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ABSTRACT 
The problem of regularity for partial differential equations has been studied by many mathe-

maticians in recent years using many different methods. With the development of harmonic analysis, 
Calderón-Zygmund theory plays an important role in investigating the regularity problem. In this 
paper, we establish Calderón-Zygmund type estimates for weak solutions to a class of quasi-linear 
elliptic equations with mixed data in the generalized Lorentz space. Our study is an extension of the 
function space to some gradient estimates in several previous papers. This result once again confirms 
the effectiveness of the method of using the distribution inequality on the level sets to the regularity 
problem for partial differential equations. 

Keywords: Calderón-Zygmund estimates; Distribution inequality; Fractional maximal 
operators; Generalized Lorentz spaces; Quasi-linear elliptic equations 

 
1. Introduction 

Let (1, )p n∈  and Ω  be an open bounded domain in n
  with 2n ≥ . We assume that 

( ) 1,( ) , ( ) and ( )  with : .
1

np p p pL g W f L p
p

′ ′∈ Ω ∈ Ω ∈ Ω =
−

F       (1.1) 

Moreover, we consider two Carathéodory operators , : n nΩ× →    that satisfy the fol-
lowing conditions: 

( ) ( )( ) ( ) ( )

1
1

2
2 2 22

1 2 1 2 2 1 2 1 2

( , ) ( , ) | |

, , ,

p

p

x z x z z

x z x z z z z z z z

κ

κ

−

−

 + ≤



− ⋅ − ≥ + −

 

 

∣ ∣∣ ∣

          (1.2) 

for x∈Ω  a.e. and 1 2, \{0}nz z ∈ , where 1 2,κ κ  are constants. The main goal of the article 

is to study the regularity of the following quasi-linear problem 

 
Cite this article as: Mai, N. D. K., & Nguyen, T. N. (2026). Distribution inequality for a class of quasi-linear 
elliptic equations with mixed data. Ho Chi Minh City University of Education Journal of Science, 23(3),  
593-604. https://doi.org/10.54607/hcmue.js.23.3.4428(2026) 

https://journal.hcmue.edu.vn/
https://doi.org/10.54607/hcmue.js.23.3.4428(2026)
mailto:nhannt@hcmue.edu.vn
https://doi.org/10.54607/hcmue.js.23.3.4428(2026)


HCMUE Journal of Science Mai Nguyen Duy Khang & Nguyen Thanh Nhan 
 

594 

div( ( , )) div( ( , )) in ,
on .

x u f x
u g

− ∇ = − Ω
 = ∂Ω

F 
        (1.3) 

A function 1,
0 ( )pu g W∈ + Ω  is called the weak solution to (1.3) if the following variational 

formula 
( , ) ( , ) ,x u dx f dx x dxψ ψ ψ

Ω Ω Ω
∇ ⋅∇ = − + ⋅∇∫ ∫ ∫ F   

holds for all 1,
0 ( )pWψ ∈ Ω . A typical form of (1.3) is the p-Laplace equation, and the exist-

ence result of weak solutions to such an equation can be found in Lieberman (1984) or Tolks-
dorff (1984). 

The quasi-linear elliptic equation (1.3) has been extensively studied in the literature, 
including by Caffarelli and Peral (1998), DiBenedetto and Manfredi (1993), Evans (1982), 
Iwaniec (1983), and Uhlenbeck (1977). Moreover, the regularity for (1.3) is investigated in 
several cases, which depend on the form of the right-hand side. For example, when the right-
hand side has divergence form, relevant results have been established by Breit et al. (2017), 
Byun and Wang (2004, 2008), Milakis and Toro (2010), Tran and Nguyen (2020a, 2023), 
and Nguyen et al. (2021). For non-divergence and measure data problems, numerous results 
have been established in the literature (Duzaar & Mingione, 2010, 2011; Mingione, 2010; 
Tran, 2019; Tran & Nguyen, 2020b, 2022). Motivated by these works, we continue to inves-
tigate the regularity of quasilinear equations with mixed data, which has been studied by Lee 
and Ok (2019) in Lebesgue spaces, Nguyen and Tran (2020) in Lorentz spaces and Tran et 
al. (2024c) in Lorentz-Morrey spaces. More precisely, we extend these results to the gener-
alized Lorentz space. In particular, we prove the following gradient estimate 

, ,
, ,( ) ( )

(| | ) (| | | | | | ) ,s t s t
p p p pM u C M f g

ϕ µ ϕ µ
α α

′
Ω Ω

∇ ≤ + + ∇F
 

‖ ‖ ‖ ‖  

where Mα  denotes the fractional maximal operator and ,
, ( )s t

ϕ µ Ω  is the generalized Lorentz 

space with weights. Our method is to use the distribution inequality on the level sets via 
fractional maximal operators. This method was proposed by Tran and Nguyen (2019, 2021). 

The rest of our paper will be organized as follows. In the next section, we recall some 
preliminaries about Reifenberg domains, BMO quasi-norms, function spaces, Muckenhoupt 
weights, maximal operators, and the covering lemma. These are definitions and well-known 
results that can be found in many references. In the last section, we present two main results 
of the paper. The first one in Theorem 3.2 is the distribution function inequality on the level 
sets. The remaining result in Theorem 3.3 is to evaluate the global gradient estimate on the 
generalized Lorentz space. 
2. Preliminaries 

In this paper, the open ball in n
  of radius 0r >  and center ξ  will be denoted by 

{ }( , ) : | | .nB r z z rξ ξ= ∈ − <  
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We denote by |E| the Lebesgue measure of E  in n
 . The diameter of Ω  is defined by 

{ }1 2 1 2diam( ) sup : ,ξ ξ ξ ξΩ = − ∈Ω . 

The set { : ( ) }x f x λ∈Ω >  will be simplify denoted by { }f λ> . Besides, the symbol 
C  is often used to refer to constants that depend only on parameters in the data, and it is 
usually different after each evaluation. In some special cases, the constant C  depends on 
certain parameters enclosed in parentheses. 
Definition 2.1. (Reifenberg domain) Let (0,1/ 8)δ ∈  and 0 0r > . We say that Ω  is ( )0, rδ -

Reifenberg if for every 0ξ ∈∂Ω  and ( ]00, ,r r∈  there exists a new coordinate system 

{ }1 2, , , ny y y…  with origin at 0ξ  such that 

( ) { } ( ) ( ) { }0 0 0, , , ,n nB r y r B r B r y rξ δ ξ ξ δ∩ > ⊂ ∩Ω⊂ ∩ > −  

where the set ( ){ }1 2, , , :n ny y y y c… >  is denoted by { }ny c> . 

Definition 2.2. (BMO quasi-norm) Let 0 0r > , we define 

0
0

( , )

1( , ),0 \{0}

( , ) ( )1[ ] sup sup ,
| ( , ) | | |n n

B y r

r pB y ry r r z

x z z
dx

B y r z −
∈ < ≤ ∈

−
= ∫

 

 
  

where ( , )
( , )

1( ) ( , ) .
| ( , ) |

B y r
B y r

z x z dx
B y r

= ∫   We will denote by 
0,( , ) ( ) rδΩ ∈   if Ω  is 

( )0, rδ -Reifenberg and 
0

[ ]r δ≤ . 

Definition 2.3. (Muckenhoupt weights) Given 1 q≤ < ∞  and a non-negative weight 

( )1
loc ;nLµ +∈   . We write qAµ∈  if [ ]

qAµ < ∞ , where 

( )

( )
( , )( , )( , )

11
1

( , ) ( , )( , )

1 1sup sup ( ) ,  if 1,
| ( , ) | ( )

[ ]
1sup ( ) ( ) ,  if 1.

| ( , ) |

n

q

n

B x ry B x rB x r

qA

q
q B x r B x rB x r

y dy q
B x r y

y dy y dy q
B x r

µ
µ

µ

µ µ

∈⊂

−
−

−

⊂

  
=  

 
= 

  >   
 

∫

∫ ∫





 

The Muckenhoupt weights A∞  is defined by
1

: .q
q

A A∞
≥

=


 

For each Aµ ∞∈  and a measurable set E  in n
 , we will denote ( ) ( ) .

E
E x dxµ µ= ∫  Moreover, 

it is well-known that (see Tran et al. 2024a, 2024b), there exist some constants 

1 2 1 2, , , 0σ σ β β >  such that 
1 2

1 2
| | | |( ) ( ) ( ),
| | | |
E EB E B
B B

β β

σ µ µ σ µ   
≤ ≤   

   
                             (2.1) 

for all balls B  in n
  and E B⊂ . For this reason, we denote ( )1 2 1 2[ ] , , ,Aµ σ σ β β

∞
= . 



HCMUE Journal of Science Mai Nguyen Duy Khang & Nguyen Thanh Nhan 
 

596 

Definition 2.4. (Generalized Lorentz spaces) Let Aµ ∞∈  and ( )1
loc ;Lϕ + +∈   . We consider 

a function Φ  defined by 

0
( ) ( ) , 0 .d

λ
λ ϕ τ τ λΦ = ≤ < ∞∫                                         (2.2) 

Given (0, )s∈ ∞  and 0 t< ≤ ∞ , the generalized Lorentz spaces ,
, ( )s t

ϕ µ Ω  is the set of all func-

tions f  satisfying ,
, ( )s tf

ϕ µ Ω
< ∞


‖ ‖ , where 

,
,

1

1

0

( )
1

0

[ ( ({| | }))] ,  if ,
:

sup [ ( ({| | }))] ,  if .

s t

t t
t s

s

s f d t
f

f t
ϕ µ

λ

λ µ λ λ

λ µ λ

∞ −

Ω

>


  Φ > < ∞  = 


Φ > = ∞


∫


‖ ‖  

We refer the reader to Carro et al. (2007) for several non-trivial examples of the function Φ  
in (2.2) satisfying the doubling condition (3.16) in Theorem 3.3. 
Definition 2.5. (Maximal operators) For [0, ]nα ∈ , the fractional maximal operator Mα  of 

a function ( )1
loc 

nh L∈   is given by: 

( , )0
( ) sup | ( ) | , .n n

B x rr
M f x r f y dy xα

α
−

>
= ∈∫   

We remark that if 0α = , 0M  is exactly the Hardy-Littlewood operator M . Moreover, if 

( )M f xα λ≤  for some x∈Ω  and 0λ > , then 

( , )
| ( ) | ,  for all 0.n

B x r
f y dy r rαλ−≤ >∫                                 (2.3) 

Lemma 2.6. (Boundedness of Mα , see Tran and Nguyen (2020a)) Let 0 nα≤ < , one has 

{ } 1: ( ) ( , ) | ( ) | ,
n

n
nnx M f x C n f x dx
α

α λ α
λ

− ∈ > ≤  
 ∫



  

for all ( )1 nf L∈   and 0λ > . 

Lemma 2.7. (Covering Lemma, see Caffarelli and Peral (1998)) Let (0,1)ε ∈ , 0 0r >  and 

Aµ ∞∈ . Assume that two measurable sets ⊂ ⊂ Ω   satisfy ( )( )0( ) 0, .B rµ εµ≤  Sup-

pose further that the following statement 
( ( , )) ( ( , )) ( , )B B Bµ ξ εµ ξ ξ∩ > ⇒Ω∩ ⊂     . 

holds for all ξ ∈Ω  and ( ]00, r∈ . Then, there exists a constant 0C >  such that 

( ) ( )Cµ εµ≤  . 
3. Main results  

From now on, we will always consider u  as a weak solution to (1.3) with the data in 
(1.1) under conditions (1.2). For simplicity of notation, let us denote by 
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| | | | | | | | .p p p pf g′= + + ∇F  
Moreover, we consider [0, )nα ∈  and a Muckenhoupt weight Aµ ∞∈  with 

( )1 2 1 2[ ] , , , .Aµ σ σ β β
∞
=  

We will denote ( )1 2 1 2 1 2 0 data , , , , , , , , ,diam( ) / .n p rκ κ σ σ β β α= Ω  

The proof of the following lemma can be found in Nguyen and Tran (2020). 
Lemma 3.1. There exists a positive constant ( )1 2, , ,C C n p κ κ=  such that 

| | | | .p pu dx C dx
Ω Ω
∇ ≤∫ ∫     (3.1) 

For every ξ ∈Ω  and 0> , there exist 
1, 1,( ( , )) ( ( , / 2))pv W B W Bξ ξ∞∈ Ω∩ ∩ Ω∩   

and a constant (0, )p p∈  such that 

( )( ( , /2)) ( ,2 ) ( ,2 )
| | | | ,p n p p

L B B B
v C u dx dx

ξ ξ ξ
∞

−
Ω∩ Ω∩ Ω∩

∇ ≤ ∇ +∫ ∫  
 ‖ ‖    

and 

( )( , ) ( ,2 ) ( ,2 )
| | | | | | ,p p p p p

B B B
u v dx C u dx dx

ξ ξ ξ
δ δ

Ω∩ Ω∩ Ω∩
∇ −∇ ≤ ∇ +∫ ∫ ∫  

  provided 

0,( , ) ( ) rδΩ ∈   for some (0,1/ 8)δ ∈  and 0 0r > .   
Let us introduce two distribution functions (see Grafakos (2004) for more information 

about the distribution function) as follows 
( ) ({ (| | ) }), ( ) ({ (| | ) })p p

ud M u d Mµ µ
α αλ µ λ λ µ λ= ∇ > = >                                   (3.2) 

When 1µ ≡ , we simply denote ud µ  by ud . 

Theorem 3.2. Let 0 0r >  and (0,1)ε ∈ . Then, one can find some constants ( ) 1a a data= > , 

( , ) (0,1/ 8)dataδ δ ε= ∈ , and ( , ) (0,1)b b dataε ε ε= ∈  such that if  
0,( , ) ( ) rδΩ ∈   then the 

following distribution inequality 
( ) ( ) ( )u ud a C d d bµ µ µ

ελ ε λ λ≤ +           (3.3) 
holds for all λ +∈ . Here, the constant C  depends on the data. 
Proof. Let us consider the following two subsets of Ω : 

{ } { }: (| | ) , (| | ) , and : (| | ) ,p p pM u a M b M uα α ε αλ λ λ= ∇ > ≤ = ∇ >    

where a  and bε  will be determined later. By using Lemma 2.7 in the previous section, we 

will show that 
( ) ( ).Cµ εµ≤        (3.4) 

It is obvious that (3.4) holds if =∅ . So, we may assume that   is not empty, which 
guarantees the existence of 1ξ ∈Ω  satisfying 1(| | )( )pM bα εξ λ≤ . Thanks to (2.3), it im-
plies to 
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( )
1( ,2diam( ))

| | | | 2diam( ) .np p

B
dx dx bα

εξ
λ−

Ω Ω
≤ ≤ Ω∫ ∫                     (3.5) 

Thanks to Lemma 2.6 and (3.1) in Lemma 3.1, one gets that 

1 1( ) | | | | ,
n n

n np p
ud a C u dx C dx

a a
α α

λ
λ λ

− −

Ω Ω

   ≤ ∇ ≤   
   ∫ ∫   

which from (3.5) leads to 

( ) ( )1( ) 2diam( ) diam( ) .
nn

nnn n
u

bd a C b C
a a

ααα ε
ελ λ

λ
−−−   ≤ Ω ≤ Ω   

   
 

It follows that 

0
0

diam( )( ) | (0, ) | .
nn

n

u
bd a C B r

r a
α

ελ
− Ω  ≤    

  
 

We can find a constant 0(diam( ) / ) 1m m r= Ω >  large enough such that  

{ } 0(| | ) (0, ).pM u B mrα λ∇ > ⊂ Ω ⊂  

Since Aµ ∞∈  with 1 2 1 2[ ] ( , , , )Aµ σ σ β β
∞
= , thanks to (2.1), there holds 

2

22 1 2

2

2 0
0

0
1 2 0

0 0

1 0

( )( ) ( (0, ))
| (0, ) |

| (0, ) |diam( ) ( (0, ))
| (0, ) |

( (0, )).

u
u

nn
n

n
n

d ad a B mr
B mr

b B mrC B r
r a B r

bC B r
a

β
µ

ββ β β
α

ε

β
α

ε

λλ σ µ

σ σ µ

µ

− −
−

−

 
≤  

 

   Ω  ≤     
    

 ≤  
 

            (3.6) 

Here, we remark that the constant 1C  still depends on the ratio 0diam( ) / rΩ . In (3.6), let us 

take bε  small enough satisfying 
2

1 ,
n
nbC

a

β
α

ε ε
−  < 

 
to arrive at that 

( ) 0( (0, )).B rµ εµ≤                                              (3.7) 
In the next step, let us assume that ( , )B ξΩ∩ ⊂/   for some ξ ∈Ω  and 0(0, ]r∈ , we will 

show that 
( ) ( )( , ) ( , ) .B Bµ ξ εµ ξ∩ ≤          (3.8) 

This assumption allows us to find 2 ( , )Bξ ξ∈Ω∩    and 3 ( , )Bξ ξ∈ ∩   satisfying  

2 3(| | )( )  and (| | )( ) .p pM u M bα α εξ λ ξ λ∇ ≤ ≤  
For this reason, by (2.3), one gets that 

2 3( , ) ( , )
| | ,  and | | ,p n p n

B r B r
u dx r dx r bα α

εξ ξ
λ λ− −∇ ≤ ≤∫ ∫         (3.9) 

for every 0r > . For each ( , )Bζ ξ∈  , we write  
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{ }(| | )( ) max (| | )( ); (| | )( ) .p p pM u M u T uα α αζ ζ ζ∇ = ∇ ∇   

Since ( , ) ( , 2 )B r Bζ ξ⊂   for all (0, )r∈  , one has 

( ,2 ) ( ,2 )( , )0
(| | )( ) sup | | ( | | )( ).p n p p

B BB rr
M u r u dx M uα

α ξ α ξζ
ζ χ χ ζ−

< <
∇ = ∇ ≤ ∇∫

 


 

For every r ≥   there holds 2( , ) ( ,3 )B r B rζ ξ⊂ , which deduces from (3.9) that 

2( , ) ( ,3 )
(| | )( ) sup | | 3 sup | | 3 .p n p n n p n

B r B rr r
T u r u dx r u dxα α
α ζ ξ

ζ λ− −

≥ ≥
∇ = ∇ ≤ ∇ ≤∫ ∫

 
 

Therefore, we may conclude that 

{ }( ,2 )(| | )( ) max ( | | )( ); 3 , ( , ).p p n
BM u M u Bα α ξζ χ ζ λ ζ ξ∇ ≤ ∇ ∀ ∈   

For this reason, one obtains that 

{ }( ,2 )| ( , ) | ( | | )( ) ( , ) ,p
BB M u a Bα ξξ χ ζ λ ξ∩ ≤ ∇ > ∩

               (3.10) 

provided 3na > . We now consider two cases when ξ  belongs to the interior domain 
( ,8 )B ξ ⊂ Ω  and ξ  is close to the boundary ( ,8 )B ξ ∩∂Ω ≠ ∅ . In the first case 

( ,8 )B ξ ⊂ Ω , we set ξ ξ=  and 0 8k = . Otherwise, if ( ,8 )B ξ ∩∂Ω ≠ ∅ , then, we choose 

ξ ∈∂Ω  such that | | ( , ) 8 .dξ ξ ξ− = ∂Ω <   In this case, we take 0 10k = . For simplicity of 

notation, from now on, we denote 

0 0( , ) and ( , ),  for every 0.r rB B k r B k r rξ ξ= Ω = Ω∩ >    
By these choices, we always have 

( , 2 ) .B Bξ ⊂ 

                                                       (3.11) 
Thanks to Lemma 3.1, there exists 0 (0,1/ 8)δ ∈ , (0, )p p∈  and 1, 1,

2( ) ( )pv W B W B∞∈ ∩ 

    

such that 

4 4
( )

| | | | ,p n p p
L B B B

v C u dx dx∞
−  ∇ ≤ ∇ + 
 ∫ ∫

   

 ‖ ‖  

and 

2 4 4

| | | | | | .p p p p p

B B B
u v dx C u dx dxδ δ ∇ −∇ ≤ ∇ + 

 ∫ ∫ ∫
  

  

  

provided 
0,( , ) ( ) rδΩ ∈  for 0(0, ).δ δ∈ Applying (3.9) with the fact that 

2 0 3 0( ,3 ) ( ,3 )B B k B kξ ξ⊂ ∩

   , 
there holds 

( )( )
1 ,p

L B
v C bα

ε λ∞
−∇ ≤ +




‖ ‖                                            (3.12) 

and 

( )
2

| | .p n p p

B
u v dx C bα

εδ δ λ−∇ −∇ ≤ +∫ 





                                (3.13) 

By (3.10) and (3.11), one gets that 
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{ }
{ }

{ }

( , ) ( | | ) ( , )

( | | ) / 2 ( , )

( | | ) / 2 ( , ) .

p
B

p
B

p
B

B M u a B

M u v a B

M v a B

α

α

α

ξ χ λ ξ

χ λ ξ

χ λ ξ

∩ ≤ ∇ > ∩

≤ ∇ −∇ > ∩

+ ∇ > ∩



















  





                    (3.14) 

We now show that the last term on the right-hand side of (3.14) vanishes for a  large enough. 
Indeed, for every ( , )Bζ ξ∈  , one has 

( )( , )0
( | | )( ) sup | | .p n p p

B B L BB rr
M v r v dx vα α

α ζ
χ ζ χ ∞

−

< <
∇ = ∇ ≤ ∇∫ 

  




 ‖ ‖  

Substituting (3.12) into this inequality, it yields that 

2( | | )( ) (1 ) ,  for all ( , ).p
BM v C b Bα εχ ζ λ ζ ξ∇ ≤ + ∈




   

Hence, if 2/ 2 (1 )a C bε> +  then { }( | | ) / 2 ( , ) 0,p
BM v a Bα χ λ ξ∇ > ∩ =




   which from (3.14) 

deduces that 

{ }( , ) ( | | ) / 2 ( , ) .p
BB M u v a Bαξ χ λ ξ∩ ≤ ∇ −∇ > ∩




    

Applying Lemma 2.6 and (3.13), we observe that 

( )

2( , ) | |

2

| ( , ) | .

n
np

B

n
nn p p

n
p p n

B C u v dx
a

C b
a

bC B
a

α

αα
ε

α
ε

ξ
λ

δ δ

δ δ ξ

−

−−

−

 ∩ ≤ ∇ −∇ 
 

 ≤ +  

 +
≤  

 

∫








 





                                       (3.15) 

Combining (3.15) with the inequality (2.1), there holds 

( )
2

2

3

( , )
( , ) ( ( , )) ( ( , )).

| ( , ) |

n
p p nB bB C B C B

B a

ββ
α

εξ δ δµ ξ µ ξ µ ξ
ξ

− ∩  +
∩ ≤ ≤   

  

 
   


 

Inequality (3.8) will be valid by choosing δ  small enough such that 
2

3 .

n
p p nbC

a

β
α

εδ δ ε
− +

< 
 



 

By statements in (3.7) and (3.8), Lemma 2.7 gives us the conclusion of (3.4), which leads to 
(3.3). The proof is complete.               
Theorem 3.3. Let 1

loc ( ; )Lϕ + +∈    and Φ  be given as in (2.2) such that 

1 2( ) (2 ) ( ),  for all 0,ν λ λ ν λ λΦ ≤ Φ ≤ Φ ≥                           (3.16) 
for some 1 21 .ν ν< <  For every (0, )s∈ ∞  and 0 ,t< ≤ ∞  there exists 

1 2( , , , , ) (0,1/ 8)s t dataδ δ ν ν= ∈  such that if 
0,( , ) ( ) rδΩ ∈   for some 0 0r > , then  
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, ,
, ,( ) ( )

(| | ) (| | ) .s t s t
p pM u C M

ϕ µ ϕ µ
α αΩ Ω

∇ ≤
 

‖ ‖ ‖ ‖                      (3.17) 

Proof. Thanks to Theorem 3.2, it allows us to find 1a > , (0,1/ 8)δ ∈ , and (0,1)bε ∈  such 

that the following weighted distribution inequality 

4( ) ( ) ( )u ud a C d d bµ µ µ
ελ ε λ λ≤ +                                           (3.18) 

holds for every 0(0, )ε ε∈  if 
0,( , ) ( ) rδΩ ∈   for some 0 0r > . For every , (0, )s t∈ ∞ , by 

Definition 2.4 and the change of variable aλ λ→ , one gets that  

,
,

1
4( )

0

(| | ) ( ) ( ) .( )s t

t
p t t t s

uM u a s C d d b d
ϕ µ

µ µ
α ελ ε λ λ λ

∞
−

Ω
 ∇ ≤ Φ + ∫ 

‖ ‖              (3.19) 

The last inequality comes from (3.18) and the fact that Φ  is non-decreasing. Moreover, 
condition (3.16) implies that 

4 2 4( ) ( ) ( )) ( ( ) .( ) [ ( )]u uC d d b C d d bµ µ µ µ
ε εε λ λ ν ε λ λΦ + ≤ Φ +Φ                  (3.20) 

Let m  and k  be two natural numbers that satisfy 1
42 2 ,  and 1/ 2 2 1.m m kC ε− < ≤ < ≤  Apply-

ing (3.16), one has 

4 2( )) 2 ( ) ( ) ,( ( ) ( )m m
u u uC d d dµ µ µε λ ε λ ν ε λΦ ≤ Φ ≤ Φ  

and 
21 log

1 1 1( ) 2 ( ) ( ) ( ) .( ) ( ) ( ) ( )k k k
u u u ud d d dεµ µ µ µε λ ν ε λ ν λ ν λ+− −Φ ≤ Φ ≤ Φ ≤ Φ  

Substituting the two estimates above into (3.20) and (3.19), we obtain that 

2
,
,

2

1 log1
2 2 1( )

0

(1 log ) 1
1

0

1

0

(| | ) ( ) (

( )

( ) ( .

( ) ( )

( )

( )

s t

tt
p t t t m ss

u

tt
t ss

u

t
t t s

M u a s d d b d

C s d d

C b s d d

ϕ µ

ε µ µ
α ε

ε µ

µ
ε

ν λ ν ν λ λ λ

ν λ λ λ

λ λ λ

∞
+−

Ω

∞
+ −

∞
− −

 ∇ ≤ Φ +Φ 

 ≤ Φ 

 + Φ 

∫

∫

∫





‖ ‖

          (3.21) 

The last inequality in (3.21) can be rewritten as follows: 
2

, , ,
, , ,

(1 log )

1( ) ( ) ( )
(| | ) (| | ) (| | ) ,s t s t s t

t
p t p t t p tsM u C M u Cb M

ϕ µ ϕ µ ϕ µ

ε

α α ε αν
+ −

Ω Ω Ω
∇ ≤ ∇ +

  
‖ ‖ ‖ ‖ ‖ ‖  

which deduces to 
2

, , ,
, , ,

1(1 log ) 1
5 1( ) ( ) ( )

(| | ) (| | ) (| | ) .s t s t s t
p p psM u C M u Cb M

ϕ µ ϕ µ ϕ µ

ε

α α ε αν
+ −

Ω Ω Ω
∇ ≤ ∇ +

  
‖ ‖ ‖ ‖ ‖ ‖   (3.22) 

Similarly, (3.22) holds for the remaining case t = ∞ . Since 1 1ν > , hence 2
1(1 log )

10
lim 0.s

ε

ε
ν

+

+

→
=  

For this reason, it is possible to choose ε  small enough such that 2
1(1 log )

5 1
1 .
2

sC
ε

ν
+

<  This 

allows us to conclude (3.17). The proof is complete.                                                    
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4  Conclusion 
 We obtain two main results stated in Theorem 3.2 and Theorem 3.3. The first result 
is the weighted form of the distribution inequality. This inequality is derived from 
the local comparison in Lemma 3.1 by using the covering lemma. Applying this distribution 
inequality, we prove the gradient estimate in the generalized Lorentz space based on the 
rearrangement invariance characteristic of this space.    
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TÓM TẮT 
Bài toán về tính chính quy nghiệm cho các phương trình đạo hàm riêng đã được nhiều nhà 

toán học nghiên cứu trong những năm gần đây bằng nhiều phương pháp khác nhau. Với sự phát 
triển của giải tích điều hòa, lí thuyết Calderón-Zygmund đóng vai trò quan trọng trong việc nghiên 
cứu bài toán chính quy nghiệm. Trong bài báo này, chúng tôi thiết lập đánh giá dạng Calderón-
Zygmund cho nghiệm yếu của một lớp phương trình elliptic tựa tuyến tính với dữ liệu hỗn hợp trong 
không gian Lorentz tổng quát. Nghiên cứu của chúng tôi là một dạng mở rộng liên quan đến không 
gian hàm đối với một số đánh giá gradient trong một số bài báo mới đây. Kết quả này một lần nữa 
khẳng định tính hiệu quả của phương pháp sử dụng bất đẳng thức phân phối trên các tập mức đối 
với bài toán chính quy nghiệm cho phương trình đạo hàm riêng. 

Từ khóa: Đánh giá dạng Calderón-Zygmund; Bất đẳng thức hàm phân phối; Toán tử cực đại 
cấp phân số; Không gian Lorentz tổng quát; Phương trình elliptic tựa tuyến tính. 
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