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TOM TAT

Exciton trong vt liéu ban dan don 16p dang dwoe quan tam réng rdi do cdc vmg dung quan
trong trong quang dién tir. Phirong phdp dai sé tiép can vin dé nay da dwoc phdt trién cho exciton
trong vt liéu don 16p chalcogen déi kim loai chuyén tiép véi nhiéu két qua quan trong. Trong cong
trinh nay, chung toi tié}) tuc phat trién cach tiélv can dai $6 dé cho exciton trong mot logi vat liéu
don 16p khdc, ¢6 cau triic bat dang hwéng, la phot-pho den. Bai todn ndy ¢6 cdu triic phire tap hon,
tuy nhién chiing téi da xdy dung dwoc biéu dién dai s6 cho phiwong trinh Schrédinger qua cdc todn
tik sinh hity heong tir, sau d6 xdy dung b ham séng co sé va thu dwoc biéu thire gidi tich cho cdc yéu
16 ma trdn voi bg ham co so nay. Két hop voi tinh toan dai 56, I thuyét nhiéu loan ¢é diéu tiét duoc
dp dung cho bai todn khi c¢6 mt tir trwong, cho két qua phit hop voi tinh todn ciia phirong phép khdc
mdc dit méi tinh dén gan ding bdc khong. Két qud ndy la mét bude quan trong, thic ddy viéc dp
dung phirong phdp dai s6 cho exciton hai chiéu bdt dang hwéng & cdc bic cao hon trong cdc cong
trinh tiép theo.

Tir khod: phuong phap dai s6; bat ding huéng; toan tir sinh hay; exciton; don 16p phdt-pho
den; 1i thuyét nhiéu loan co diéu tiét

1.  Gioithigu

Thanh cong cua viéc tong hop graphene va tmg dung (Geim & Grigorieva, 2013) di dan
dén su phét trién nhanh chdng cac vat liéu hai chiéu (2D) khac voi nhiéu tinh chat mai vé
quang, dién, htra hen nhiéu tng dung mai. Céc vat liéu don 16p c6 nhiéu loai, liét ké nhu
sau: mobyldenum disulfide (M0S2), mobyldenum diselenide (MoSe2), tungsten disulfide
(WS2), tungsten diselenide (WSe2), hexagonal boron nitride (h-BN), borophene (2D boron),
silicene (2D silicon), germanene (2D germanium), va MXenes (2D carbides/ nitrides)
(Arora, 2021). Pic biét, exciton trong cac don 16p ban dan chalcogen d6i kim loai chuyén
tiép (Transition-metal dichalcogenide - TMDC) bao gom WS2, WSe2, MoS2, MoSe2 dugc
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nghién ctru rong rai trong thoi gian qua (Hill et al., 2015; Wang et al., 2018). Trong d6, cach
tiép can dai s6 trong cac cdng trinh (Nguyen et al., 2019; Ly et al., 2023) ¢6 uu thé, cho phép
dua ra cac biéu thirc giai tich chinh xac cho céc yéu to ma tran, tir day tiét kiém rat Ion tai
nguyén tinh toan. Ngoai ra, cach dua vao tham sb tu do cho phép diéu tiét tbe do hoi tu cua
cac bd chinh phuwong phap nhidu loan, cho phép thu duoc 16i giai c6 do chinh xéac cao & bd
chinh bac thap (Nguyen et al., 2019; Ly et al., 2022). Biéu nay goi y cho viéc tiép tuc phét
trién phuong phéap dai s6 cho céc vat liéu ban din don 16p loai khéac véi TMDC.

Phét-pho den (Black Phosphorus — BP) 1a dang phét-pho 6n dinh nhiét dong ¢ nhiét
d6 va ap suat phong. N6 thu duoc bang cach nung néng phét-pho tring dudi &p suat cao 1én
dén 12.000 atm. V& ngoai hinh, tinh chat va cau tric, BP rat gidng than chi vi ca hai déu c6
mau den va d& bong. BP 1a mot chét dan dién va c6 cac nguyén tir lién két voi nhau theo
ting 16p (Avsar et al., 2015). Cac loai hat va chuan hat nhu photon, electron, phonon, exciton
trong cau tric BP hoat dong theo nguyén |i di hudng cao trong mat phing caa céc 16p, thé
hién tiém ning manh mé& cua BP cho cé4c (ng dung dién tir mang mong va quang dién tir
hong ngoai (Li et al., 2014; Prada et al., 2015). Bac biét, trong thoi gian gan day, exciton
trong don 16p BP (Kezerashvili et al., 2022; Wu. 2022) ciing nhu céac loai vat liéu bat ding
huéng khac (Li et al., 2020) duoc quan tdm nghién cuu.

Trong cdng trinh nay, ching téi nghién cau vé exciton trong vat liéu don 16p BP. Khéc
véi TMDC (c6 ciu tao dang huéng), don 16p BP ¢6 cau tao dang to ong gap nép dan dén
tinh bat dbi xang cao. Do vay, khi xay dung Hamiltonian cho exciton, ta phai xét dén su bat
dang hudng nay: khéi luong hiéu dung cua exciton trén phuong Ox va Oy 1a khac nhau.
Tuong tac giita dién tir va 15 tréng ting dang ké khi s6 chiéu giam, tuy nhién ning luong caa
trang thai kich thich cao van rat kho do trong thuc nghiém vi thé nguoi ta thuong tim céch
dat truong ngoai nhu dién trudng va tir trudng vao dé dé dang quan sat cac vach phd. Ching
t6i s& xay dung phuong trinh Schrédinger cho exciton bt dang huéng véi su ¢ mat cua tir
truong. Viéc tach chuyén dong khéi tam trong truong hop ndy khong phai 1a bai toan tam
thudng nhung c6 thé tién hanh nho phép bién dbi unita sir dung vector gia dong lwong. Muc
tiéu chinh cua bai bao 12 xay dung co s& cho phuong phép tinh toan dai s6. Tuy nhién, dé
thiy dwoc hiéu qua ciia phuong phap, chiing toi tinh niang lurgng mot sé trang thai thap bang
Ii thuyét nhidu loan gan dang bac khdng va so sanh véi két qua cong trinh khac.

2. Phuong phap li thuyét
2.1 Xay dwng Hamiltonian cho chuyén déng twong déi electron-lé trong

O bai toan nay, xét mot exciton trung hoa bao gdom mét dién tir tuong tac vi mot 15
tréng thong qua thé nang V, (r) trong don 16p BP. Chuyén dong cua dién tir va 18 tréng
dugc gigi han trong mat phang xy hai chiéu ciing véi sy c6 mit caa tir trudng khong doi Be,
theo truc Oz vudng goc voi mit phing xy. Sau khi dwa vé toa d6 khdi thm va chuyén dong
tuong d6i, Hamiltonian cua hé nhu sau:
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H= P2+ R2+ + +V, (X,
oM. X 2M, Y om, Py y py « (X Y)
« ~ m, m
_B{ 1 ypﬁixp_i(i_ﬁjyﬁﬁ 1 [mhx_mex]xﬁy
2| M, M, M, {m, m, M. m, m, (1)
2p?2 2 2
——Yp, + L Xp, LB Ly Ly 12[mhx My ]x2+

X y luy :ux X mey mhy

L1 . (mhyz + meyzjyz L2 (%—&JXX +i(mhy - meyij},
M m,  my, M. m, m, M, {m, m,
trong do (XY, ISX , ISY) va (XY, By, B,) 1an luot 1a toa do va vector dong lugng khoi thm
cling nhu chuyén dong twong ddi dién tir — 16 tréng theo phuong Ox, Oy. Ta st dung cac ki
hiéu m,,,m

e My » M,y cho khéi lugng higu dung ctia dién tir va 15 tréng theo chiéu Ox va Oy,

ddng thoi dinh nghia khéi luong toan phan M w M, va khéi lugng rat gon Ly, My clia exciton

nhu sau:
M, =m,+m,, M =m, +m,,
s = m,m, _ Mg, My, 2
Comym, T m+my

Co thé théy rd trong Hamiltonian, céc toa do tuong dbi va khéi tam khong tach nhau
ra thanh tirg cum ddc lap, thay vao do chiing dan xen vao nhau, lam viéc tach khdi tam tro
thanh bai toan khong tam thudng. Twong ty nhu trong cong trinh (Ly et al., 2023) cho exciton
trong don 16p TMDC, ta dua ra dinh nghia véc to gia dong luong nhu sau:

ﬁozﬁ—%eéxr ®)

A

v6i cac thanh phan FA)OX =P + % y va FA’OY = FA’Y — % X . Ta dé dang tinh dugc ham riéng ctia
toan tur FA’O la:

‘P(ﬁ,?):exp{%(lz +%e|§xf}.l§}w(?) 4)
g véi tri riéng K = K, i +K,J.

Trong biéu thiic (4), ham séng w (F) 1a bat ki cho nén ta c6 thé chon né sao cho ham

song (4) dong thoi 1a ham riéng cua Hamiltonian (1). Pem thé (4) vao phuong trinh
Schrodinger vai Hamiltonian (1) ta thu dugc phuong trinh

H oo (X, Y) = Ep(X,y) 5)
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~ ~

vé6i toan tr H, =UHU , U =exp{%£R +%e|§xfj.ﬁ}. Sau khi bién ddi, ta thu duoc

r

dang tuong minh cua toan tir Hamilton cua phuong trinh (5) nhu sau

2 2 2 2
HreI =- i a2 - i a2 _Ihﬁ aixi_azyi +VK(X: y)
2u, O 2u, oy 2 (ay P ax
(6)
2p2
L8340, 0 340, y’ [+eB ixKy—iny :
8 | M, M, M, M,
véi cac hé s6 duoc dinh nghia nhu sau
_ mhxmhy - mexmey _ mhymhx _meymex
AT T M mm T T M mm
x' ey’ hy y lex'hx
d — My mhxzmhy+mex2mey — MX mhyzmhx+mey2mex
1 2 ’ 2 2 '
M X meymhy M y mex mhx

Do u, # u, nén trong Hamiltonian (6) co sy bat dang hudng.

Hamiltonian (6) khong chtra toa d6 khéi tam X ,Y ma chi cd toa do chuyén dong tuong
déi x,y, do d6 ta c6 thé ndi viéc tach chuyén dong khéi tim da thanh cong. Tiép theo, vi ta
chi xét bai toan & nhiét do thap nén c6 thé cho K, =K, =0 din dén thanh phan cubi cing
trong Hamiltonian (6) ¢ thé duoc b qua. Dé cho tién tinh toan ta st dung don vi nguyén
tr, dat:

2 4
a, = 275! . B=uhRy /e )

e’ - 167%¢,°h*
voi 4, 1a don vi do dai, Ry* la don vi nang lugng, 5 la cuong do tur truong khong thur

nguyén. Khi d6 Hamiltonian cé dang khong thir nguyén nhu sau:

R 2 2 :

Hrel :_1 6_24_&6_2 _I_yalﬂx(xi_&yi]
2\ ox°  u, oy 2 oy a =~ ox

yzlu (3+d1 X2+3+d2

8" M, X

(8)

y2J+VK (X, ).

2.2. Phwong trinh qua phép bién doi Levi-Civita

Tuong tu nhu trong cac cong trinh trudc (Nguyen et al., 2019; Ly et al., 2023), phuong
trinh Schrodinger véi Hamiltonian (8) can phai dua vé khdng gian u,v bang phép bién doi
Levi-Civita dé c6 thé sir dung phuong phap dai s6 cho céc tinh toan. Tuy nhién, trudc hét ta
can giam bét tinh di huéng caa Hamiltonian (8) bang cach bién dbi nhu sau
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y— /%y X— X. 9)
y

Khi d6, Hamiltonian s& dwoc “kht” su di huéng ¢ hai thanh phan dau tién va tinh di hudng
chi con trong cac thanh phan c6 chira toa do, 1am cho bai toan tro nén don gian hon rat nhiéu
khi str dung phép bién doi Levi-Civita sau nay:

AN A
T ay7 ) 2 A | M T

) (10)
Y X(3+d1x2+&3+d2
M

+_
8 ‘™

y2]+VK (x,y).
y ’uy X

O day, Vi (X, y) 1a thé nang Keldysh thuong dugc biéu dién qua hai ham Bessel bac
khong va ham Struve bac khong (Keldysh, 1979). Tuy nhién, trong c6ng trinh (Nguyen et al.,
2019) n6 duoc biéu dién qua dang Fourier. Trong bai nay, sau khi sir dung phép bién d6i (9)
ta thu duoc:

I V7% exp (it x +it,y)
Vbuy) =g oy ] [ dud, ==

X —o0 —o0

. H A s 1 L x X giA As Ar s
voi t= /tlz +-2t2, a=r/xka,, I, - d0 dai chan, x hang so dién mdi clia moi trudng bao
Hy

quanh tam vat lidu.
Ta &p dung phép bién ddi Levi-Civita
x=u?-v*, y=2uw (12)

(11)

vao phuong trinh I:Ire,w(x, y) = Ew(X,y) dé dua no vé khong gian u,v nhu sau:
Hw(u,v) = Eﬁw(u,v) (13)

v6i R=u?+V? va toan tor Hamilton H (khac v61 Hamiltonian (1) tuy cung ki hiéu) c6 dang:

~ 1 82 82 |7/ 2 2 ( 8 8)
H=—2| —+— |-—— u+v )l u—-v—
S(GUZ 8v2] 7 sy (U V) UV 14
5 —5 2 2 2 2 2)2 5 2 2 2\3
+%7/ (u?+v?)(u” -v?) +EZ;/ (U2 +Vv*) +V, (u,v),
3+d 3+d,)u’? .
voi 5, = B 5 BT e rdysh bay gio o dang
M M
y ’Lly y
420 40 exp| it, (u? —v?)+ 2it,uv
V, (V) = ——— S0 [ dtet, L )2, ](u2+v2) (15)
2a \ py 7 7 t(l+at)
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voi t= [t +ﬂt22 :
Hy

2.3 Biéu dién dai sé6 qua céc toan ti sinh hiy lweng tir

Ta xét phuong trinh (13) v6i Hamiltonian (14). Céc toan tir trong Hamiltonian déu
gidng nhu trudng hop exciton trong don 16p TMDC, do d6 ta c6 thé str dung cach tiép can
dai s6 nhu trong cac cong trinh (Nguyen et al., 2019; Ly et al., 2023). Ta sir dung cic toan
tr sinh huy &,a", 6, b* dugc dinh nghia trong cac cong trinh nay va st dung biéu dién cac

toan to d6 nhu sau:

F§:u2+v2:£(é6+é+6++é+é+ 6+6+1), (16)
w

A A

Trong do cac toan tir sinh, huy a, a°, b, b* thoa hé thac giao hoan sau:
8,8 |=1 [6, 6*}:1 (17)
14 co s& cho céc tinh toan dai sb.

Bay gio, trude khi xay dung bo ham co so dang dai s, ta can luu y 1a Hamiltonian
(10) khong déi xting qua phép bién ddi x — y, y — x, do d6 moment dong lugng cua hé

A

khong bao toan. Ta ciing c¢6 thé kiém chung diéu nay bang cach chirg minh [IA H J =0,

LI ]
trong d6 | 1a toan tir moment dong luong quy dao. Piéu d6 nghia 1a s6 lugng tir tir m khdng
con 1a s6 luong tir tdt, ta khong thé sir dung bd ham co s& |n, m, a)> v6i gia tri m ¢d dinh

nhu trong cac cong trinh (Nguyen et al., 2019; Ly et al 2023). Do vay, ta st dung bd ham co
s¢ nhu sau

ﬁ @) ()"

v6i trang thai chan khong dugc dinh nghia bang cac phwong trinh:
O(a))> =0, b | 0((0)) =0, <O(a)) | O(a))> =1. (19)
Str dung hé thirc giao hoéan (17) va cac phuong trinh cho trang thai chan khong (19) ta

0(w)) (18)

In,n,, @)=

a

co the tinh tat ca cac yéu to ma tran cua cac toan tu trong (16), vi du

1 ~
Tnmz = ;<n1n2a)|T | r]1r]2a)> = _(nl + nz "'1) )
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R, =@{nno|R|nne)=n+n,+1, (20)

MmN,

va tir d6 ta co thé tinh yéu t6 ma trn cua toan tir Hamiltonian H , phuc vu cho céc tinh toan
giai phuong trinh Schrodinger.
3. Ning lwong exciton trong don I6p phot-pho den khi c6 mt tir truong
3.1 Lithuyét nhiéu logn véi gan diing bdc khong

Do sir dung phép bién doi Levi-Civita, phuong trinh Schrodinger (13) khong con dang
binh thwong ma thém toan tir R vao cung niang lugng E. Tuy nhién, diéu nay khong lam
kho viée xay dung 1i thuyét nhidu loan. Dau tién ta tach Hamiltonian thanh hai phan nhu sau:

A

H=H,+B8V, R=R+AR,. (21)
trong d6, thanh phan ﬁo va FAQO chi chtra nhiing toén tir trung hoa, phan con lai 1a cac toan

tie V va FA{, c6 thé xem 1a phan nhiéu loan. Hé s6 nhiéu loan £ chi mang tinh hinh thac, né
khong anh huong dén két qua cudi cuing khi tacho S =1. Tatiép tuc tim nang luong va ham
song theo dang chudi cia B nhu sau:
E.., =Enn +BAES) + B2 AEL +...
Vi, =Van T BAV G + B Ayl +..
Pem (22) thé vao phuong trinh (13), ta dé dang thu dugc phuong trinh cho ting thanh phan
0)

nang lugng va ham séng bac khong E,(an, l//ﬁlon)2 cling céc bd chinh AE,(hlzz, AE&)Z, . Va

(22)

@ (2)
Al//nlnz J Al//nlnz e

0)

O day, ta quan tim dén bac khdng véi ham séng ¥ =|N,N,,®) chinh 13 ham co s

(18) voi nang Iugng bac khong

h
EQ =t (23)

) !

trong d6, cac yéutd matran h, =(nn,|H|nn,) var, =(nn|Rnn,)=R d&dang
thu dugc tir cac cong thic yéu té ma tran (20) va tuong tu khi cho j, j, =nn,. Ta thu duoc

2
1o T3AH

EO - (0=, 4= [40,R%, +(5,-0,)Py, [V, (@) (24)

g 4
vai cac ki hiéu:

nn,|R*[nn
o =M:g(nl+n2)(nl+nz+2)—§(n1—n2)2 +6

MmN,

27 'nn,
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P, = +1)(n, +2)(n, +3n, +3) +n, (0, —1)(2n, +1)
+(n, +1)(n, +2)(3n, +n, +3) +n,(n, -1)(3n, +n, +1)
+6n,(n, +1)(n, +n, +1)+6n,(n, +1)
<n1n2 |\7K |n1n2> _ 1

V., (v) = =—
o () 27 (n +n, +1)

mn,

,Uy +00 400 1
x [ dtdt, ———(n, +n, +1)0O
,UX _'!;_J;) 1 2t(1+2a)at){( 1 2 ) nn,

+yMh, Onl—l,nz—l RRVAU +1)(n2 +1On1+1,n2+1}’

n,—q+p,
BB min) o b
20l 2 2 M+G-P ) np+p+p—h 1

2
Opsmes =2 2. 2,
My +8,1,+5 2THHPHPL g1 Iplp. |
p=0g=0 p=0 =0 |_ (q+p, ): (Cﬁpp) g:0,°P:p, -
h=max Gt Ps I=max p+a;

. Jn I, i(n, +s)i(n, +5)!
(h+s—g—p)!h-g-p)i(I-g-p)!i(I-p-q,)!
y (n—p-p,—h+1)!
(n1+q1_ pl_h)!(n1+q_ p_h)!(nz+ P+ p_h_l)!
(_41..2)s+2h+l—q—p—q1—p1

(1+4t2)n1+s+h+l—p—pl+1/2 '

3.2. Két qud tinh sé

Ta thay khi dinh nghia cac toan tr sinh huy va xay dung bd ham co so (18), ta ¢ dua
vao mot tham s6 . Tham sé tu do  c6 vai tro diéu tiét, tham sé nay khdng lam anh hudng
dén két qua cudi ciing ma chi dong vai tro 1am ting tdc do hoi tu cua bai toan, gidp ching ta
ma& rong md hinh tinh toan ma khdng can phai cé diéu kién tham sb du nho. Céc cong trinh
trudc day (Feranchuk et al., 2015) dé chi ra mot cach xac dinh gié tri ciia tham sb nay 1a lay
dao ham riéng cua biéu thuc ning luong bac khong sau d6 cho né bang khong véi ¥ nghia
1a nang luong khdng phy thudc vao tham s .

OE

oo

Pay la gin dang nhung cho ning lwong gan dang bac khdng cé gié tri khé chinh xéc.

Chuing t6i tinh toan nang lugng bo chinh bac khéng dua vao biéu thic (24) vira thu
duoc bén trén. St dung ngbn ngi l4ap trinh Python ching tdi phat trién chuong trinh tinh
toan nang luong, két qua thu dugc cé gia tri phi hop véi nhitng cong trinh khac, vi du nhu
murc nang lugng co ban khi khéng co tir truong (B =0) chi sai khoang 5,1% so vai cong

=0. (25)
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trinh (Wu, 2022), sai s6 khoang 1,7% ddi véi trang thai (01). Moi théng s6 cau triic cua BP
cling duoc tham khao tir cong trinh d6 va duoc thé hién ¢ Bang 1.
Bing 1. Cic théng soé ciia BP (M, - khoi long electron)

mex (me) mhx (me) mey(me) mhy (me) K r-0 (nm)
0,15 0,16 1,24 4,92 1,0 2,576

Bdng 2. Nang luong cua exciton trong tir truong cho cdc trang thai: (00), (11), (22)

B(Tesla) EQ (mev) EQ (mev) ED (mev)
0 -712,6 -322,3 -189,2
1 -712,5 -322,2 -189,2
5 -712,5 -322,2 -189,1
10 -712,5 -322,2 -189,0
15 -712,5 -322,1 -188,8
20 -712,5 -322,1 -188,5
50 -712,4 -321,1 -185,3
100 -711.9 -317,9 -174,8
200 -709,8 -305,7 -139,6
300 -706,3 -287,3 -93,0
400 -701,6 -264,0 -39,6
500 -695,7 -237,2 18,0
Bdng 3. Nang luong cua exciton trong tir truong cho cdc trang thai : (01), (02), (03)
B(Tesla) EY (meV) EY (meV) EY (meVv)
0 -500,2 -375,8 -293,5
1 -500,1 -375,7 -293,3
5 -500,0 -375,4 -292,9
10 -499,8 -375,0 -292,4
15 -499,6 -374,7 -291,8
20 -499,5 -374,3 -291,2
50 -499,1 -371,7 -287,2
100 -495,3 -366,2 -298,0
200 -487,3 -351,0 -293,2
300 -476,5 -331,0 -281,2
400 -463,1 -307,1 -263,9
500 -447,5 -280,0 -242.8
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Bing 4. Nang luong ciia exciton trong tir truong cho cdc trang thai: (10), (20), (30)

B(T) Ejy) (meV) ESy) (meV) ESy) (meV)
0 -500,2 -375,7 -293,4
1 -500,2 -375,8 -293,5
5 -500,3 -376,0 -293,9
10 -500,5 -376,4 -294,3
15 -500,6 -376,7 -294,8
20 -500,8 -377,0 -295,2
50 -501,4 -378,3 -297,0

100 -501,8 -379,2 -298,0

200 -500,3 -376,8 -293,1

300 -495,9 -369,4 -281,1

400 -488,9 -358,0 -263,9

500 -479,6 -343,4 -242 .8

4. Kétluan

Chung t6i di xdy dung thanh cong phuong trinh Schrédinger dudi dang dai s6 cho
exciton trong don 16p bét dang hudng phdt-pho den véi sy ¢d mat tir truong. Cac yéu té ma
tran cua cac toan tir trong Hamiltonian dugc tinh dudi dang tuong minh, thuan lgi cho cac
tinh toan sé ciing nhu phan tich giai tich. Dé minh hoa, ning lwong cua exciton cho mot vai
trang théi kich thich thap duoc tinh bang Ii thuyét nhidu loan co diéu tiét & gan dung bac khong.
Trén co s& d6, da phat trién chuong trinh tinh toan phd ning lwong ding ngdn ngit 13p trinh
Python. Két qua cho thdy két qua dang tin cdy phi hop véi tinh todn khac. Pay 1a co sé cho
nhitng nghién ciu tiép theo vé ning luong exciton trong méi trudng di huéng, cho bai toén tim
nghiém chinh xé&c bang sb va xa hon nira 1a tim nghiém giai tich cho bai toan nay.

% Tuyén bé vé quyén loi: CAc tac gid xac nhan hoan toan khéng cé xung dét vé quyén loi.
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ABSTRACT

Exciton in monolayer semiconductor materials is of widespread interest due to their important
applications in optoelectronics. An algebraic approach has been developed for excitons in
monolayer transition-metal dichalcogenides with critical results. The present work extends this
algebraic approach to excitons in another conductive material with an anisotropic structure:
monolayer black phosphorus. This problem presents a more complex structure; however, we have
developed an algebraic representation of the Schrddinger equation using quantum creation and
annihilation operators. A basis set of wave functions was constructed, allowing us to derive
analytical matrix elements related to these basis functions. By combining these results with algebraic
calculations, we applied regulated perturbation theory in the presence of a magnetic field, achieving
results consistent with other calculations, even at the zero-approximation order. These results are a
critical step toward applying the algebraic method to anisotropic two-dimensional excitons in
higher-approximation orders in future studies.

Keyword: algebraic method; anisotropy; annihilation and creation operators; exciton;
monolayer black phosphorus; regulated perturbation theory
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