi ma tran
trong T, (F) sao cho céc hé s6 ndm trén dudng chéo chinh bang 1 hodc -1 déu c6 thé bicu
dién duoc thanh tich cia nim ma tran dbi hop. Vao nam 2017, Xin Hou, Shangzhi va
Quingquing Zheng (Hou et al., 2017) d4 chi ra rdng v6i R 1a vanh két hop c6 don vi 1a 1, thi
moi ma trén trong UT, (R) ¢ thé biéu dién dugc thanh tich cta nhiéu nhat bén ma tran lity
don chi s6 2. Chung toi nhan thiy rang cac ma tran d6i hop va lity don chi s 2 trong cac két
qua trén déu thoa tinh chét 12 nghiém ctia mot da thirc bac hai p(x) e F[x], ma & phan tiép
theo chung s& dugc goi 13 cac ma tran toan phuong dbi voi p(x). DPay cling chinh 1a dong
lic dé chiing t6i thyc hién bai nghién ctru ndy. Cu thé, chung t6i chimg minh duoc rang: Véi
k >4 1a s6 nguyén duong, moi ma trén trong T, (F) co cac phan tir trén duong chéo chinh
la d* (2<s, <k-2) déu co thé biéu dién thanh tich ciia k ma tran toan phwong ddi véi
p(x) trong T, (F), voi p(x) la da thirc bac hai co hai nghiém A, =d, 1, =1.
2. Kién thic chuian bi

Dau tién, chung t6i dua ra dinh nghia thé ndo la mot ma tran toan phuong doi véi p(x)
trong T, (F):
Dinh nghia 2.1. Cho R=T_(F) hogc R=T,(F) va p(x) la mér da thirc béc hai trong
F[x]. Matrin AeR sao cho p(A)=0 duoc goi la mét ma trin toan phwong doi Voi

p(x) hodc don gian la mgt ma trgn p(x)-toan phiong.
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Vi du 2.2.
e Ma tran ddi hop la ma tran toan phuong dbi véi p(x)=x*-1.
e Ma tran lily don chi s6 hai 1a ma tran toan phuong d6i véi p(x) = (X —1)2 :
Ké tir ddy, néu khong giai thich gi thém thi ta hiéu p(x)=x> —cx+d e F[x] la mot da
thire bac hai c6 hai nghiém A, =d, A, =1.
Vi dy 2.3. Ta d& dang kiém tra dugc: Néu A 1a mot ma trdn p(x)-toan phuong trong

T, (F) (n < 2)thi Ala mét trong cac dang sau day

0 0 a a
(4), (%), R |7 | véi aeF.
0o )0 4o 4) o 4
Chung ta d& dang kiém tra duoc c4c nhan xét sau day.
Nhdn xét 2.4. Cho k la mét s6 nguyén dwong. Ki hiéu R =T,_(F) hodc R =T, (F), véi
n>1. Gia sir R* la tdp hop tat cd phan tir kha nghich trong R . Khi dé
1. Néu A la mot ma tran p(x)-toan phwong trong R thi véi moi ma trgn P e R*, ma
tran P AP ciing ld mgt ma trdn p(X)-toan phuong trong R.
2. Néu A la tich cia k ma trén p(X)-toan phuong trong R thi véi moi ma trdn
P e R", ma trgn P AP ciing la tich cia K ma trdgn p(X)-todn phwong trong R.
Chizng minh.
1. Cho A la mot ma tran p(x)-toan phuong trong R va P 1a mdt ma tran trong R*.
Khi do, ta co

A? —cA+dl =0.
Suy ra
(PAP) —c(PAP)+dl = P* (A% —cA +dI)P
—PLoP
=0,

nén P™AP ciing la mot ma tran p(x)-toan phuong trong R.
2.Cho A latich caa k matran p(x)-toan phuong trong R va P 1a mét ma tran trong
R*. Khi d6, ta c6 thé viét
A=AA,. A,
voi A, 1<i <Kk lacac ma trdn p(x)-toan phuong trong R . Suy ra
PIAP =P (AA,. A, )P
=(P?AP)(PAP)...(P7AP).
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Tir khang dinh 1., P"AP 1a mdt ma trin p(x)-toan phuong trong R véi moi
i €{12,..k}. Do do, matrdn P™AP ciing Ia tich cua k ma tran p(X)-toan phuong trong R .
Cho A, A,,... 1a cac ma tran co cfip hiru han hoac vo han trén F. Khi do, ta dinh
nghia tong truc tiép clia ma tran trén 1a ma tran khdi c6 cac khdi ndm trén dudng chéo chinh
12 A, A,,... vakihieula Diag(A,,A,,...) hoic ®A,.
Nhdn xét 2.5. Cho Kk la mét s6 nguyén dwong. Ki hiéu R =T,_(F) hodc R =T, (F), véi

n>1. Khi do
1. Néu A la tich ciia k ma tran p(x)-todn phuong trong R véi moi i21, thi

A= @l A ciing la tich ciia K ma trdgn p(X)-toan phuong trong R.
1>
2. Néu p(x) cé mot nghiém bang 1 va A latich ciia K, ma trdn p(X)-toan phuong trong
R,vdil<k <k,i>1,thi A= D A la tich ciia K ma trgn p(X)-toan phwong trong R .

Chitng minh

1. Vivoimdi i>1,tacéd A; latich cia k matran p(x)-toan phuong trong R . Khi
do A, co thé dugc biéu dién dudi dang

A =AA A, i21,
trong d6 A, , 1< j<k la cac ma trén p(x)-toan phuong trong R .

Mit khac, véi méi j € {1,2,...k}, taco

p(@Ail)zéap(AiJ):O.

i>1 i>1

Do do, _@1Aij cing la mdt ma trdn p(x)-toan phuong trong R . Diéu nay dan dén

(AA, A, ):ﬁ(i@lAij )

A=@A =@

i>1 i>1
la tich cua k ma trén p(x)-toan phuong trong R .

2. Vi p(x) c6 mot nghiém 1a 1 nén p(1) =0 hay matrdn | la mot p(x)-toan phuong
trong R . Khi d6, ching ta bo sung K —k. >0 ma tran don vi | trong phén tich A, thanh
tich cua k; matran p(x)-toan phuong trong R va thu dwoc A, 1a tich cua k matran p(x)
-toan phuong trong R véimoi 1>1.

Cudi cung, 4p dung khang dinh 1., ta thu dugc A = @ A, la tich ciia k ma tran p (x)-

i~1

toan phuong trong R .
B6 dé 2.6 dudi day 1a mé rong ciia B6 dé 2.1 trong bai bao cua Stowik (Stowik, 2013).
B6 d& duoc phat biéu nhu sau:\
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Bé dé 2.6.

1. Néu hai ma trin A:(aij ;

) va B=(b

#0 v6i moi i €{1;2;..;n} thi ton tai mét ma trgn P e UT, (F)

) trong T,(F), véi nx=1, théa man
a; =b;=d va a,,=b
théa man A=P'BP.
2. Néu hai ma trin A:(aij) va B :(bij) trong T, (F) théa man a;=b;=d va
8, =0

i,i+1 1,i+1

1,i+1

=0 voi moi | > 1 thi ton tai mét ma trgn P e UT, (F) théa man A= P'BP.
Chizng minh.

Trong chimg minh ctia b dé nay chung t6i chi trinh bay chimg minh cua khang dinh
2. con khang dinh 1. dugc chimg minh hoan toan tuwong tu.

Dau tién, ta thiy rang

d a, *
d a,
A= d a,
d 1 a,d™* *
d 1 a,d™
= d 1 a,d?
=dLA"

Theo B6 dé 2.1 trong bai bao cua Slowik (Stowik, R. 2013), tdn tai mot ma tran
P e UT, (F) thoa min

1 a,d™
1 a,d?
A’ =P 1 a,d' [P
Suy ra
1 a,d® d a,
1 a,dt d ay

A=dIp? 1 a,dt |P=P? d a, [P

Tuong tu, toN tai ma tran Q € UT, (F) thoa man
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d b,

d by,
B=Q* d b, Q
Khi d@6, ta co

A=P*(QBQ*)P=(Q?P) B(QP),
va Q'P € UT, (F). Nhu vay, bo dé trén dugc ching minh.
3. Ching minh két qua chinh

Trudce tién, ching to6i chirng minh mot bd dé quan trong s€ duoc dung trong ching
minh két qua chinh.
Bé @é3.1.Cho R =T, (F) hodc R =T, (F), véi n>1. Néu A=(a;)eR théa man &, =d
va a;,, #0 vdi moi i thi A la tich ciia hai ma trdn p(x)-todn phuwong trong R.
Chizng minh. Trudec tién, trong truong hop hiru han, ta xét ma tran

d a, *
d a,

A:(aij): eR=T,(F)

trong d6 a,.., #0 voimoi i e {1, 2,...Nn —1} . Ta chtrng minh réng A 1a tich cta hai ma tran

i+l

p(x)-toan phuong trong R . Ta xét cc truong hop sau:
Véin=1,taco
A=(d)=(2)(22),

1a tich ctia hai ma trdn p(x)-toan phuong trong R .

Véin=2,tacd

A — d a’lZ — 7\‘1 O 7\‘2 a127\'171
0 d o m)0 )
1a tich ctia hai ma trdn p(x)-toan phuong trong R .

Vi n > 3, ta xét hai truong hop:
Truong hop 1: n 13 sb chén. Ta dit
7\'1 a12k171
Ay
7\'1 a34}\'171
X = A,
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va

7\’2
Dua vao Nhan xét 2.5, ¥ 1, ta d& dang kiém tra hai ma tran X, Y 1a cac ma tran p(x)

-toan phuong trong R va

d a, *
d ay
XY = )
LAy,
d
Vi a;;,, #0 véi moi ie{l2,..,n-1 nén theo B6 d& 2.6, y 1, ton tai ma tran

P e UT, (F) thoaman A = P"'XYP . Theo Nhan xét 2.4, ¥ 2, do XY la tich ciia hai ma tran
toan phuong trong R nén A ciling la tich cta hai ma tran p(x) -toan phuong trong R .

Truong hop 2: n 1a sb 1é. Ta dit

7\‘1 a127\‘171
)\’2
7\‘1 a34>\’l_1
X = A
)‘l an—2,n—17‘171
7\’2
}\‘1
va
}\’2
7\‘1 3237\.271
2
>\‘l 3457\.271
Y =
)\‘2
}\‘1 an—l‘n 7\’2_1
}\‘2

Tuong tu v&i truong hop n chén, ta chimg minh duge A 1a tich ctia hai ma tran p(x)
-toan phuong trong R .
V6i R =T, (F), ta xét ma tran
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trong d6 a;;,, # 0 véimoi i >1. Khi do, ta dat
A aph
7\’2
A agh
X = »y
7\’1 a56}\’171
}\‘2
va
}\’2
)\’l a237\‘271
}\‘2
Y = A 3-237“271
}\'2

Tuong ty nhu truong hgp R =T, (F), ta chirng minh dugc A 1a tich ctia hai ma tran
p(x)- toan phuong trong T, (F).
H¢ qud 3.2.Cho R=T, (F) hodc R=T,(F), véi n>1. Néu A=(a;)eR thoaman a; =d
va a;, ;
Chizng minh. Xét ma tran
d a,

=0 vGimoi i 21, j=2 thi A la tich ciia hai ma trgn p(X)-toan phwong trong R.

D& thdy ma tran A c6 thé duoc viét lai thanh tdng truc tiép cia mot day cac ma tran
thoa man gia thiét cua B6 dé 3.1. Khi d6, A 1a tong truc tiép cua cac ma tran 12 tich cua hai
ma tran p(x)-toan phuong. Theo Nhan xét 2.5, y 2, A 1a tich ciia hai ma tran p(x)-toan

phuong trong T, (F).
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Lap luan twong ty cho truonghop Ae R =T, (F), tasuy ra A la tich ctia hai ma tran
p(x)-toan phuong trong T, (F).

Cubi cling, ching t6i dén véi két qua chinh ciia bai nghién ctru nay. Két qua chinh ciia
ching t6i duoc phat biéu nhu sau:
Dinh Ii 3.3. Cho k>4 la mét s6 nguyén dwong. Khi d6, moi ma trdn trong

M, ={(a;) e T, (F) la; =d",2<s, <k-2]

déu c6 thé biéu dién duwoc thanh tich ciia k ma trdn p(X)-toan phwong trong T, (F).

Chirng minh.
Lay A la mot ma tran bat ki thuoc M, , ta co
d81 a12 *
dSZ a23
Az(aij): d* ay, eM,.

Khi do, ta dat
dsl—z
dsrz
Al — d53—2

1k—sl—2 dsl—z
lk—52—2 d52—2

— 1k75372 dsrz

Ta dé dang ching minh dugc rang A, 1a tich ctia (k—4) ma tran p(x)-toan phuong
trong R va
d®> b, *
d b,
A'A = d> b

34

trong d6 b;,,, € F véi moi i >1. Hon nita, bang cach dat

d (b,—d)d*
d (by, —d)d*
A, = d (by, —d)d™

ta thu dugc ma tran
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AJAA = d 1

Ap dung B6 dé 3.1 va Hé qua 3.2, ta c6 A,*A*A va A, déu la tich ctia hai ma tran
p(x) - toan phuong trong R . Do do,

A'A=A,(AAA)
1a tich ciia bon ma tran p(X) - toan phuong trong R . Cubi cung, vi

A=A (Al'A)
nén ta c6 thé biéu dién ma trdn A thanh tich cta (k —4)+4 =k matrén p(X) - toan phuong
trong R . , q ,

binh 1i 3.3 1a mot két qua maquh, téngq qué}t hon céac két qua trudce day. Tu DPinh 1i nay,
ta dé dang chung minh dugc mot két qua noi tieng cua Stowik nhu” sau
H¢ qud 3.4. (Pinh li 1.1, Stowik, 2013) Cho F la mot truwong bat ki. Khi do moi ma tran
trong T, (F) sao cho cdc phdn tit trén duong chéo chinh la 1 hodc -1, déu c6 thé viét thanh
tich ciia ndm ma trén doi hop trong T, (F).

Chizng minh. Xét k=5 va d = -1. Khi do6

M, = {(aij) eT, (F) la, =(-1)",2<s, < 3} .

D& thay rdng My chinh Ia tap cic ma trén trong T, (F) sao cho céc phan tir trén duong
chéo chinh 14 1 hodc -1. Ap dung Dinh Ii 3.3 ta c6 moi ma tran trong M, déu cé thé viét
thanh tich cia ndm ma tran d6i hop trong T, (F).

4. Kétluan

Cho F 1a mot truong va p(x) la da thic bac hai trong F[x], c6 mét nghiém 1a 1,
nghiém con lai thuéc F\{0}. Trong bai bao nay, chung t6i da chimg minh dwoc rang, moi
ma tran trong M, déu co6 thé phan tich duoc thanh tich cia k ma tran p(x) -toan phuong
trong T, (F). Ngoai ra, trong chimg minh cta Dinh li 3.3, ching t6i c6 sir dung Nhan xét
2.5, day 1a li do tai sao chiing t6i gia thiét p(x) c6 mot nghiém la 1. O nhitng nghién ctru
sau, chiing t6i s& c¢b ging tim ciu tra 16 cho van dé trén trong truong hop p(x) la da thuc

thudc F[x] c6 hai nghiém bat ki trong F\{0}.
< Tuyén bé vé quyén lgi: Cac tac gid xac nhan hoan toan khéng c6 xung dét vé quyén loi.
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ABSTRACT
Let F be a field, and p(x) a quadratic polynomial is given in F[x]. We denote by T, (F)

the ring of infinite upper triangular matrices over F. A matrix Ae M (F) is called a quadratic
matrix with respect to p(x) if p(A)=0. In this article, we will investigate the decomposition of
infinite matrices in T, (F) as products of quadratic matrices with respect to p(x) in T, (F). Our

main result states that for any positive integer k (k >4), every matrix in T, (F) whose diagonal
entries are equal to d°® (2 <s, <k —2) can be expressed as a product of at most k quadratic
matrices with respect to p(x) in T, (F), where p(x)e F[x] is a quadratic polynomial has two

roots A4, =d, 4, =1. This result is significant as it provides a direct derivation of a well-known

theorem by Stowik (2013) and opens new directions for further research in the decomposition of
infinite matrices and their applications.
Keywords: Infinite matrices; Involutions; Products of matrices; Quadratic matrices
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