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ABSTRACT 

This paper is devoted to studying the finite-time blow-up in high initial energy for the solution 
of the nonlinear viscoelastic wave equation. 

 

in a bounded domain  Our result improves the blow-up result in the previous work that was 
obtained by Le et al. (2023). 

Keywords: Blow-up; Nonlinear wave equation; Strong damping; Variable exponent sources; 
Viscoelasticity 
 
1. Introduction 

The aim of this paper is to improve the blow-up result studied by Le et al. (2023) 
concerning the nonlinear viscoelastic wave equation with firm damping and variable 
exponents 

  (1.1) 

where  and  is a bounded domain with smooth boundary  

  and  are given initial data, is a  positive 

nonincreasing function, the exponents  is continuous on  with the logarithmic 
module of continuity: 

  (1.2) 

 
Cite this article as: Nguyen Van Y (2024). Blow up in a nonlinear viscoelastic wave equation with strong damping 
and variable sources. Ho Chi Minh City University of Education Journal of Science, 21(9), 1611-1622. 
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  (1.3) 

where  

 The problems related to (1.1) arise in many contemporary physical and engineering 
models, such as electrorheological fluids (smart fluids), fluids with temperature-dependent 
viscosity, nonlinear viscoelasticity, filtration processes through a porous media and image 
processing. Please refer to Antontsev et al. (2020), Berrimi et al. (2006), Chen et al. (2006), 
Diening et al. (2011), Messaoudi (2003, 2006), Le et al. (2023), Park et al. (2019), Song et 
al. (2010, 2014) for more information and applications on the topic. 

In case  the problem (1.1) has been widely studied in recent decades, 

and many authors have discussed results on the existence, nonexistence, and decay of 

solutions (Messaoudi, 2003, 2006; Song et al., 2010, 2014). When  

Messaoudi (2003) considered (1.1) and obtained the finite-time blow-up of solution with 
negative initial energy. After that, Messaoudi (2006) continued to examine that problem and 
got the finite-time blow-up of solutions with positive initial energy. When  

Song et al. (2010) studied the problem (1.1) and obtained the finite-time blow-up of solutions 
with positive initial energy. After that, Song et al. (2014) also studied the above problem 
with high arbitrary initial energy and obtained the finite-time blow-up of solutions. 

Recently, Le et al. (2023) considered (1.1) with  and 

obtained the blow-up result for local solutions starting in the potential wells. More precisely, 
under the conditions of the relaxation  as follows: 

(H1) the relaxation  and satisfies 

  for all  

(H2)   

the authors obtained the following theorem. 
Theorem 1.1. [Le et al. (2023), Theorem 2.7] Assume that (1.2)-(1.3) and satisfies (H1), 

(H2). Assume further that  with  and  where 

 Then solution  to (1.1) blows up in finite time. 

Here   and  as in section 2.1. 

Our aim in this paper is to improve the blow-up result of Le et al. (2023) to the blow-
up result with high initial energy.  
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This paper is organised as follows. In the next section, we will give some preliminaries. 
In Section 3, we state and prove our main results. 
2. Preliminaries 
2.1. Modified potential wells 

Throughout this paper, we define the functionals  (for ) as in Le et al. 

(2023) and Nguyen et al. (2023)  

 

the Nehari manifold 

 

the potential well-depth 
 (2.1) 

and the modified unstable set as in Le et al. (2023) and Nguyen et al. (2023) 

 

2.2. Definition and preparing results 
Let us now define weak solutions to (1.1). 

Definition 2.2. Let  a function  be called a weak solution of problem (1.1) on 
 if   

, 

satisfies  and the equality 

 

holds for a.e.  and any  

Define the energy function 

 

where  By testing (1.1) by  we have 

 (2.2) 

which implies that  is a non-creasing functional. 
 We now state the local existence of a solution to (1.1). 
Theorem 2.3. (Local existence) [Le et al. (2023)] Assume that (1.2) – (1.3) and (H1) hold. 
Then for given  the problem (1.1) admits a unique local solution 
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where  is the maximal existence time of   

We ended this section with the following proposition, which is essential for proving 
our main results. 
Proposition 2.4. Let (1.2) – (1.3) and (H1) hold and  Let  be a local 

solution to the problem (1.1). Then, if there exists a time  such that  

and , then  remains inside the set  for any  

Proof. By contradiction, we assume that  leaves  at time  then there exists a 

sequence  such that  By the lower semicontinuity, we get 

 
Since  we obtain  By variational definition of  this leads 

to a contradiction. 
Lemma 2.5. [Kalantarov et al. (1978)] Suppose that   is a positive function 

satisfying the following inequality 

 

where  are constants. If   then  for  

3. Blow-Up 
First, we state a theorem about the finite-time blow-up of the solution, whose proof is 

similar to the proof of Theorem 2.7 in Le et al. (2023) with slightly different, so we omit it here. 
Theorem 3.1. Assume that (1.2)-(1.3) hold and  satisfies (H1) and (H2). Assume further 

that  with  and  where 

 

 Then solution  to (1.1) blows up in finite time; that is, the maximum existence time 

 of  is finite and 

 

We can now provide a crucial lemma that supports our main results. The following is 
the important lemma: 
Lemma 3.2. Let (1.2)-(1.3) and (H1), (H2) hold. Assume that the initial data 

 and satisfies 
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 (3.1) 

Then the weak solution  to problem (1.1) satisfies 

 (3.2) 

for all  where 

 (3.3) 

Proof. Using the first equation of (1.1) and integral by parts, we have 

  

By using Young inequality, we get 

 (3.5) 

 (3.6) 

Combining (3.5) and (3.6) with (3.4), and using the definition of  and the condition 
(H1), (H2), we obtain 
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Therefore, it implies from (3.7) that 

 

Here we used the inequality  

 Put 

 

Combining (3.8) with (2.2), we obtain  

 

according to (3.3). Furthermore, it follows from (3.1) that  

 

By Gronwall’s inequality, we deduce from (3.9) that 
 

The proof is complete. 
We then provide and validate the finite-time blow-up results for solutions with high 

initial energy and estimate and provide an upper bound on the blow-up time. 
Theorem 3.3. (Finite time blow-up for high initial energy) Let all the assumptions in Lemma 
3.2 be fulfilled. Then the solution  for problem (1.1) blows up in finite time. 
Proof. By contradiction, we assume that  exists globally. 
First, by using Holder's inequality and (2.2), we get 
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for all  Since  is a global solution of problem (1.1), then  for all 

 Otherwise, there exists  so that  By virtue of the definition of 

 and  

 

we obtain 

 

Since  and the assumption (H1), we get that  implies  due 
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 (3.12) 
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then the solution  for the problem (1.1) blows up at some finite time  in the sense of 

 

Moreover, the upper bound for blow-up time  is given by 

 (3.16) 

where  is the positive constant given by (3.3),  and  is chosen 
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On the other hand, it implies from (3.19) that 

 

which in turn, by multiplying (1.1) by  and integrating over  yields 
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On the other hand, by using the Cauchy-Schwartz inequality, we have 

 

which implies  

 (3.23) 

for any  By the definition of  we have 

      (3.24) 

Combining (3.23)-(3.24) with the energy inequality (2.2), one has 

 

Since  by choosing  it follows from (3.25) that 
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Notice that (3.13) implies 

              (3.27) 

From (3.15), (3.22), (3.26) and (3.27), we obtain  

 

here we used  and (3.15) in the last step. 

By the definition of  it is obviously that  for any  In addition, if  is 

chosen large enough in (3.17) then  Applying Lemma 2.5 with 

 we have that  for  where  holds 

 

which in turn implies that 

 (3.29) 
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TÓM TẮT 

Bài báo này tập trung nghiên cứu sự bùng nổ trong thời gian hữu hạn của nghiệm với năng 
lượng ban đầu cao cho một phương trình sóng đàn hồi nhớt phi tuyến 

 

trên miền bị chặn  Các kết quả của chúng tôi cải thiện kết quả bùng nổ trong công trình 
trước đây được thực hiện bởi Nhàn và các cộng sự (2023). 

Từ khóa: bùng nổ; phương trình sóng phi tuyến; tắt dần mạnh; nguồn có số mũ thay đổi; tính 
đàn hồi nhớt 
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