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ABSTRACT
In this paper, we characterize the compactness of the Calderén-Zygmund commutator [b,T]

of type @ on generalized Morrey-Lorentz spaces MS‘(R”). More precisely, we prove that if
be CMO(R”), which is the BMO(R”) closure of C (R”) , then [b,T] is a compact operator

on I\/IS*(R”) forall 1< p<oo and 1<r <oo.

Keywords: Calder6n-Zygmund commutator of type & ; generalized Morrey-Lorentz space;
compactness

1.  Introduction
It is known that the theory of commutators has many important applications to some
nonlinear partial differential equations. When T is a Calderén-Zygmund operator and

b e BMO(R"), the L° - compactness of [b, T] was first obtained by Uchiyama (1978). Since

then, the compactness of commutators of classical operators on various function spaces has
been considered. Beatrous and Li (1993) proved the boundedness and compactness

characterization of [b,T] on LP (X ) , Where X is a space of homogeneous type. After that,

Chen (2011) obtained the compactness of commutators for singular integrals on Morrey
spaces. Later, the Lorentz boundedness and compactness of integral commutators on spaces
of homogeneous type were proved by Dao and Krantz (2021). More recently, Tran et al.
(2024) proved a compactness characterization of commutators of Calderén-Zygmund type
in generalized Morrey-Lorentz spaces.
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On the other hand, Yabuta (1985) first introduced Calderon-Zygmund operators of
type theta to facilitate his study of certain classes of pseudodifferential operators. Since then,
many researchers have further studied the properties of these operators and their

commutators. Liu etal. (2002) showed that if b e BMO(R") and T is a Calderén-Zygmund

operator of type theta, then [b,T] is bounded from H*(R") to weak L'(RR"). Later, Thai et

al. (2022) obtained the boundedness of Calderon-Zygmund operators and commutators of
type theta on generalized weighted Lorentz spaces Al’j(w). Recently, Le et al. (2024)

proved that the commutators [b,T] of type theta are also bounded on generalized Morrey-

Lorentz spaces.

For the reader’s convenience, we recall below the definition of a generalized Morrey-
Lorentz space and Calderén-Zygmund operator T of type theta.
Definition 1.1. Let O<p<wo, O<r<o and ¢ be functions satisfying the following

conditions:
i) ¢:(0;00) > (0;0) is nonincreasing,
i) |B|o" (t) is nondecreasing, for any ball B, = X, (1.1)
1) @(2t) < De(t), Vt >0, for some constant 0 < D <1.

Then the generalized Morrey-Lorentz space M?" (R") is defined as a set of all real-valued
functions f with finite norm:

|t

fl o
— sup ” ||L (B(x.t)) (1.2)

" s [B () o)

¢ B(x,t)
where the supremum is taken over all balls B(X,t) in R", and (Rae

| denotes the

B(x,t)
Lorentz norm of f on B(X,t) (see Grafakos, 2008, Definition 1.4.6).

Definition 1.2. (Yabuta, 1985) Let & be a nonnegative, nondecreasing function on (0, «)
with

1
[o(t)ridt<oo. (L.3)
0

A continuous function K (x,y) on R"xR" \{(X, X) X€ Rn} is said to be a standard kernel
of type @ if it satisfies the following conditions.

(i) [K(xy) I (1.4)

|x=y["
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WHKWJ%4Q%JH+HQ%@—KWMJECD%—H“9G§iéﬂ, (L5)

for every X, Xy, Y with 2| X=X, [<] Y =X, |.
Definition 1.3. (Yabuta, 1985) Let # be a function as in Definition 1.3. A linear operator

T from S(R") to S'(R") is said to be a Calderén-Zygmund operator of type & if it satisfies
the following conditions.

(i) T is bounded on L*(R"), which means
HTf HLZ _CH HLZ forevery f eC; (R“) (1.6)
(i) There exists a standard kernel K of type € such that for every function f € C, (R")
and x ¢ supp(f)
TF () = [, KO, y) f(n)dy. (1.7)
Definition 1.4. Let T be a Calderén-Zygmund operator of type @ with strong conditions in
(1.7). Suppose that b < BMO(R" ), then the commutator [b,T] of type & is defined by

[b,T]f(x):=b(x)T(f)(x)-T(bf)(x) (1.8)
for measurable functions f .
Definition 1.5. (i) A function b e L, (R") is said to belong to BMO(R") if

. 1
”b”BMo(]R”) = SngIJb(X) _bB|dX <,

where b, = | |j b(x)dx, and the supremum is taken over all balls B c R"

(ii) We denote by CMO(R") , the BMO closure of C7 (R"), where C;”(R") is the set

of all functions in Cw(R”) with compact support.

Inspired by the above works, this study aims to study the compactness of Calderén—
Zygmund commutators of type theta on generalized Morrey — Lorentz spaces in this paper.
More specifically, in Section 2, we first recall a characterization of a precompact subset in

M) (R”) for 1< p<oo and 1<r < oo (See Lemma 2.1). Then we prove thatif b e CMO(R“)

then [b,T ] is a compact operator on M (R") (see Theorem 2.1).

As usual, for any 1< q<oo, we denote by q' the conjugate exponent of q, that is,

a+$:1. We also denote a constant by C, which only depends on p,q,r,n,e and may
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change on different lines. In addition, we write A < B if there exists a constant C >0 such
that A<CBand A~B if ASB and B < A. Finally, we denote by B, a ball in R" with

radius t >0 and by 1, the characteristic function of a subset Ac R".

2. Main results
The following lemmas are needed for proving this study’s main result.
Lemma 2.1. (Tran et al., 2024, Lemma 5.1) Let 1< p<o, 1<r<o and ¢ satisfy (1.1).

Assume that the set G in Mgvr(R”) satisfies the following conditions:

i) sup| f,.. <,
feg ¢

(i) lim|[f (-+y)= £ ()],... =0 uniformlyin f < g,
y— 0

(i) lim{f1 .|| =0 uniformlyin f e G.
R—w Bg M;"

Then G is precompact in ME”(R”).
Lemma 2.2. (Le et al., 2024, Theorem 2.2) Let 1< p<o, 1<r<o and ¢ satisfy (1.1). Let

1
T be a Calderén — Zygmund operator of type & with j9(t)tfl||09t|dt<°0. If
0

b e BMO(R") then [b,T] maps M2 (R")— M?"(R"). Moreover, we have

2T I N = IPllonao | Flhage
for any f e M?"(R").
It is now ready to prove the following main theorem.
Theorem 2.1. Let pe(Lo), re[Le] and ¢ satisfy (1.1). If be CMO(R"), and T is a

1

Calderén — Zygmund operator of type € with Je(t)rl ||09t| dt <o then[b,T] is a compact
0

operator on M?"(R").

Proof. Assume that b e CMO (R” ) Let G be abounded setin MP* (R” ) We need to show
that [b,T](G) is precompact in M?"(R").

Indeed, since b e CMO(R"), then for every &> 0, there exists a function b, € C7 (R")

such that
Jo-b,

By the triangle inequality and Lemma 2.1, we have for every f e G

BMO<€'
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[io.717)

v <|lb-b,.T](f)
S[b-b,

[b., T](f)
[, T](f)

pr*®
Mg

wee ©
avio |z +
6. T](F)
With this inequality in mind, it suffices to show that [b,T](G) is precompact in ME’“(R“)
for a given &£ >0 small enough.

Since G is a bounded set in ME’“(R”), it follows from Lemma 2.2 that [b,, T|(§) satisfies
(i) of Lemma 2.1.

p.r
M‘/’

M
SCe+

Next, we show that [bg,T](g) also satisfies (iii) of Lemma 2.1. Indeed, suppose that
supp(b,) c By . for some R, >10. Then, for any f < gand for X € By with R>10R,, we
observed that |X— y| z|X| forany yeB; .

Thus, for any X € By we have

[b,, T](f)(x)|=[T (b, f)(x)| <o,

o KOGl (y)ldy

B(OR;)
=l B(J&”X_Cyr gy
<[b,].- B(J&)'R_CREH f(y)|dy
< (Tg—RLTB(JR£)| f(x—w)|dw. (2.10)
2

For every ball B, = B(Xo,t) in R", by (2.10), and Minkowski’s inequality, we obtain:

b, T](f)L.
: ](1) Prller(e) - j £ (-—w)
1 ~oo 1 )" JB(xR.)
Blrolt) |Bt|p(p(t)(2Rj

b

&

b

&

L*"(8) aw

b

&

® ” f ” Pr(B(xp—w,t) ®
SO [ T —aw g [ aw
(ZRJ R)

ORI O

N -
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<lo B8Ry, <pp, BN
2®) Z°)
uniformlyin f egG.
This implies that
B(x,R
0. 711, <Ib BOR o

L” n
27
2
—0 when R—o uniformly in f eg. In other words,
MpT

Thus, H[bﬁ,,T]( F)1,

[b,.T](G) verifies (iii) of Lemma 2.1.
It remains to prove the equicontinuity of [bg,T], that is, (if) of Lemma 2.1 holds. In fact,

we show that for every 6 >0, if |Z| is sufficiently small (merely depending on & ), then

[0, TI(F)(-+2)—[b,.T] e SCS™ (2.12)

uniformly in f e G, where the constant C >0 is independent of f, 0, |Z|

To obtain the desired result, we recall the maximal operator of T , defined by

T(f)(x):suE[TT(f)(x)], (2.12)
where T_, the truncated operator of T , is given by
T.(f)(x)= j{x_yﬂ} K(xy)f(y)dy. (2.13)

Now, for any x e R", we express

[bg,T](f)(x+z)—[bg,T](f)(x)=.[Rn[bg(y)—b (x+12 ]K x+2,y) f(y)dy

—fkn[bg(y)—bg(X)]K(x,y =‘X yL [b, (x)=b, (x+2)]K(x,y) f (y)dy
L CRINEA I
= ] [ ()=b.(n)]KOY) F(v)dy+ I [0 ()b, (x+2) K (x+2,3) f ()dy
;i‘(fiiz+.3+.4, o

We first estimate 1.
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K(x,y) f(y)dy

I

LAE |b (x+z)|

[x=y[>67z

|b X+12) |T )(X).
Since bg is uniformly continuous on R", then we deduce from the last inequality that
1| <87 (f)(x), as |z| 0.
We recall here Cotlar’s inequality (see Torchinsky, 1986, Lemma 6.1). That is for all q>0:
T(1)(x)<C[M,(T(1))(0)+ M(F)(x)]. 219
where M, (T (f))(x), xeR" is given by

Mq(T(f))(X)—SUP{ Bll T (f) Lq}

Applying Cotlar’s inequality and Lemma 2.2 yields :
”Il”M‘;"r < Mo §5||f||M£r ' (215)

For I, , we use the smoothness of kernel K and the doubling property of Lebesgue measure

to get

[HpS

b, .- j K (x+2,y)=K(x,y)||f(y)|dy

'

[x=y[>&~

_ :
ol Zi L o) ok
mf—iz [ ol (y)ay

| k=0 p, \D,
29 (62 j| y)|dy
Dkl

<lb.|.. " 29(52 )M
b,|,. &" j—dtM

(F)(x),
where D, = B(x,2"5’1|z|), k>0.
Then we deduce that from the last inequality that:

[Vl M(F)],pr 56"

MpN

7

(2.16)

M

A e
L ?
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Next, we estimate I,. Forany k>0, let us set B, = B(x,5‘12‘k |z|) Then, it follows from

the size condition of K that

1] < &f(y)dy
3 x—yle B(x,|x—y|)|| |
2757
f(y)|d
k>0 |Bk+1 Bk\£k1| (y)| g
; B 1
<57 |Bk+1| IBI ()l
<5 (f)(x)

(f)( ), provided that |z| < 5.
With the last inequality in mind, it follows from the M?" - bound of the operator M that

I, (F)ysr < (2.17)

Finally, we treat 1,. Since supp(b,)=B(0,R,), then it is sufficient to consider

Mpr

pPr ~
M‘/7 4

xeB(0,2R,) when z —0.
Thanks to the triangle inequality, we get
[x—y+z|<|x—y|+|z|< 25,

when z— 0, forall |x—y|<s.

Then,
x-y+1]
(< e
| 4 xy;[a‘lz B(X+Z,|X—y+z|)|| ( )|
x-y+2| T
Xy+'[<25 B(X+Z,|X—y+z|)|| Y)| y.

By arguing as in I, we also obtain

[Valhs =

Forany k >0, let us set B, = B(x+z,2‘k+1

(2.18)

z|) Combining (2.15), (2.16), (2.17), and (2.18)
yields

[0, T](F)(x+2)—[b, T](f)(X)

uniformly in f < g. Therefore, [bg ,T] satisfies (ii) of Lemma 2.1.

L.

P
Mfﬂ

Finally, from Lemma 2.1, we conclude that [b,T ]is a compact operator on M2" (R").
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3. Conclusion
Main Result. Let 1< p <o, 1<T <0, and ¢ satisfy (1.1). If beCMO(R"), and T is a

1

Calderdn — Zygmund operator of type & with je(t)t_l llogt|dt <o, then [b,T] is a compact
0

operator on Mg'r(R”).
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TINH COMPACT CUA HOAN TU CALDERON-ZYGMUND LOAI THETA
TREN KHONG GIAN MORREY-LORENTZ TONG QUAT
Pham Ngec Xuan Vy, Phan Thanh Phat, Lé Minh Thitc, Dw Kim Thanh, Trin Tri Diing”
Truong Pai hoc Su pham Thanh phé Ho Chi Minh, Viét Nam
*Tdc gid lién hé: Tran Tri Diing— Email: dungtt@hcmue.edu.vn
Ngay nhgn bai: 08-5-2024; ngay nhdn bai sira: 19-6-2024; ngay duyés dang: 18-9-2024

TOM TAT

Trong bai bao nay, chung t6i xét tinh compact cua hoan tu: Calderén-Zygmund [b,T] logi 0
trong khong gian Morrey — Lorentz tong quét MP" (R"). Cu thé hom, chiing t6i chimg minh rang
néu b e CMO(R”)-bao dong cua BMO(R") trongC” (R”) thi [b,T] la toan tz compact trong
M?"(R") v6i moi 1< p <o val<r <o,

Tir khoa: hoan tir Calderén-Zygmund loai 8 ; khéng gian Morrey — Lorentz tong quat; tinh compact

423


mailto:dungtt@hcmue.edu.vn

	1. Introduction

