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ABSTRACT

The problem of regularity for partial differential equations has been studied by many mathe-
maticians in recent years using many different methods. With the development of harmonic analysis,
Calderdn-Zygmund theory plays an important role in investigating the regularity problem. In this
paper, we establish Calderon-Zygmund type estimates for weak solutions to a class of quasi-linear
elliptic equations with mixed data in the generalized Lorentz space. Our study is an extension of the
function space to some gradient estimates in several previous papers. This result once again confirms
the effectiveness of the method of using the distribution inequality on the level sets to the regularity
problem for partial differential equations.

Keywords: Calderon-Zygmund estimates; Distribution inequality; Fractional maximal
operators; Generalized Lorentz spaces; Quasi-linear elliptic equations

1.  Introduction
Let pe(Ln) and Q be an open bounded domain in R" with n> 2. We assume that
Fe(lP(@) geW* (@) andf €L () withp’ :zil. (1.1)
p —_
Moreover, we consider two Carathéodory operators A,B:QxR" — R" that satisfy the fol-
lowing conditions:
IA(X,2) + IB(x,2) K, | z|"*
2 2 pT_Z 2 (1.2)
(A(xz)-A(%12,))(z-2,) 2K, (|zl| +|z,| ) lz,-12,|,
for xe Q ae.and z,z, e R"\{0}, where x;,x, are constants. The main goal of the article
is to study the regularity of the following quasi-linear problem
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—div(A(x,Vu)) = f —div(B(x,F)) inQ, (1.3)
u = g on oQ. '

A function u e g+W,;"(Q) is called the weak solution to (1.3) if the following variational
formula
jQA(x,vU)-vwdx = —jQ fy/dx+IQIBS(x, F)-Vydx,

holds for all w eW,"?(Q2) . A typical form of (1.3) is the p-Laplace equation, and the exist-

ence result of weak solutions to such an equation can be found in Lieberman (1984) or Tolks-
dorff (1984).

The quasi-linear elliptic equation (1.3) has been extensively studied in the literature,
including by Caffarelli and Peral (1998), DiBenedetto and Manfredi (1993), Evans (1982),
Iwaniec (1983), and Uhlenbeck (1977). Moreover, the regularity for (1.3) is investigated in
several cases, which depend on the form of the right-hand side. For example, when the right-
hand side has divergence form, relevant results have been established by Breit et al. (2017),
Byun and Wang (2004, 2008), Milakis and Toro (2010), Tran and Nguyen (2020a, 2023),
and Nguyen et al. (2021). For non-divergence and measure data problems, numerous results
have been established in the literature (Duzaar & Mingione, 2010, 2011; Mingione, 2010;
Tran, 2019; Tran & Nguyen, 2020b, 2022). Motivated by these works, we continue to inves-
tigate the regularity of quasilinear equations with mixed data, which has been studied by Lee
and Ok (2019) in Lebesgue spaces, Nguyen and Tran (2020) in Lorentz spaces and Tran et
al. (2024c) in Lorentz-Morrey spaces. More precisely, we extend these results to the gener-
alized Lorentz space. In particular, we prove the following gradient estimate

IM,AVUP) . o<C IM,(FP +] £ +]Vg ) I,

(@)’
where M, denotes the fractional maximal operator and £’ (Q) is the generalized Lorentz

space with weights. Our method is to use the distribution inequality on the level sets via
fractional maximal operators. This method was proposed by Tran and Nguyen (2019, 2021).
The rest of our paper will be organized as follows. In the next section, we recall some
preliminaries about Reifenberg domains, BMO quasi-norms, function spaces, Muckenhoupt
weights, maximal operators, and the covering lemma. These are definitions and well-known
results that can be found in many references. In the last section, we present two main results
of the paper. The first one in Theorem 3.2 is the distribution function inequality on the level
sets. The remaining result in Theorem 3.3 is to evaluate the global gradient estimate on the
generalized Lorentz space.
2. Preliminaries

In this paper, the open ball in R" of radius r >0 and center & will be denoted by

B(&,r)={zeR":|z-¢|<r}.
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We denote by |E| the Lebesgue measure of E in R". The diameter of Q is defined by
diam(Q) =sup{|&, - &,|: &.&, Q).
The set {x e Q: f(x) > A} will be simplify denoted by {f > A}. Besides, the symbol

C is often used to refer to constants that depend only on parameters in the data, and it is
usually different after each evaluation. In some special cases, the constant C depends on
certain parameters enclosed in parentheses.

Definition 2.1. (Reifenberg domain) Let 5 € (0,1/8) and r, >0. We say that Q is (&,r1;)-

Reifenberg if for every & edQ and re(0,r,], there exists a new coordinate system
{¥1: Yo, ¥y } With origin at & such that
B(&.r)n{y, >dr}cB(&,r)nQcB(&,r)n{y, >-6r},
where the set {(V,,Y,,...,y,): Y, > ¢} is denoted by {y, >c}.
Definition 2.2. (BMO quasi-norm) Let r; >0, we define

A(x,2)— Ay (2)
[A], = sup j ‘ =) ' ‘ dx
0 yeR",0<rs<r, | B(y, r) | B(y.) zeR"\{0} | z |p

where Agy.n(z) = IB(W)A(X, z)dx. We will denote by (Q,A)e(H);, if Q is

| B(y,)]
o,r,)-Reifenberg and [A] <&
0 A

Definition 2.3. (Muckenhoupt weights) Given 1<g<o and a non-negative weight

pe i (R R"). We write e A if [1], <o, where
1 1 '
sup —| sup —— ( ﬂ(y)dy), ifq=1,
B(x,r)cR" | B(X, r) | (yeB(x,r) ’u(y)j -[B(x,r)

q-1
1 L .
e BT oy &), itg>1
B(x,r)FcJ]Rn | B(X, r) |q (IB(x,r)ﬂ(y) yJ IB(x,r)ﬂ(y) y q

The Muckenhoupt weights A, is defined by A_ = J A,.

g1

[IU]Aq =

Foreach e A, andameasurableset E in R", we will denote (E) = jEy(x)dx. Moreover,
it is well-known that (see Tran et al. 2024a, 2024b), there exist some constants
0,,0,, B, B, >0 such that

B B
0{%) ﬂ(B)Sﬂ(E)SGZ(%j u(B), (2.1)

forall balls B in R" and E — B. For this reason, we denote [x], =(o,,0,.8,5,)-
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Definition 2.4. (Generalized Lorentz spaces) Let ze A, and pe L} (R*;R*). We consider

loc

a function @ defined by
o) = p(c)dz, 0<a<on, 2.2)
Given s e (0,) and 0 <t <o, the generalized Lorentz spaces C;‘y (€Y) isthe set of all func-

tions f satisfying [If |.. <o, where

o (Q)

[SJ Ao T b A}»]?dz}‘ ift<,
If 1., °

L34, (@)

1
iuopi[q)(u({l f 1>, if t = o0,
We refer the reader to Carro et al. (2007) for several non-trivial examples of the function ®

in (2.2) satisfying the doubling condition (3.16) in Theorem 3.3.
Definition 2.5. (Maximal operators) For « €[0, n], the fractional maximal operator M, of

a function he &

loc

M, f(X) =sup rHL(x,r)” (y)|dy, xeR"

r>0

(R") is given by:

We remark that if =0, M, is exactly the Hardy-Littlewood operator M . Moreover, if
M, f(x)< A forsome xeQ and 4 >0, then
jB(Xr)|f(y)|dys r"a, forallr>0. (2.3)

Lemma 2.6. (Boundedness of M _, see Tran and Nguyen (2020a)) Let 0< ¢ <n, one has

‘{XeRn M, f(x)> i}‘sC(n,a)(%JRnH (X)Ide“_“,
forall fel*(R")and 2>0.
Lemma 2.7. (Covering Lemma, see Caffarelli and Peral (1998)) Let £ (0,1), r, >0 and
(e A, . Assume that two measurable sets V c W c Q satisfy u(V) < g,u(B(O, ro)). Sup-

pose further that the following statement
u(VNB(S,0)) > eu(B(S,0)) = QNB(S.0) W
holds for all £ Q and ¢ €(0,r,]. Then, there exists a constant C >0 such that
u#(V) <Ceu(W).
3. Main results
From now on, we will always consider u as a weak solution to (1.3) with the data in
(1.1) under conditions (1.2). For simplicity of notation, let us denote by
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IGIP=IFIP+[fI" +|Vg[".

Moreover, we consider a €[0,n) and a Muckenhoupt weight € A_ with
[/U]Ax Z(O-l’o-Z’ﬁliﬁZ)'

We will denote data =(n, p,x;,x,,0,,0,, 8, B,,a,diam(Q) / r,).

The proof of the following lemma can be found in Nguyen and Tran (2020).
Lemma 3.1. There exists a positive constant C = C(n, p, x;, k, ) such that

p p
[ vulPdx<c[ g dx. (3.1)
For every £eQ and o >0, there exist

VeW'P(QNB(&,0)) "W (QNB(&,0/2))
and a constant p € (0, p) such that

Vv <Cpo™" I Pdx + J. P dx
H |E°°(QmB(§’g/2)) CQ (QmB(g,zg)lvu| d QmB(§,29)|g| d '
and

VUl dx+ 67

QNB($,20)

— p p P .
JAQQB(M)IVU Vv| dXSC(5 jgma(g,zg) G| dx), provided

(Q,A) e (H),,, forsome 5(0,1/8) and r,>0.

Let us introduce two distribution functions (see Grafakos (2004) for more information
about the distribution function) as follows

di' (1) =p({M, (Vul’)>1}), dg(1)=p({M,(GI")>1}) 3.2)
When g =1, we simply denote d; by d,.
Theorem 3.2. Let r, >0 and ¢ €(0,1) . Then, one can find some constants a = a(data) > 1,
0 =0(data,¢) €(0,1/8),and b, =b,(data, £) € (0,1) such that if (Q,A)e(H),, thenthe
following distribution inequality

d;'(at) <Ced; (4)+df (b,4) (3.3)
holds for all 2 €R". Here, the constant C depends on the data.
Proof. Let us consider the following two subsets of Q:

V={M,(Vul’)>ai,M,(GI")<b,A},and W:={M (Vu[’)> 4},
where a and b, will be determined later. By using Lemma 2.7 in the previous section, we

will show that

u(V)<Ceu(W). (3.4)
It is obvious that (3.4) holds if V=< . So, we may assume that V is not empty, which
guarantees the existence of & e Q satisfying M _ (|G |?)(&) <b._1. Thanks to (2.3), it im-

plies to
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IQLG P dx < jB(Mam(Q»p P dx < (2diam(Q))"“ b, . (3.5)
Thanks to Lemma 2.6 and (3.1) in Lemma 3.1, one gets that

1 R A RPNt~
du(ax)sc[ajgwu dx] sc(ajgm dxj ,
which from (3.5) leads to

d,(al)<C [%(Zdiam(ﬂ))”_“ bg;tj”“ <C (b_J (diam(©))".
a a
It follows that
d,(a2) SC(MJ [b—j 1B(O,r,)|.
r a
We can find a constant m = m(diam(Q2)/r,) >1 large enough such that
{M,(Vul")> 2} = QcB(0,mn,).
Since ue A, with [¢], =(0y,0,, 4, f,), thanks to (2.1), there holds

d,(ad)
|B(0,mry) ]|

o diam(Q) )" (b_Jﬂ [BO,mr) )" (B(0,r,)) (3.6)
=L0,0, ro a | B(O, ro)l # e |

ﬂ?
dz (at) Scrz[ j 4(B(O,mH))

ngy

<C, (b—J #(B(O.1,)).
a

Here, we remark that the constant C, still depends on the ratio diam(€2)/r,. In (3.6), let us
b g

take b small enough satisfying C, (—fjn_a < g,to arrive at that
a

(V) < au(BO,1,)). (37)
In the next step, let us assume that QN B(&,0) & W forsome &€ Q and ¢ € (0,1, ], we will
show that

#(VNB(&,0)) <eu(B(,0)). (3.8)

This assumption allows us to find &, e QN B(&,0) \ W and & € VN B(S,p) satisfying

M, (Vul")(&) <A and M, (G [")(&) <b,
For this reason, by (2.3), one gets that

p < phe
IB@ZI)IVM dx<r"“4, and J'B(é’r
for every r>0. For each { € B(¢,0), we write

)|g P dx<r"“b_4, (3.9)
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M, (| Vu[P)($) = max{MZ(IVu P)(&); T (VU P)())-
Since B({,r) < B(&,2p) forall re(0,0), one has

MZAVUPYE)=sup 1" Fogean | VUI dX <M, (2o, | VUIP)E).

O<r<p B(¢.r)

For every r > o there holds B(¢,r) < B(&,,3r), which deduces from (3.9) that
T2(VulP)(&) =sup r“‘“J.B(g r)| VulP dx<3"sup r“™" IB

rzp rzp (

[Vu|? dx<3"A.
£,.3r)

Therefore, we may conclude that

M, (VU [P)(Q) <max{M, (z5i0p | VUIP)E): 8" A}, V¢ €B(£,0).
For this reason, one obtains that

VOB 0) [{M2 (o | VU I)E) > a2} MBS 0)] (3.10)
provided a>3". We now consider two cases when & belongs to the interior domain
B(£,80) Q) and & is close to the boundary B(&,80)noQ =<, In the first case
B(£,80) cQ, weset £=¢& and k, =8. Otherwise, if B(&£,80) noQ =, then, we choose
£ € 0Q such that |- |=d(&,00Q) <8p. In this case, we take k, =10. For simplicity of
notation, from now on, we denote

B, =B(&,k,r) and Q, =Q N B(E,k,r), foreveryr>0.
By these choices, we always have

B(&,20) < B,. (3.11)
Thanks to Lemma 3.1, there exists &, €(0,1/8), pe(0, p) and veW"?(B,,) nW"*(B,)
such that

IVv Il g,<Co™ (j&wwu P o|x+j%|g|p dx),

and
jézgwu—va dxsc(ép.[%IVu P dx+5pj%|g|p dx).

provided (Q2,A) € (H),,. for& e (0,6,). Applying (3.9) with the fact that
Bg < B(&,,3ky0) M B(&;,3ky0)

there holds

Vv I[}(B“)s Co™“(1+b,)4, (3.12)
and »

JBUIV“_WP dx<Cp"“ (8" +5"b, )4 (3.13)

By (3.10) and (3.11), one gets that
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VB0 <Mz, IVu) >a2) NB(E o)
s‘{Mg(Zég |Vu—VV|p)>a/1/2}mB(§,g)‘ (3.14)

+‘{M§(Zég Vv |) >aﬂ/2}mB(§,g)‘.

We now show that the last term on the right-hand side of (3.14) vanishes for a large enough.

Indeed, for every ¢ € B(&,0), one has
o p _ a-n p a
M (2, IVVIP)(S) _Osgggr J.B(g,r)lég | Vv [P dx <p” lIVv Ifw(ég) :

Substituting (3.12) into this inequality, it yields that
M (xs IVVIP)E) <C,(1+b,)A,  forall £ eB(S,0).

Hence, if a/2>C,(1+b,) then ‘{Mﬁ(;{i |VVv|?) > a/1/2} N B(f,g)‘ =0, which from (3.14)

deduces that
VABE.o) <[z IVu-veP) > 112 B, o),
Applying Lemma 2.6 and (3.13), we observe that

2 e
v B(f,g)|SC(JJ‘§g|Vu—VV| dxj

n—

SCFQH (5” +5’3b8)} ’ (3.15)
a

57 +8%, e
SC{TS} |B(S.0) .

Combining (3.15) with the inequality (2.1), there holds

[VNB(.0)
|B(S.0)|

g,
5" +6%, |
a

P
u(yn B(é@))ﬁc{ } ﬂ(B((f'Q))Scs[ H1(B(&,0)).

nB,
-a

P Ph |-«
Inequality (3.8) will be valid by choosing ¢ small enough such that C, [%} <e&.

By statements in (3.7) and (3.8), Lemma 2.7 gives us the conclusion of (3.4), which leads to

(3.3). The proof is complete. O
Theorem 3.3. Let p e i _(R*;R*) and @ be given as in (2.2) such that
v,®(1) £D(21) <v,®(4), forall 1>0, (3.16)

for some 1<v,<v,. For every se(0,0) and O<t<oo, there exists
0=0(s,t,v,v,,data) € (0,1/8) such that if (2, A) e (H),, for some r, >0, then
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IM_(|Vul|”) IIQ,}“(mgc IM,(G]|") IIE;L(Q). (3.17)
Proof. Thanks to Theorem 3.2, it allows us to find a>1, 6 €(0,1/8), and b, € (0,1) such
that the following weighted distribution inequality

di'(ad) <C,ed (4) +dg (b, 4) (3.18)
holds for every ¢€(0,¢,) if (©2,A)e(H);, for some r,>0. For every s,te(0,), by

Definition 2.4 and the change of variable 4 — a1, one gets that

IM_ (Vul”) |

L?J.L (@)

< a‘sT/l” [(I)(C4gdu"(/1) + dg(bgﬂ))}z da. (3.19)
The last inequality comes frorr? (3.18) and the fact that @ is non-decreasing. Moreover,
condition (3.16) implies that

o(C,zd! (2)+df (b,4)) <v,[@(Cied! (1)) + @(d (b,0))]. (3.20)
Let m and k be two natural numbers that satisfy 2"* <C, <2", and 1/2 < 2“¢ <1. Apply-
ing (3.16), one has

o(C,ed (1) < @(2"ed (1)) < vid(ed (1)),
and

o(zd! (1) <vi*o(2 2df (1) <vio(dr (1) <vi oo (d) (2).
Substituting the two estimates above into (3.20) and (3.19), we obtain that

® t
IM,(Vul?) L, < vials [ [vpvimea(dr () + o(dg (0,2) [ d2
* 0
® t
< CVE(“"’Q”’sj A [d)(dlj‘(/i))}s da (3.21)
0

+C(b,)" sfz“ [cb(dg (z)}; dA.

The last inequality in (3.21) can be rewritten as follows:

2(1+Iog2 €)

IM_(|Vul|”) IT@}#(Q)g Cv; IM_(|Vul|”) IT%(Q) +Cb* IIM_(1GIP) ITL;;(Q),
which deduces to

IM,(VUP) ey o Cor™™? M, (VuP) les o +CB IMLAGP) Iy - (3:22)
Similarly, (3.22) holds for the remaining case t = . Since v, >1, hence JLnQ V§(1+|ogzg) =0.
For this reason, it is possible to choose & small enough such that Csv§(1+logzg) <%. This
allows us to conclude (3.17). The proof is complete. O
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4 Conclusion

We obtain two main results stated in Theorem 3.2 and Theorem 3.3. The first result
is the weighted form of the distribution inequality. This inequality is derived from
the local comparison in Lemma 3.1 by using the covering lemma. Applying this distribution
inequality, we prove the gradient estimate in the generalized Lorentz space based on the
rearrangement invariance characteristic of this space.
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TOM TAT

Bai toan vé tinh chinh quy nghiém cho cdc phwong trinh dao ham riéng da dwoc nhiéu nha
toan hoc nghién cizu trong nhitng nam gan ddy bang nhiéu phwong phdp khdc nhau. Véi sy phét
trién cua gidi tich diéu hoa, Ii thuyét Calderon-Zygmund dong vai tré quan trong trong viéc nghién
ciu bai toan chinh quy nghiém. Trong bai bao nay, ching toi thiét ldp danh gia dang Calderdn-
Zygmund cho nghiém yéu cia mét I6p phwong trinh elliptic twa tuyén tinh véi dit liéu hén hop trong
khong gian Lorentz téng quat. Nghién ciu cia ching toi 1& mét dang mé réng lién quan dén khdng
gian ham doi véi mét sé danh gia gradient trong mét s6 bai bao méi day. Két qua nay mét lan nica
khang dinh tinh hiéu qud ciia phirong phdp sir dung bdt dang thizc phan phdi trén cac tap mire doi
voi bai toan chinh quy nghiém cho phwong trinh dao ham riéng.

Tir khéa: Banh gia dang Calderon-Zygmund; Bat ding thirc ham phan phdi; Toén tir cuc dai
cip phan s6; Khéng gian Lorentz tdng quat; Phuong trinh elliptic twa tuyén tinh.
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