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ABSTRACT

In this paper, we study the boundedness of Calderén-Zygmund operator T and its
commutator [b,T] of type @ on generalized Morrey-Lorentz spaces MV?’Y (X) ,where X is aspace
of homogeneous type. We first modify a well-known result of Calderén-Zygmund decomposition to

prove that Calderén-Zygmund operators are of strong type (p, p) on Lp(X), for every

p 6(1,00) (see Lemma 2.1, Lemma 2.2, and Lemma 2.3). By using Kolmogorov’s inequality,

conditions of Calderon-Zygmund operators, and BMO spaces, we establish two pointwise estimates
for sharp maximal operators (see Lemma 2.6 and Lemma 2.8). Finally, we derive the boundedness

of T and [b,T] on M} (X) (see Theorem 3.1).

Keywords: Calderon-Zygmund commutator of type ¢; generalised Morrey-Lorentz space;
space of homogeneous type

1.  Introduction

Since its first introduction by Coifman et al. (1978), the theory of Calderén-Zygmund
operators and their commutators has played an important role in modern harmonic analysis
and differential and partial differential equations. Several studies have examined the
boundedness of Calderon-Zygmund operators and their commutators. Grafakos (2009)

indicated that Calderén-Zygmund operators are bounded on L* for 1< p <o and bounded
from L' to L“*. Carro et al. (2021) showed that Calderén-Zygmund operators and their

commutators are bounded on weighted Lorentz space. The generalized results were also
proved in spaces of homogenous type by Dao et al. (2021). Later, Minh et al. (2022) proved

Cite this article as: Le Minh Thuc, Tran Trung Toan, & Tran Tri Dung (2024). The boundedness of Calderon-
Zygmund commutators of type theta over spaces of homogeneous type. Ho Chi Minh City University of Education
Journal of Science, 21(9), 1597-1610.

1597


https://journal.hcmue.edu.vn/
https://doi.org/10.54607/hcmue.js.21.9.4203(2024)
about:blank

HCMUE Journal of Science Le Minh Thuc et al.

the boundedness of Calderon-Zygmund operators and commutators of type theta on
weighted Lorentz spaces. Then Nghia et al. (2023) showed that Calderén-Zygmund
commutators of type theta are bounded on Morrey-Lorentz spaces over R".

Motivated by the results mentioned above, in this paper, we aim to extend the
boundedness of Calderon-Zydmund operators of type theta and their commutators on
generalized Morrey-Lorentz spaces of homogeneous type concerning a doubling measure

A, that is, there exists a constant C >0 depending only on £ such that 4(2B)<Cu(B),
for every ball Bc X.
Definition 1.1. A quasi-metric d onaset X isa function d: X x X —[0,+) satisfying
(i) d(x,y)=d(y,x)forall X,y e X;
(ii) d(x,y)=0 ifand only if X=Y;
(i) There exists a constant A, € [1, +00) such that for every X,Yy,z e X, the following
quasi-triangle inequality holds true
d(xy)<A(d(x2)+d(z,y)).
We call (X,d,,u) a space of homogeneous type, where d is a quasi-metric and £
is a doubling measure on X.
Note that the constant A, in the quasi-triangle inequality above is used throughout the
paper without further explanation. For convenience, we denoted A < B if there exists a

positive constant C such that A<CB . Throughout this paper, we assume that x(X )= and
#({x})=0 forevery x, € X.

In the sequel, we present generalised Morrey-Lorentz and BMO spaces definitions.
Definition 1.2. Let pe(L»), re[L o). Suppose that f isa real-value function f on X
and ¢(t):(0;00) - (0;00) satisfies the following conditions:

i) ¢(t)is nonincreasing

ii) (B, )e"(t)is nondecreasing, for any ball B, = X,
i) p(2t) < Dg(t), ¥t >0,

(1.1)
for some constant 0< D <1,
We denote
” f ||L‘”(B(x,t))
[ F o = s (1.2)

[

B(x,t) ,U(B(X,t))ﬂp o(t) )
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where the supremum is taken over all the balls B(x,t) in X and (e denotes the

B(x.t))
Lorentz norm of f on B(X,t) . Then the Morrey-Lorentz space is defined by
M) ={ F € Lo 0 <]

Definition 1.3. Let f € L (X). We denote

1
fil. =sup | £(x)—fo [du(x),
” Q ﬂ(Q)Z[ ?
where f, :%)_[ f (x)d x(x) and the supremum is taken over all balls Q in X .
HAY) g

Then, the space BMO is defined by
BMO ={f e L, (X):]f

*<oo}_

Below are the definitions of Calderon-Zygmund operators of theta type and their
commutators.
Definition 1.4. Let 6 be a nonnegative, nondecreasing function on (0,0) with

j:e(t)tfldt <o (1.3). Let V(x,y) = u(B(x.d(x,Yy)).Suppose that K (X, y) is a continuous

function on X x X \{(x, x) : x € X} and satisfies the following conditions:

. C

ORANC S vrommy xy) (1.4)
. C d(x,%)

(i) K y) =K, y) [+ Ky, %) = K(y, %) |< V%) H(d(y, Xo)], (1.5)

for every x,x,,y with 2A/d(X,x,)<d(y,%). Then, K(x,y) is called a standard kernel of type
g.

Definition 1.5. Let @ be a function as in Definition 1.4 and a linear operator T from S(X)
, the space of Schwartz functions on X, to S'(X) satisfy the following conditions:

2
(i) T is bounded on L (X)’ which means
Tf]|. <C| f for every f € C7(X).

LZ!

(1.6)
(ii) There exists a standard kernel K" of type 9 such that for every function FeCy(X)
and X ¢ supp(f)

TF () = KO, y) f(y)dy. (L.7)

Then T is called a Calder6n-Zygmund operator of type 6.
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Definition 1.6. Let T be a Calderén-Zygmund operator of type 0 and be L (X). The

commutator [b,T] is defined by

[b,T]f (%) =b(x)T (f)(x)-T (bf )(x)
for functions f e L (X).

Definition 1.7. Let g > 0. The modified Hardy — Littlewood maximal function and sharp
maximal function are defined respectively by

M, 00 =M F)* 00 :[srggﬂ(lB)jsl fF dy} ,

Mjf(x)=supinﬂg{ﬁ18||f(y>|‘*—|c|‘*|dyJ ,

r>0 ce

where B =B(Xx,r) is the ball of radius rcentered at x.

2.  Keylemmas
We first derive here a version of the lemma of Calderon-Zygmund decomposition on
spaces of homogeneous type.

Lemma2.1. Let f € '(X) and @ >0. Then, there exists a family of disjoint balls {Bj}o,o

and functions 9 and b, =12... such that
(i) f=g+3b,:
j

(if) |9 (x)| < Ca, ¥x e X and |g]. <C|f

Lt

(iii) supp(b; ) = Bj,ij (y)du(y)=0 and Zubj

OWICHERT

Proof: Note that the balls (5A02)B,- satisfy Vitali’s covering lemma for spaces of

<C||f

& L’

,where Bj =(5A7)B;.

Ll

homogeneous type in the well-known proof of Calderén-Zygmund decomposition in R", so
the proof of Lemma 2.1 can be obtained similarly. We thus omit the details.

Lemma 2.2. If supp(b;) = B and J'bj(y)d,u(y) =0 then
X
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j \Tbj (X)‘d,u(X)SCHbJ— .
X\B"

Proof:
Write B=B(x,r). Let B" = (5A,)B, B” = (5A,)B". Note that for x ¢ B” and y € B,
we have

2Ad (Xg, Y) < 2Ar <5Ar <d (X, X).

Now we can estimate as follows

JK(xy)by (v)du(y)|<

[Tb; (%)] =

- C d (%, Y) |
[t e |l

V (X, X,

Then we deduce that

[ 1T(01du0 s | |

X\B" X\B" B

1 d (%, Y)
_J.{ i=l gt AOé[\S AOBV(X,Xo)e(d(Xo . ]|b (Y)|d,u(x)]dlu(y)

<I[29 )b, (Y)|}dﬂ(y)<j{j ) dt}

Lemma 2.3. Let 1<g<w and T be a Calderdn-Zygmund operator defined in Definition

1 e(d(xo,y)

Voo e j|b(y)|du(y)du(x)

1.4.Then T is of strong type (0,).

Proof: Fix @ >0, We write f =g +b, where b:Zjbj . Then Tf =Tg+Thb.

Set 4, (1) = pe({x e X : () >1}). We have 2 ()<, (%jum (%j

By Chebyshev’s inequality and Lemma 2.1, we obtain

ﬂqg[ ) ” ,12) le Tg(y)F du(y)<C 1g(y)F du(y)< Hg (y)|du(y <%||f||L1.

Let E = U Bj . It follows from the condition (iv) of Lemma 2.1 and Chebyshev’s inequality
j
that

oy (%jgu(E)w({xE E°

On one hand, it is clear that

a C 2
[Tb U2l +=0T0 L,
(x)\>2}j Il =l g
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< ZHTb Ll EC ZHTb
Since supp(bv ) c B- , applying Lemma 2.1 gives

j \Tb \dy

Ll

Therefore, we deduce that

[l e = 3o <C1 1.

As a result of the estimates above, we derive A (a)SEH f ||, which implies the
o

weak type (1,1) of Tf . By using interpolation and the boundedness of T in L*, we establish
the strong type ( p, p) of T, forevery 1< q < 2. Finally, by using duality, we get the strong

type (q,q) of T , for every 1< q < and hence complete the proof of Lemma 2.3.

By following verbatim the proof of Theorem 2.8 (Kinnunen, 2007), we obtain the
Kolmogorov inequality version for spaces of homogeneous type as follows.

Theorem 2.4. (Kolmogorov inequality) Let P € [1,00) and T be a sublinear operator from
L"(X) to the space of measurable functions on X .

(i) If T is of weak type (P, p), then for all q<(0, p) and every set AC X such that
0< p(A)< oo, there exists a constant C >0 such that

JITEOO I dx < cp(A) £ (2.1)

(ii) If there exists I € (O, p) and a constant C >0 such that (2.1) holds for every set A
with finite measure and f € L(X), then T is of weak type (p, p).

Lemma 2.5. Let pe(L®), re[L«) and ¢(t) satisfy (1.1). For every 0<q< p, there
exists a positive constant C , which depends only on P,0,r, such that
er <C1 g

Proof: The proof of Lemma 2.5 can be easily obtained by following verbatim the proof of
Lemma 2.2 in the paper of Nghia et al. (2023). So, we omit the details.

Lemma 2.6. Let 4>1pe(Lw),re[Loo] and ¢(t) satisfy (1.1). Suppose that T is a

Calderén-Zygmund operator of type 6. Then there exists a constant C >0 such that
M*(Tf )(x,) <CM, f (x,), for every x, e X.
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Proof: We first prove the following statement: for any q >1, any ball B = B(xo, r) and

C =C, there exists C=C, such that
1

u(8)

By writing f=f+f,, where f=fy,, and f,=fy, ,,, and choosing
1

#(B)
p B)ﬂﬂ ()= [(TE,) | du() <

Lt
(B)
1
#(B)
1 1
W£|Tf1|o|ﬂ(x) and I, Zml‘sz—(sz)B‘d‘u(X).

Given Lemma 2.3, we get the strong type (q,q) of T . Thus, T isan operator of weak type

1Tt 00|=le] da(x) oM, T (). 2.2)

c=(Tf,), = ijz(X)du(x) , we can estimate the left-hand side of (2.1) as follows:
X

‘ -

/J(lB)ﬂTf ()~ (T, )| da(x)

[T (%), +(T, (x) ~(T1,), ) da(x)

—~

"

<

_B[|Tf1(x)|dﬂ(x)+ﬁ { ITF, () = (T, ), | d 22(x).

Set |, =

(q,q). Then, it follows from the Kolmogorov inequality that

s Tmiaut) < {4 ot

u(B) N

Therefore, we can now estimate |1 as follows

lls%(flfllqdu(X)}qZ : 1[ Jrer dﬂ(x)jq

(B)? N p(B)? \2A®

;( Jrer du(xﬂq SM,F ().
,u(ZADB)q 2AB

For |, using the definition of Calderon-Zygmund operator T yields

, =ﬁfs\”z ~(Th,), | du(x)

N
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= KO 20)0m () K (29) )y )
< T KO L2 T ) ) B(2n(o
s[#(;)]zggyu < (% y)= K (2.y) da(y)due(2) da(x)
s[#(gﬂzggyfz<y>||K<x,y)—K(xo,y>|dﬂ<y>dy<z>dy<x>
= (15)]2 TTT18 K (29) =K Gy ae(y a2z (x)

For z,xeB and ye2AB, it is clear that 2Ad(xX)<d(y,X) and
2Ad(z,%) <d (Y, %) Inlight of the regularity condition of kernel K, we have.

l\fz(y)HK(Xly)—K(Xo'y)\dﬂ(V)= [ IO (y) =K (%, y)|du(y)

5 (d(X\,/Xo)/d(y*Xo))f(y)du(y)ﬁiq 2‘1%5[ LI }q

=121 p BN 20 AB (Xo’y) 2 aB
" (- (o)
SO O(27 )My f (%) S M, f (%) [2dt S M, T (x,) -
j=1 0
Similarly, we have
JIE Kz y) =K (%, )du(y) S M (%)-
X
Therefore, the following estimate holds true.
1 1
——— (M, (X%, )du(z)du(x)SM, T(X,)-
57 (e [ Me () du(2Hu() S M, ()
Finally, it follows from the estimates above that

1
ﬂ—(3)£\|Tf|—|C|\du§ L+1, SM,f(%).

That means
M*(TF) (%) SM,f (%))
Lemma 2.7. Let B, = B(xl, rl), B, = B(Xz, rz) be balls whose intersection is not empty and

r, <AL <2Ar, . Then we have
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b, by, | < 2C b, - b € BMO(X).

BMO ’
Proof: Take X€B,NB, and let B= B(x1,2(1+AO +Ab2)r2). We can easily verify that

B,cB,B,cB and u(B) < u(B,) u(B)Su(B,).
Then

_[ y)du(y S

b(y d <Cl|b
ol 7 b)-0ufeu(x) <Cb

BMO *

- s )

By an argument analogous to ‘bB - Bl‘ , we also obtain ‘bB —sz‘ <C|p| 0 -

Hence, we derive
b, —bg, | <[, —bg|+ | —bg, | < 2C o]

BMO *

Lemma 2.8. Let be BMO(X) and T be a Calder6n-Zygmund operator of type ¢ with

Ize(t)t‘l llogt|dt < oo Then, forany g (L, p), there exists a positive constant C such that
M ([B.T1(F))(% ) = Cblaye (Ma (T (1)) (%) + My f ()

forany f eM)"(X) and X € X.

Proof: First, we prove for each q >1, each ball B(X,,r) and for some constant C=C,,

there exists C =C;, >0 such that

1
[M—B)l”[b”f<y>\—\c\\dﬂ J C bl (M (T (1)) %)+ M, f ().
Wewrite f=1,+ %, with T, =12,,)5, T2 =T 2xza)e and let

c= —(T ((b—b(%)s) fz))B .

It is easy to check that
[0.T]f =bT (£)-T (bf)=(b=by,, , |Tf —T((b—b(z%)B) fl)—T((b—b(ZAO)B) fz).

Then

ATt
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]

Set

For |1 , by using Holder’s inequality with exponents § and q* satisfying ;‘I':,:l , We get

‘ dm)j“(#(;)g T (y)f dum]“ < bl Mo (T ())(6)

L3 (ﬂ(lg)l(b(y)_b(zw)

For 1,, take any ue(Lq). Since T is of weak type (u,u), we can apply

Kolmogorov’s inequality to get

= u(;)ﬁ [i

1

(69) e 0 )|

1

<t b(Y)~Bane) F(¥)] (y)Ju
ﬂ((Zﬂb)B)u[m{)B( ( >) \ P

o
=

—u

o

<1 _
< it Lo

Slelewo Ma (F)(%0).

For |3 , it is clear to see that

1 (0 )00 (7 (o) )

e 1 ]
dy(y)} LM@;{)B”M' dﬂ(y)J
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ol T KO =K (2w o)~ 1 () (w) (2} ()
,U( 2!8!82]2”%8\2’%8‘ yW) K Z’W)Hb(w)_bZAoBHf ‘d'u d,u( )dy(y)
- 6((24,)"

N - ZJBIBEZIﬂ“ B2/ 8_1_73___)¢b( Z%J‘f ‘dﬂ(w)dﬂ(z)dﬂ(y)
(B o) o&dwins ans (7 )

52@((2%)1) I W\b W) =b,0 || £ (w)]dpe(w)

S J:H((ZMj)zjn&sm\b(w)_% ool (W)da(w)

+§9((2ﬂb)i )Jmm 0,5 by | | £ (W)]d22(W)

At this stage, we set

229((2/%)1) ] M‘b(w)—sz%s [ (w)|d e (w),

bZAOB M

I, :ge((z/\))j )I%m

According to Holder’s inequality with exponents § and q", we have

b A .|f (W)|d,u(w)

1

“'dﬂ(w)T-[ N f<w“dﬂ(w>Jq

J+1AOB

1

I3 52‘9((2%)1){ J. mb(w)_bﬁl%s

2]+1AOB

S llgwo Ma (F)(%).
It is obvious that 2 Ay < A2 A <2A.2A, with k=1,2,..., j . Thus, applying Lemma 2.7

for every pair of balls 2" AB and 2 A,B and Holder’s inequality implies
1

3bN 0 2 bBMOT f d
< 2I0(A) Mol gy ] |10t
<3 00((A) bl | o [ 11 (W) )|
BVO | (211 AB) . AB
19t
< 0l Mo (1)060) [ 28 gt < bl M, ()5
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Now, combining the estimates for |3a, |3b above together yields

|3 5 HbHBMO Mq ( f )(XO)'
Consequently, there exists ¢ >0 such that

ﬁB)lH[b,T] £ (9)|~[c[dre(y) S 1+ 1,41 bl (Mq (T (F)) () + M, £ (5,)),
which gives

M ([0, T](£))(%) = ClIolyyo (Ma (T (F)) (%) +Mq f (%))
3. Main result

Theorem 3.1. Let P€ (1;00), re [1;00), @ satisfy (1.1), T be a Calderon-Zygmund operator
of type d and b e BMO(X) . Then we have the following statements.
(i) T is bounded on My (X) and | ()

SItlge - F €M2T(X).

Mpr
(i) If 0 satisfies the additional condition jle(t)t’1|logt|dt < then

. T1CF)

Proof: (i) Let g (1, p) . According to Lemma 2.5, we have M ()

Sollwo [ e - 7 & M2 (X).

pr o~
M‘/’

- S
M,,E‘ Mg

Moreover, thanks to Lemma 2.6, it is clear to see that M (Tf )| <M, (f)

Mo
So, we obtain
T(E),0 < “M#(Tf)

pro~~
Mw

$[Mmq ()

pr Y
MW

o Sl
Thatis, T:MJ"(X)>M>"(X).
(ii) Let g € (1, p) . By using Lemma 2.5, Lemma 2.6 and (i), we obtain

.71 e M BTN,y S Bl (M (T, +M (1)

Bl (1T (s +1 s ) S Pl 1

which completes the proof of Theorem 3.1.
4.  Conclusion

We have extended the main results of Nghia et al. (2023) about the boundedness of
Calderon-Zygmund operators and commutators. More specifically, we proved in our main
theorem that Calderén-Zygmund operators and commutators of type theta are bounded on

MJ;")

L+

p
M(I’

Morrey — Lorentz spaces M (,p ! (X ) , Where X is a space of homogeneous type.
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Theorem 3.1. Let P€ (1;00), re [1;00), @ satisfy (1.1), T be a Calderén-Zygmund operator
of type 6 and b € BMO( X ). Then we have the following statements.
(i) T is bounded on My (X) and [T ()|

Sl lge  F €M2T(X).

Mpr S
(il If 0 satisfies the additional condition [ 4(t)t*[logt|dt <o then

6.1 )

S ”b”BMO ||f||M£,r 'Vf < Mt/'?” (X)

pr o~
Mg
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TINH BI CHAN CUA HOAN TU CALDERON-ZYGMUND LOAI THETA
TREN CAC KHONG GIAN THUAN NHAT
Lé Minh Thac, Tran Trung Toan, Tran Tri Ding”
Truong Pai hoc Sw pham Thanh phd Ho Chi Minh, Viét Nam
“Tac gia lién hé: Tran Tri Diing — Email: dungtt@hcmue.edu.vn

Ngay nhgn bai: 03-4-2024; ngay nhdn bai sira: 20-4-2024; ngay duyés dang: 18-7-2024

TOM TAT
Trong bai bao nay, chiing toi nghién cizu tinh bi chan cuia toan tir T 14 toan tir Calderdn-

Zygmund logi 6 va hoan ti [b,T] fwong 1ng trén cac khoéng gian Morrey — Lorentz tong quét
M " (X), trong ds X 1akhong gian thudn nhdz. Ddu tién, ching toi thiét Idp bé @é vé sur phan
tich Calderén- Zygmund cho khdng gian X logi thuan nhat. Bé dé nay ding d@é chirng minh todn ti
T 1atoan tii logi manh (P, P) trén khong gian L*(X), vsi pe(L0) (xem cac B @é 2.1, B4
dé 2.2, B6 dé 2.3). Sau do, sir dung bt dang thirce Kolmogorov, cdc diéu Kién lién quan dén toan tir
T vakhoéng gian BMO, chiing ti xay dung hai danh gid diém lién quan dén toan tir cue dai nhon
(xem Bé dé 2.6 va Bé dé 2.8). Cuai cuing, ching toi ching minh tinh bi chan cia T va [b,T] trén
khong gian M " (X)) (xem Dinh 11 3.1).

Tir khoa: hoén tir Calderén-Zygmund loai 6; khéng gian Morrey-Lorentz téng quét; khong
gian thuan nhat
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