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ABSTRACT

Recently, molecular alignment techniques have become an appealing topic in molecular and
optical physics, strong-field physics, femtosecond chemistry, and attosecond physics. Despite the
availability of several alignment techniques, molecular nonadiabatic alignment is widely used in
both theoretical and experimental studies due to assembling molecules in space for a sufficiently
short period of time under field-free conditions, avoiding the laser’s effect on the interested physical
or chemical phenomena. As a result, developing a program that simulates molecular nonadiabatic
alignment is necessary to ensure that numerical results match experimental observations. Existing
tools, such as those by Oppermann et al. (2012) and Sonoda et al. (2018), are either limited to
specific molecules or require significant modifications for alignment simulations. For that reason,
we provide a program that simulates linear-molecular nonadiabatic alignment. In this paper, we
present the numerical simulation of the time evolution of a molecular rotational wave packet by
solving the time-dependent Schrédinger equation and evaluate our results with reliable published
studies. Additionally, a challenge in such simulations is determining the optimal value of the
expansion used for numerical simulation. We provide a systematic method for selecting the optimal
parameter /..., ensuring both computational efficiency and solution convergence. The program is
evaluated for N,, C0O, and OCS with a variety of laser pulses and rotational temperature. Program
available at: https://github.com/DuongDHoangTrong/HCMUE_Alignment.

Keywords: laser-matter interaction; linear molecules; molecular nonadiabatic alignment;
rotational wave packet

1.  Introduction

In recent decades, laser-matter interaction has attracted the attention of the community
studying strong field physics and attosecond science. When atoms or molecules are exposed
to an intense and femtosecond pulse, a variety of high-order nonlinear effects occur,
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including high-order harmonic generation (Burnett et al., 1977), above-threshold ionization
(Bashkansky et al., 1988; Eberly et al., 1991), and nonsequential double ionization (Watson
et al., 1997). These nonlinear phenomena allow for imaging molecules and probing
molecular dynamics (Itatani et al., 2004; Qin & Zhu, 2017). In those phenomena, the angle
between the molecular axis and the laser polarization significantly impacts laser-matter
interaction. The reason is that if the molecular ensemble s isotropically distributed, the
observations of related phenomena are averaged, leading to missing information about  the
angular distribution of the molecule. This dragged the interest in molecular alignment
techniques within the field of ultrafast molecular imaging (Cocker et al., 2016), attosecond
science (Villeneuve, 2018), and surface science (Seideman, 1997). Consequently,  several
efforts have been made to develop molecular alignment techniques (Burnett et al., 1977;
Physikd et al., 1991; Pullman et al., 1990; Sinha et al., 1974, Stapelfeldt & Seideman, 2003)

Among the various molecular alignment techniques, those based on a strong nonresonant
linearly polarized laser field are most versatile (Friedrich & Herschbach, 1995; Seideman,
1995). When a molecule interacts with an intense laser pulse, an induced dipole is created due
to its anisotropic polarization. Consequently, torque is produced on the axis of the molecules,
forcing them to align with the direction of laser polarization (Torres et al., 2005).

In the temporal domain of laser duration, two distinct regimes can be identified: adiabatic
alignment and nonadiabatic alignment (Omiste et al., 2011; Seideman & Hamilton, 2005;
Torres et al., 2005). In the case of nonadiabatic alignment, the laser pulse with its duration less
than the characteristic molecular rotational time is used. When a molecular ensemble interacts
with this ultrashort laser pulse, a rotational wave packet is created. This wave packet is a
coherent superposition of the rotational states that phase and diphase over time. This leads to
the phenomenon known as ‘revival’, wherein a molecular sample can restore a state of high
degree of alignment in the absence of the laser field (free field) (Jin et al., 2010).

With the ability to achieve field-free alignment, nonadiabatic alignment is the most
preferred technique (Omiste et al., 2011) and has been studied in a number of experimental
(Oppermann et al., 2012) and theoretical papers (Jin et al., 2010; Omiste et al., 2011). For
decades, work on molecular alignment can be divided into two categories: the effects of
temperature or laser settings on alignment  (Cocker et al., 2016; Yang & Zhou, 2006) and the
impacts of alignment on other nonlinear processes (Jin et al., 2020; Jiang et al., 2022). The
majority of these studies  focus on a limited number of nonpolar molecules (N2, Oz, I2, CO,
CSy) (Péronne et al., 2004; Yang & Zhou, 2006; Jin et al., 2010; Pickering et al., 2018), and
rarely on polar molecules  (Loriot et al., 2007). Despite several publications, there is a scarcity
of publicly available software that simulates the alignment process. This work (Oppermann et
al., 2012) offers a software for nonpolar molecules; its applicability is limited to a select few
targets. Another accessible code that can handle user-defined molecular parameters is
specifically designed to simulate the orientation process for polar molecules only (Sonoda et al.,
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2018).

In this paper, we present a program that simulates the molecular alignment process.
Unlike existing tools (Oppermann et al., 2012; Sonoda et al., 2018), our program is unique
in its ability to handle user-defined molecular parameters for nonpolar and especially polar
molecules, a capability not available in other software. It achieves this by numerically
solving the time-dependent Schrddinger equation, which yields the temporal evolution of a
molecular rotational wave packet.

Moreover, a major challenge in achieving a convergent solution is selecting the
maximum rotational quantum number J,,.,, which determines the number of rotational
states included in the calculations. Choosing an appropriate method is crucial for balancing
computational efficiency and accuracy. An overly small J,,., leads to non-convergent
results, while an unnecessarily large value increases computational costs without improving
accuracy. Despite its significance, ., IS often determined empirically in prior studies,
leaving room for improvement through a systematic approach. To address this, we propose
a method for determining the optimal J,,,,, based on the Boltzmann distribution of rotational
states, which ensures reliable convergence while minimizing computational effort.

The rest of this paper is structured as follows. Firstly, we present the theoretical
backgrounds of the molecular alignment process. Second, we examine the convergence
tendency of our code's solutions and introduce a method for  determining the optimal /4,
based on the Boltzmann distribution of rotational states. Finally, we assess the reliability of
our program through comparison with recent research.

2.  Theoretical model and computation method
2.1. Evolution of rotational wave packet

We consider linear molecules exposed to a non-resonant linearly polarized laser field.

E@®) = eE,f (t) cos cos wt , #(1)
where € is a unit vector along the polarization direction, Ej is the field amplitude, w is the
laser frequency, and f(t) is the pulse envelope whose temporal profiles are given by a

Gaussian function
2

f(t) =exp exp <—2 Inin?2 i—2> ,#(2)
where t is the pulse duration.

When this ultrashort laser pulse interacts with a molecular ensemble, it excites a
coherent superposition of rotational states, also called a rotational wave packet, in each
molecule. Under the rigid rotor approximation, the rotational wave packet is governed by
TDSE with the Hamiltonian (Yang & Zhou, 2006), which is expressed in atomic units by

H= sz + ﬁpolar: #(3) A
where B is the rotational constant of the molecule, J is the angular momentum operator, and
ﬁpolar represents the polarizability interaction term averaged over the laser cycle (Péronne
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et al., 2004; Seideman & Hamilton, 2005), is written as

-~

Hpolar = —%Aangz(t)H ,#(4)
where Aa = a; — «a, is polarizability anisotropy, which represents the differences between
the polarizabilities parallel () and perpendicular (e, ) to the molecular axis, and 8 is the
angle between the molecular axis and the electric field vector.

The TDSE is to be solved numerically using the split-operator technique (Tong &
Chu, 1997, 2000). The wave packet, solution of TDSE (Péronne et al., 2004), can be
expanded in the rotational state basis as

POV =) GuOUM)#E)
M

where C; (t) is the’expansion coefficient and [/ M) is the rotational states represented in space
by the spherical harmonics Y]M (6, ¢). After turning off the laser pulse at t = 7;45.,, the wave
packet propagates in the free field (Jin et al., 2010), and can be calculated simply as

PO =D Cu6,t = Tigee)e U M) #(6)
.M
2.2. Degree of alignment

Initially, a molecular sample can be assumed to be a thermal ensemble characterized
by a temperature T, with the population of its states, |JM), following the Boltzmann
distribution function (Torres et al., 2005)

BJ(J+1)

Im(T) = 7em kyT
where kg is the Boltzmann constant, and Z(T) is the partition function. The above function
is valid for heteronuclear molecules only. For homonuclear diatomic molecules, the factor
g, arises from the nuclear spin statistics , and gives a distinct weight to states of different

J parity (e.g., N, has g/°% = 1 and g/*"» = 2) (Torres et al., 2005):

. BJ( + 1
L (T) = Z‘?T) exp exp l_%

This is why programs designed for homonuclear molecules cannot be used for heteronuclear
molecules without adding g, to  the source code.

The degree of alignment of a molecular sample can be determined by the expectation
value of 8 (Péronne et al., 2004; Jin et al., 2010; Oppermann et al., 2012), written as

exp exp [— ,#(7)

#(8)

O30 =Y L)W (6,0).#9)
M

This value ranges from 0, where all molecules are anti-aligned in a plane perpendicular to
the laser polarization axis, to 1, where all molecules are aligned precisely along that axis,
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and isotropic media have  this value equal to 1/3.
2.3.  Numerical method

Our numerical calculations follow a specific workflow, as shown in Fig. 1. This procedure
contains two steps: laser field and field-free. The details of each step are presented below.

INPUT
value of Jynye:
laser parameter Ey, 7:
molecular parameter B, Ac. g,:
temperature T'

l

t=10

calculate| JM)

expand | ¥ spr(6,t = —o0)}

Laser field

False
[ s (8,8 = Tiaser))

True

caleulate Hporar(£)

calculate | rps(6, ¢ + At))

by split-operator method

t=t+ At

Field-free

True

OUTPUT
{cos? 6) ()

calculate | W s (8, 2)):
p(8,t): {cos® B)(t)

t=t+ At

Figure 1. The workflow of our program
2.3.1.Laser field
In the laser field steps, the initial wave function |¥(8,t = —o0)) is evolved under the
laser field with an interval 7,,..,. TO propagate the wave function from t to t + At, we
expand the rotational wave function intoa  combination of spherical harmonic functions
as shown in Eq. (5), and solve TDSE with the split-operator technique (Bandrauk & Shen,
1993), written as
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|¥/m(6,t + At))

BJ?At ~
~exp exp [—i ]2 l exp exp [—inolar(t)At]
Bj?At
exp exp [—i ]2 l | (0,t)). #(10)

Equation (9) shows that the time propagation is achieved by three steps

(i) Applying exp exp [—i Bj;‘”] on |¥;, (6, 1)) to transform it into the energy space and

propagate for half a time step, we receive ¥ (6, t)),
(ii) Applying exp exp [—iH, o1 (©)At] on ¥ (6, 1)) to transform it into coordinate

space and propagate for a time step, we receive |[¥ 9 (6, 1)),

(iii) Applying exp exp [—i#] on |w( (0, 1)) to transform it back into the energy

space and propagate for half a time step, we receive |¥ (6, t)) which is | ¥, (8, t + At)).
This propagation of the wavefunction is accomplished until the laser is turned off. At
the end of the step, we obtain the wave function |¥;, (t = Tigser))-
2.3.2.Field-free
In the field-free step, the wave function when the laser is turned off | ¥, (t = 7;45¢,)) IS
propagated under the free field with an interval 7 ... The wave function at the specific moment

t is simply calculated as shown in Eq. (6). Then, we compute the time-dependent alignment
distribution at a given temperature T (Jiang et al., 2022), which can be obtained as

p(0,0 =) LuM|¥u@,0[ #1D
™

Our program provides the angular distribution since it enables users to calculate other
physics quantities. Finally, we measure the degree of alignment alternatively (Jiang et al.,
2022), followed by

T
(0)(t) = 27rf p(6,t) sinsin 0 do.#(12)
0
3. Results and discussion

3.1. Results of the alignment degree and its convergence

In principle, solving TDSE requires representing the wavefunction in Eq. (5) with an
infinite number of basis states |[JM). However, in practice, numerical methods can only
handle a finite number of basis states |JM). With a sufficient number of states, the solution
obtained numerically converges to the exact solution. In the previous source code, the
number of states 4 iSChosen  based  on experience. In this Section, we examine
the optimal number of states, /,,4, based  on Boltzmann’s distribution, for an ensemble
of N, molecules at a variety of temperatures  when it is exposed to a laser pulse of 60 fs
duration and 2 x 1013 W /cm? peak intensity. Table 1 represents molecular parameters of
N,.
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Table 1. Molecular parameters used in the calculations

Molecule B (cm‘l) Aa (A3) glodd gleven
N, 1.9896 0.93 1 2
co, 0.3913 2.10 1 0
ocs 0.2029 4.04 1 1

To determine the optimal value of J,.., We need to examine the Boltzmann
distribution, which yields the population of each rotational state |J/) at a variety of
temperatures. Fig. 2 shows that when the temperature rises , the probability of occupying
the high rotational state increases significantly. In this case, arising of the contribution of
high rotational states  requires a greater value of J,,,,, for converged  solutions. Any
state with a population smaller than e = 1 x 10~> is assumed not to contribute to the
wave packet. Based on Fig. 2, we examine different values of /,,,,, around 8, 12, and 17, the
rotational quantum numbers beyond which state populations become negligible, at the
temperatures of T = 20 K, 50 K and 100 K, respectively.

100_‘\\I|I[\[\'I'\f‘f"|'\[__]f‘f|'>\l[l[\'\]f]!\'\__'lll'\l\»'|l‘\‘\‘l'\}\'\_
(2) T= 20K (b) T=50K (c) T= 100K

_
3

,_
=
G

._.
<)
ds

,_
9
=

Population (arb. units)

—
==

=5 I T I I
0246 8101214161820 0 2 4 6 8101214161820 0 2 4 6 8 101214161820
J

Figure 2. The thermal population of molecular rotational states at different temperatures for N,

In order to examine whether the above estimate  J,,,4, 1S €nough for ensuring the
convergence for simulating  the alignment  degree, we continue to simulate the process
with J,,., Values below and higher than that estimated value. In Fig. 3, we show the degree
of alignment for N, at different temperatures as a function of time when using values of /.
in which state its population starts to vanish and around that state. Note that the  full-
time ~8.6 ps and half-time revival ~4.3 ps. Near these revivals, the molecular
alignment changes significantly from an isotropic distribution (6 )~1/3 into a peak or dip
of the graph, as seen in all cases. The solutions, whether convergent or not, capture the line
tendency of degree of alignment; and yield precisely the maxima (aligned molecules) and
minima (anti-aligned molecules), which are near 4.1 ps,8.6 ps; and 4.3 ps, 8.3 ps,
respectively. Furthermore, for a given temperature, the values of the maxima and minima
are the same for any value of J,,,,. Those points consistently reinforce the convergence of
solutions.

Moreover, it is crucial to ensure that the chosen J,,,, Value adequately represents the
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rotational states contributing to the molecular wave packet while minimizing unnecessary
computational expense. Our recommended approach is to set /,,,, t0 the rotational state
where the population, based on the Boltzmann distribution, becomes negligibly small (e.g.,
below a threshold such as e = 1 x 10™°). At this point, higher rotational states have minimal
impact on the wave packet and can be excluded from calculations. In our example, at 20 K,
50 K, and 100 K, the optimal values J,,,, Were found to be 8, 12, and 17, respectively, as
higher states had insignificant contributions. In contrast, using a value lower than the optimal
one results in non-convergent solutions, particularly at low temperatures, whereas solutions
with values higher than the optimal show no significant difference compared to the optimal
value. This method ensures that the numerical solutions are both convergent and
computationally efficient.
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Figure 3. Degree of alignment by time when exposed N2 molecules to a laser pulse of 60 f's
duration and 2 x 1013 W /cm? peak intensity at different temperatures. The cyan lines
represent results obtained using the estimated value of /., in which state that its population
start to vanish. The black and blue lines (red lines), on the other hand, show the results of
calculations with values of J,,,,, that are smaller (larger) than the above value, respectively.
The red and cyan lines match each other, demonstrating that these solutions are converged.
In contrast, the black and blue lines are different from the others, showing these solutions
are unconverged. From case (a) to case (c) rate of convergence increases rapidly
3.2. The reliability of the solutions

This section demonstrates the reliability of our solutions, including both polar and nonpolar
molecules, by comparing them to other works. Table 1 displays the molecular parameters
considered in our analysis. Note that all the results presented here have reached convergence.
Below, we first present the molecular information and the laser pulse used for adiabatic alignment
. Besides, the experimental temperature is also addressed. Then, we summarize the results of the
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alignment degree, and benchmarking  them with those published before.

T 1T T 1T T 17 T ] [ ] I | I I
(b) CO, This work (c) OCS This work
I~ = Jinetal, 20107 [ === Loriot et al., 2007 |
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Figure 4. Comparison between our solutions (cyan lines) and other works (red lines)
(Oppermann et al., 2012; Jin et al., 2010; Loriot et al., 2007), respectively. A variety of
lasers pulses  and rotational temperatures are concerned. The molecules used follow as
(@) N,; (b) CO,; and (c) OCS
3.2.1.Nonpolar homoatomic molecule

First, we verify our code’s reliability with a simple molecule N,. Here, we compare
our results  with Oppermann et al. ( 2012). Figure 4. (a) displays both results.
In this work, a 790 nm pump pulse with a 70 fs duration and the peak intensity of
3 x 1013 W /cm? is used, and the rotational temperature is 20 K.
3.2.2.Nonpolar heteroatomic molecule

For this case, we specifically chose the molecule C0, to verify our code’s capacity to
handle molecules with either only odd or only even g is preset. We compared our results to
the study (Jin et al., 2010), which  utilizes a 790 nm pump pulse with a 140 fs duration
and peak intensity of 4.5 x 1013 W /cm? , and the rotational temperature is 25 K. Figure
4. (b) shows the comparison of these results.
3.2.3.Polar molecule

Finally, we validated our code against the molecular-alignment study of the polar
molecule OCS by Loriot et al. (2007). That experiment used a 790 nm pump pulse with 70
fs duration, a peak intensity of 2 x 1013 W /cm?, and a rotational temperature is 100 K.
Figure 4. (c) shows the comparison between our results and those reported in that study.
3.2.4.Summary

Fig. 4 demonstrates a close match between our simulation results and those from
previous studies (Jin et al., 2010; Loriot et al., 2007; Oppermann et al., 2012). Overall, our
program demonstrates a high level of agreement with previous works. Notably, for the OCS
molecule, the maxima and minima of the degree of alignment differ slightly. However, the
timing of these extrema remains consistent with the reference work (Loriot et al., 2007).
Furthermore, the employment of laser pulses with varied characteristics and rotational
temperatures throughout the comparisons demonstrates the versatility and suitability of our
program for a wide range of scenarios.
4.  Conclusion and outlook

This work presents a reliable program for simulating the molecular alignment of both
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polar and non-polar molecules. Its reliability has been thoroughly validated through
comparisons with established research. This versatile tool enables researchers to provide
consistent results in simulation studies. Based on the fundamentals of molecular
alignment, we plan to build a source code that simulates molecular orientation. Additionally,
we highlight an effective approach for selecting J,,,., 10 ensure a good rate of convergence,
based on the thermal population of molecular rotational states.
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TOM TAT

Gan ddy, cdc ki thudt dinh hudng phdn tir tré thanh chii dé quan tam trong vt li phén tir, vt
li truong manh, hoa hoc femto-giay va vat li atto-giay. Dinh hudng phi doan nhiét dwoc wa chuong
Vi ¢6 thé sdp xép phan tir trong khong gian trong khodng thoi gian ngdn, duwdi diéu kién khong truong
ngodai, tranh anh huong cua laser dén hién twong vat li hodc hoa hoc. Do do, viéc phat trién chuong
trinh mé phong dinh hwéng phi doan nhiét la can thiét dé két qud sé khép véi quan sat thuwe nghiém.
Cac cong cu hién co (Oppermann et al., 2012; Sonoda et al., 2018), hodc chi ap dung cho phdn tir
cu thé, hodc yéu cau sira doi I6n. Chiing t6i cung cap chicong trinh mé phéng dinh hwéng phi doan
nhiét cho cdc phén tir thang. Bai bdo trinh bay mé phong tién héa géi séng quay phén tir bang cach
gidi phicong trinh Schrédinger phu thude thoi gian va so sanh véi cac nghién ciru di cong bo. Mot
théch thire la xdc dinh tham sé khai trién |, gy t0i wu dé vica dam bdo héi tu nghiém, vira tiét kiém
tai nguyén tinh todn. Chiing téi dwa ra phwong phdp chon J g, ¢ hé thong. Chwong trinh dwoc
ddanh gid v6i Ny, CO, va OCS ¢ nhiéu xung laser va nhiét dg khdc nhau. Chirong trinh ¢é san tai:
https://github.com/DuongDHoangTrong/HCMUE_Alignment.

Tir khéa: tuong tac laser-vat chét; phan tir thing; dinh phuong phdn tir phi doan nhiét;
b6 song quay
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