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TOM TAT

Trong nghién cieu nay, ching t6i gidi thiéu mét phwong phdp phdn tich hiéu qua d@é gidi
phirong trinh Schrédinger cho hé exciton trung hoa trong tir trirong déu. Cdch tiép cdn dwgc xdy
dung dwa trén viéc két hop linh hoat giita phirong phdp todn tir FK (Feranchuk-Komarov) truyén
thong véi phép bién doi Fourier tric tiép trong khéng gian (x, y). Phiong phdp nay khéng chi than
thién véi cdc thiét ké thwe nghiém ma con rat trién vong cho bai todn nguyén tir hai electron nhw bai
toan trion trong don lop TMDs. Chung t6i da thu dwoc nang lwong gidi tich bdc 0 theo tir truong
déu c6 cuong do bat ki véi do léch dudi 0.6% so voi cong trinh khdc. Dong thoi, nang lwong bang
s6 ciing dwoc tinh véi do chinh xdc 100, két qua phit hop véi cong trinh khac véi dg 1éch trung binh
0.03% khi ham séng dwoc ngdt chudi dén 30 sé hang khai trién. Bén canh dé, ching téi da xdy dung
chiong trinh tinh todn bang ngoén ngit FORTRAN, dp dung ldp trinh song song MPI (Message
Passing Interface) cho viéc tinh cdc yéu té ma trgn va giai phwong trinh tri riéng, vector riéng. Piéu
nay giip cdi thién thoi gian tinh todn cho bai todn nguyén tir mét electron, dong thoi mé ra kha ning
mao rong phwong phdp cho cdc bai todn trion.

Tir khéa: toan tir sinh-hity hat; bo ham co s&; exciton; phép bién ddi Fourier; phwong phép
todn tir; trion; h¢é nguyén tir hai chiéu

1.  Giéi thiéu

Exciton la gia hat tdn tai boi sy lién két hinh thanh khi electron va 13 tréng hut nhau
trong tinh thé ban dan, va dong vai tro quan trong trong cac hé hai chiéu nhu don 16p TMDs
(Transition Metal Dichalcogenides) (Molas et al., 2019). Cac gia hat nay dugc tao thanh béi
tuong tac Coulomb do hiéu ung chin manh 1am ré exciton trong moi trudong di€n moi va bi
giam giir luong tir trong khong gian giéi han von co trong vat liéu hai chiéu (2D) va thé
Keldysh hay Kratzer c6 thé dung mé ta gan ding nhét tuong tic nay (Molas et al., 2019;
Stier et al., 2018). Phd nang lugng thuc nghiém cua exciton trong don 16p TMDs bi 1éch
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nhiéu, dic biét & muc co ban, so voi két qua tinh tir mé hinh 1i thuyét cua nguyén tir hydro
thong thuong, khién chung duogc nhiéu sy quan tam, dac bi¢t ddi véi linh vuc quang dién tir.
Do d6, ¢6 nhiéu cong trinh nghién ctru tién hanh khao sat tinh chat doc dao nay véi nhicu
mo hinh i thuyét va ki thuat tién tién duoc st dung trong thuc nghiém (Liu et al., 2019,
2021; Ly et al., 2023a; Ly et al., 2023b; Molas et al., 2019; Stier et al., 2018).

Exciton anh huong truc tiép dén céc tinh chat quang hoc ctia vat liéu boi su hinh thanh
va tiéu bién ctia nd nén gop phan vao cac qué trinh hap thy va phat xa anh sang dé tao ra phd
nang lugng dic trung. Viée nghién ctru phd ning luong cua exciton gitp ta hiéu sau hon vé
ciu tric va cac dic tinh cua vat liéu, tir d6 co thé ap dung vao cac thiét bj quang hoc
(Hernandez-Rueda et al., 2021). Cac nghién ciru cho thy rang, trong cac don 16p TMDs,
phd hép thu ctia exciton ¢6 ciu trac rd nét, cho phép thuc hién cac phan tich chi tiét vé mat
li thuyét va thyc nghiém. Tuy nhién, cac mirc ning luong kich thich ctia exciton rat gan nhau
va phé lai m& hon muc co ban, khién cho viéc thu thap sb liéu thuc nghiém tr¢ nén kho
khin. Dé giai quyét van dé nay, don 16p TMDs dugc kep bdi chat nén hBN (hexagonal boron
nitride) gitip cho mirc nang luong kich thich rd nét hon. Hon nita, phd nang lugng exciton
thuong duge do trong tir truong déu dé cac muc ning luong tach ra xa nhau nham thuan loi
cho viéc phan tich quang pho (Hernandez-Rueda et al., 2021; Stier et al., 2018). Nghién ciru
pho ning luong clia exciton trong tir trudng khong chi gitip chung ta hiéu & hon vé céac hiéu
g va tinh chit quang cta hé ban dan dudi tac dung cta tir trudng ma con giup truy xuét
thong tin ciu tric vét liéu bang viéc so sanh phd ning lugng thuc nghiém va li thuyét (Liu
etal., 2019; Ly et al., 2023a; Stier et al., 2018).

Hon nita, bai toan exciton trung hoa rit quan trong 1a tién dé dé phat trién bai toan
phtrc tap hon, vi du nhu bai toan trion (exciton 4m) dit trong tir truong déu. V& mit li thuyét,
dé giai nghiém bai toan trion, ta cAn giai quyét triét dé cho bai toan exciton trung hoa dong

thoi tinh yéu t6 ma tran cho thé tuong tac giita hai electron ¥, ( 7 —71|) Vé mit thuc

nghiém, ph ning lugng exciton trung hoa thuong dan xen véi phd niang lugng trion boi vi
dd 1éch hai murc co ban cua exciton trung hoa va trion chi vao khoang 30 meV (Sayer et al.,
2023). Nhu vay, nghién ctru phd ning luong, ham séng cta exciton trung hoa trong don 16p
TMDs dit trong tir truong déu bang phuwong phap trién vong dé phat trién cho bai toan trion
1a rat quan trong, cé tinh thoi sy va cap thiét.

Viéc giai phuong trinh Schrodinger dé tim phd ning lugng va cac ham song cua
exciton trung hoa hai chiéu trong tir trudng duoc nhidu nhoém nghién ciru quan tim tir nhimg
vai chuc nidm trudc va cling 1a chu dé néng dugc quan tAm trong nhitng nam gan day. Cac
cong trinh quan trong c6 thé ké nhu (Hoang et al., 2020; Liu et al., 2021; Ly et al., 2023a;
Molas et al., 2019; Nguyen et al., 2019; Shah et al., 1977; Stier et al., 2016, 2018). Trong s6
cac phuong phéap giai sé phuong trinh Schrédinger, phuong phap toan tir FK (FK-OM) da
dat dugc nhitng thanh cong trong viéc tim nghi¢ém chinh xac va hoi tu cho bai toan exciton
trung hoa trong tir truong déu véi cudng do bat ki bang cach két hop véi phép bién doi Levi-
Civita (Ly et al., 2023a; Ly et al., 2023b; Nguyen et al., 2019). Trong cong trinh (Ly et al.,
2023a; Ly et al., 2023b), 1an dau tién thé Keldysh duoc biéu dién bang tich phan Laplace,
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nhd d6 yéu té ma tran cia Hamiltonia c6 thé tim duoc bang biéu thirc giai tich thay vi phai tinh
s6 nhu cac phuong phép khac. Cac cong trinh 4p dung phuong phap FK luon thu dugc nghiém
s0 chinh xéc cao dén 20 chir s thap phan nhd diéu chinh tham s tu do ®, mdt tham s ¢6 vai
trd quan trong gitp cho nghiém s hoi tu nhanh va tiét kiém tai nguyén may tinh. Tuy nhién,
viéc 4p dung phuong phap toan tir két hop phép bién ddi Levi-Civita ciing gip kho khan nhit
dinh. Viéc két hop phép bién d6i Levi-Civita trong phuong phap FK 13 nham triét tiéu
r=4/x*+y* &mau s, tir d6 gitip d& dang chuyén Hamiltonian vé dang cac toan tir sinh, hity.
Tuy nhién, diéu nay chi hiéu qua trong trudng hop bai toan mét electron, trong trudng hop bai
toan hé nhiéu electron, vi du nhu bai toan helium va trion, viéc 4p dung phép bién ddi nay tro
nén rat phirc tap. Hon nita, viéc sir dung phép bién d6i Levi-Civita sé chuyén khong gian tir
(x, y) sang (u, v) s& khong than thién trong viéc khao sat sy thay d6i ham song, ban kinh déi
v6i cac nhom chi chuyén nghién ciru thyc nghiém von thuce hién trong khong gian thuc Oxy.

Mic du, bai toan xac dinh phd ning luong exciton trung hoa da duoc giai quyét trong
cac cong trinh trude ddy nhung ching t6i hi vong c6 mot phuong phap khéac giai quyét duoc
nhitng khé khan trén va phat trién phuong phap FK mot cach hidu qua cac bai toan exciton
trung hoa trong vung tir trudng cao va siéu cao, dong thoi phat trién cho bai toan trion. Trong
nghién ciru ndy, chiing toi 4p dung phuong phap FK két hop véi bién d6i Fourier dé mo ta
exciton trung hoa hai chiéu trong tir truong déu. Tur cac két qua dat dugc, chung t6i danh gia
hiéu qua cua phuong phap d6i v6i bai toan mot electron trong cac mién tir trudng khac nhau,
ddc biét 1a & vung tir truong manh va siéu manh, dong thoi xem xét kha ning mo rong cho
cac hé nhiéu electron. Cong trinh nay danh diu mot budc tién quan trong trong viéc hoan
thién phuong phap FK cho cac bai toan nguyén tir hai chiéu trong tir trudng. Hon nita, phép
bién doi Fourier thyc hién hoan toan trong khong gian Oxy, rét than thién cho nhiing thiét
ké trong phong thi nghiém, gitip nguoi 1am thuc nghiém dé dang khao sat tinh chat tir phd
nang lugng cua exciton trung hoa va xa hon Ia cua trion.

Bai bao niy ngoai phan gidi thiéu co ba phan bao gdm: Phuwong phép toan tir FK, Két
qua va thao luan va Két luan.
2.  Phwong phap toan tir FK
2.1. Phwong trinh Schrodinger cho exciton trong twr truong

Xét mot exciton trung hoa hai chiéu chuyén dong trong don 16p TMDs nam trén mat
phang Oxy, véi thé ning tuong tac gitra electron va 15 trong 1a thé Keldysh da duoc trinh
bay trong (Chernikov et al., 2014; Stier et al., 2018), ¢ day ching t6i viét lai trong hé khong
thr nguyén

VK(r,ro,K)=—§{HO (gj—n[%ﬂ (1)
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Trong d0, cac thong s ctia thé 13: d6 dai chan Ty, hang s dién moi trung binh x ctia don 16p

TMD. H, [ j va ¥, ( j 1a cac ham Struve va Bessel bac khong. Cac cong trinh gan ddy da
Ty To

chung minh don 16p TMDs la céac vat liéu hai chiéu that sy va do dai chin khong con lién quan
dén bé day 16p ban din ma lién quan véi d6 phan cuc hai chiéu X,>p quacong thuc r, =27y, ,,
xem chi tiét trong (Ly et al., 2023a; Stier et al., 2018).

Bay gio, chiing t6i viét phuong trinh Schrodinger khong thir nguyén cho exciton trung
hoa dit trong tir truong déu nhu sau

1 1 1
[ 2V2 1+£72/L+8;/r +Vy (1,16 )}//(x,y)zEl//(x,y). (2)

O day, p= me /m, 1ati s6 khéi lwong hidu dung gitra electron va 16 trong; » 14 tir truong.
Chung t61 st dung cac ki hiéu toan tir Laplacian, moment dong lugng
2 2
Vi=— 0 +a—2,L:—I xi—yi 3)
ox> oy
va khoang cach twong ddi giira electron va 13 tréng 1a
= x> +)°. 4)
Trong (3), chiing t6i dung bién sb phtrc 7> =—1 dé tranh nham 14n v&i chi s chay i 1a sb
nguyén. Pdng thoi, hé khong thtr nguyén duoc st dung ¢ trén c6 don vi chiéu dai 13 ban
kinh Borh hiéu dung a, =q,/p,,, don vi cia nang lugng 14 E, = p_E,, cla tir trudng
B =p.B, v6i p, =pulm, p=m -m / (mZ +m:), 1a khéi lugng rat gon cua exciton. O
day, a, =4z’ /(me’)~0.529 A 1a ban kinh Bohr, E, =m.e*/167°6;h* 272V la
hartree, B, =m E, / he ~2.35x10° Tesla 1a mat d¢ tir thong, m, ~9.1x107>'kg 1a khdi luong
electron, 7 héng s6 Planck rut gon va g, la do dién tham chan khong.

2.2. Phép bién déi Fourier
Thé Keldysh duoc dung mo ta twong tac gitra electron va 13 trong trong phuong trinh
Schrodinger (2) thudng duge viét dudi dang tich phan Laplace nguoc

IJK‘ +71.q° ©)

Mot ru diém cta viée biéu dién dang (5) 13 yéu t6 ma tran cua thé Keldysh c6 thé duoc
tim bang biéu thirc giai tich, mot trong nhitng yéu t6 ddn dén nghiém s hoi tu v&i d6 chinh
xéc cao (Ly et al., 2023a). Tuy nhién, khi phat trién 1én bai toan hai electron, phép bién doi

I"}"K

nay bi kho khan khi tinh yéu t6 ma tran cta tuong tac V,_, ( 7

—771|). Do d6, chiung t61 su

dung phép bién doi Fourier cho thé Keldysh trong (1). Pay 1a phép bién dbi trién vong cho
giai quyét van dé kho khin nay. Phép bién ddi Fourier duoc viét nhu sau:
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+00 +00

d
Vi (r.1y,K) jj Z:_zyq exp(qux+lqyy), (6)

voi ¢, q,la cac toa do trong khong gian phuc va g = lq: + qi. Mic du, phép bién ddi nay
cling dugc ap dung trong cong trinh (Nguyen et al., 2019), nhung trong cong trinh nay chiing
t0i dé 4p dung tryc tiép trong khong gian (x, y) rat than thién véi nhimg thiét ké thue nghiém,
thay vi phai chuyén dbi sang khong gian (u,v). Hon nita, viéc chuyén d6i khong gian lam
cho yéu td ma tran giai tich qua phtc tap, din dén chiém nhiéu tai nguyén may tinh khi giai
nghiém s6. Ching t6i hi vong cach tiép can qua phép bién d6i (6) s& gitip chung toi giai
quyét triét dé bai toan exciton trong tir truong déu.
2.3. Biéu dién Hamiltonian qua dang todn tir sinh, hiiy

Pé ap dung phuong phap toan tir FK, trudc hét chung t6i biéu dién Hamiltonian trong
phuong trinh Schrodinger (2) theo cac toan tir sinh, huy

1

i=(a-1p). & :%(dww”),

Y st A
b=$(a+1ﬂ), _T< ~18").
. B,

Trong do, cac toan tr @, a”

a,
N w | ) .t 0] 1 0
a=,—|x+——|, a =,|—|x————|,
2 w Ox 2 w Ox
1

A 0] 0 4 w 10
= —_ + —— 5 — —_ -,
/ 2(y wayj / 2(y wé‘yj

véi @ 1a tham s tu do, anh hudng tdc d6 hoi tu cua nghiém $6. Day 1a tham sb quan trong

(7

A

,ﬁ+ cling 1a cac toan tir sinh, huy dugc dinh nghia:

®)

gitip cho phuong phap toan tir FK dat téc do hoi tu nhanh va c6 d6 chinh xac cao, dugc
ching thyc qua cac cong trinh trude day (Ly et al., 2023a; Ly et al., 2023b; Nguyen et al.,
2019). Cac toan tir &, @*, B, " trong (8) thoa cac hé thirc giao hoan

[a.a]=[ 5.5 |1, ©9)
dan dén cac toan tir sinh, hay trong (7) ciing thoa hé thirc giao hoan
[&;&*]:[5;5*}:1. (10)

He thirc giao hoan nay rat hitu ich khi tinh cac yéu té ma tran & budc sau.
Cach dat cac toan tir sinh, hiy nhu trong (7) gitip cho moment dong luong (3) tré thanh
toan tir dugc chéo hoa
N
L:E(tfa—b*b). (11)
bé dat dugc muc tiéu nay, chung t6i khai thac tinh bao toan moment dong luong von ¢o cua
hé exciton khi dugc dat trong tur truong
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A

L

y)y=mly), (12)
m 1a s luong tir tir.

Bay gio, chung toi tiép tuc biéu dién cac toan tir

V= a)(ab+a b —a‘a— 15%—1),

X =

(Zf +a+b" +b),

1
ND

7 ( e a i [;) (13)
y=—=|—-a"+a+b" -b|,
2o
2 1 " At g+ At A A
r =—(ab+a b"+a'a+b b+1).
@
Tir (13), chiing t6i viét lai nhom toan tir ciia ham e-mil cua thé Keldysh (6) thanh
exp[[(qxx—i-qu)}:exp[n(121+21++E+é+)}
' (14)

=exp[77(121+2+)Jexp[n(é+l§+)}.

2 ~ ‘[ 14 14 9 r . ~ ~ ~ ~ ~ r r 2 ~ ~ n~ n~ Y
O day, n = 4 , cac toan tr moi A4, A*, B, B' duoc dit theo cac toan tir a, a*, b, b*va

2o
"'’ = ¢, +1Iq, nhu sau:

A=e"%4, A" =e %", B=eb, B =e'"b". (15)
Theo cach dat ¢ (15), todn tir mdi cling 1a todn tr sinh, huy bodi vi giao hoan tir ciia chung
ludn thoa

[A,Qf]:l, (B, ]=1. (16)
Tan dung cac giao hoan nay s& lam giam di phan 16n khdi lugng tinh toan trong luc chuyén
toan tir dang e-mii vé dang chuan. Céc budc chuan hoa nay di duoc trinh bay trong sach
chuyén khdo (Feranchuk et al., 2015,pp. 232-233) va chung tdi viét két qua thanh

exp[n(zgl+ ﬁ*)} exp[n(l§’+l§*ﬂ

R X R R (17)
= exp(772 )exp(nB+)exp(nA*)exp(nB)exp(nA).
Tur déy, thé Keldysh (6) duoc biéu dién qua céc toan tir sinh, huy
R T dqg dg
elrrx) =5 | H a(xn0) (18)

X exp(n )exp(nzzf ) exp(nﬁ)exp(nﬁ+ ) exp(né).

Sau cung, chung t6i viét lai phuong trinh (2)

2
[_Q]A’+1__pm_7+7_[%+I}Kj|l//>:E|l/j>. (19)



Tap chi Khoa hoc Trwong DPHSP TPHCM Lé Hitu Durc va tgk

Trong do

A A

T:Qw+&%+—ﬁa-ﬁﬁ—g,Ke{&5+a%++wa+&ﬁ+g. (20)
2.3. B¢ ham co so
Khi tir truong rat 16n, sé hang %yer trong (2) chiém wu thé hon so véi thé ¥V, nén

cac murc ning luong sé tién vé cac mirc Landau. Trong trudng hop nay, bd ham co so tot
nhét str dung cho viéc giai phuong trinh (2) 1 bo ham dao dong tir diéu hoa

0()). 21)

(@) == (5

Trong trudng hop tir trudng nho va trung binh, chung t6i van c¢6 thé st dung bd ham co s
(21) dé khai trién ham séng & dang t6 hop tuyén tinh

|!//(a))>: ﬁlcjl,./z jl’jz(a’»' (22)

JiaJ2

Hon nita, trong bo ham cé s¢ c6 tham s6 tu do @ duoc tich hop vao. Piéu nay giup cho ham
song linh hoat hon v&i moi gié tri cua tur truong ngoai (Feranchuk et al., 2015). Viéc thay
ddi tham s tu do @ sao cho n6 roi vao ving toi wu s& lam cho chudi khai trién trong ham
song dugc gidi han dén s6 hang thi N thay vi 1a chudi vo han. Ngoai ra, chung t6i khai thac
tinh bao toan moment dong luong (12) dé thiét 1ap mdi lién hé can thiét

n, —n,=2m, n,+n, =2n. (23)
Luc nay, bo ham co s (21) duoc viét lai theo sb lugng tir chinh # va lugng tir tir m
1 g\ (N n—m
nm(w)) = -(a") (5°) " [o(w)). (24)

\/(n+m)!(n—m).

Tir day, ham song (22) chi con mot bién chay
N
v (w))=>.C,|j.m(w)). (25)
J

Viée str dung bd ham co s& (24) rat thuan tién dé ap dung cac tinh toan dya trén twong tac
clia toan tir sinh, hily 1én ham co s6. von rat quen thudc va don gian hon nhiéu so véi tinh
giai tich cac tich phan cta yéu td ma tran.
2.4. Phuwong trinh tri riéng - vector riéng

By gid, chung t6i chuyén phuong trinh dao ham riéng (2) vé phuong trinh trj riéng vector
riéng bang cach thay ham séng (25) vao phuong trinh ndy, cudi cing thu dugc phwong trinh

HC=EC, (26)

trong d6, H 1a ma trdn Hamiltonian, C 1a vector riéng chira cac hé s6 khai trién cua ham

song (25), {Cj, j=0—>N } va E latri riéng, cling la cac mirc nang lugng cua exciton. Giai

phuong trinh (26) sé& thu duoc phd ning luong va ham song tuong tng; cac két qua thu duoc
s& dugc trinh bay chi tiét trong phan Két qua va thao luan.
2.5. Cdc yéu té ma trin
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Trong phan nay, chung t6i tinh yéu to ma tran cia cdc nhom todn tur trong Hamitonian

(19) bang cach st dung cac cong thirc cua toan tir sinh 4* |n> = \/n+1|n +1> va todn huy
21| n> = \/;|n - 1>. Két qua thu dugc cho yéu td ma tran cla toan tur f, K la

T, = (ko |(ab+a'b —a*a—b"b=1)|n,m,)

ny,ny

=Jymmd, . +(m 1)+, . —(m+n,+1)6,
m—1l,n,—1 n+1,n,+1 ny,n
1 ’AZ o 17512 1-7%2 (27)
K, . =( (&b+& b* +d+&+b*b+l)|nln2>

1272

=Jymn,S, .+ (m +1)(n, + DS, .+ (m +n,+1) Sy i,
m—1,n,—1 m+1,n,+1 N,
Doi voi yeu to ma tran cla toan tir theé nang Keldysh (18) c6 dang ham e-mii nén chung
t6i tién hanh khai trién ham e-mii dudi dang chudi Taylor

exp(n;f )exp(n;l) exp(771§+ )exp(né)

- (o3 ool 05 (5]
s ik '

(28)

St dung cac tuong tac dai sd ctia cac toan tir A A, B, B (15) 1én bd ham co so (21) va luu
y dén diéu kién
4|0)=0, B|0)=0, (29)

ching t6i thu dugc yéu td ma trén ciia toan tir thé nang Keldysh nhu sau

(VK );:1”’111 = kl —ky ,ny—n, Z Anlklz] Z nykyiy ' p (r_lz, a)j (30)

251 i, =0

Trong do

A = \/ (n’i!i)!\/ (n]i!i)! u(k—lnﬂ-)s’
o 2 o

0

€2))

v6i p =i +i, +k, —n, 2 0. Trong truong hop bai toan exciton trung hoa trong tur trudng, tinh

bao toan (12) duoc xét dén nén oy, =1. Tich phén J, (a, a)) ¢6 biéu thirc truy hoi 1a

—kym—ny
4oa’] J —(-1Y| 2a0l (p+1)-Jal | p+- 32

wa’l,, (a,0)+J,(a,0)=(-1)"| 2a0l (p+1)-Jo p+§ , (32)
rat thuan loi cho viée tinh yéu t6 ma tran (30), v6i tich phan duoc viét & dang

Jy(a,0) —2\/_J.fjpa\/73 (33)
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3.  Két qua va thio luin
3.1. Nang lwong gidi tich bdc 0 cua exciton trong tw truong

Ning luong giai tich bac 0 cta exciton trong tir truong duoc xac dinh bang cach iy
truc tiép cac gid tri trén duong chéo chinh cua ma tran Hamiltonian (26), két qua thu dugc

EY9 (o N b L/ A SO
(@)= 2( +H)+ 1+p2 8a)( n+l)

(34)
n+m n+m n-m (n_m)[ 7
+— J S0)
Z n+m—l)'l1 i, ',20 (n—m—i)li, 1,1 "™ (K‘ j
Néu xét cac trang thai ns (m =0), biéu thire nang luong (34) dugc viét lai thanh
o 7’
EY (o) :3(2n+1)+8—(2n+1)
¢ (35)

n!n! g 1 z 1 7
+ Z Ny oy 'Z(n_l,)!izliz!t]ilﬂ'z (;aa)j

K i3 (n —1)!11 1=
Bé1i vi, nang luong khong phu thudc vao tham s6 tu do @ nén
OE} (o)
ow
Gidi phuong trinh (36), ta biét dugc gia tri @ twong img véi nang luong E\”. Chung

= 0. (36)

t61 kiém chimg sy phu hop cta biéu thirc nang luong (35) v6i két qua trong cong trinh (Stier
et al., 2018) truong hop WSe», twong ung v6i cac thong sé cdu trac vat liéu nhu:
P =02, k=45, r,=45nm, E, =1.890 ¢V. O day, don vi chuyén doi chiéu dai la
0.1au.=2.646 nm, cua nang luong la lau.=5442eV va cua to truong la
0.001 a.u. = 9.402 Tesla. Két qua dugc ghi tai Bang 1 cho thiy, d6 1éch nang luong mirc 1s
14 0.5% dén 0.6%, hai mirc 2s va 3s 14 0.3% dén 0.4%.

Bing 1. Nang luong bdc 0 thay doi theo tir truong
tinh tw biéu thurc nang (35), xét cho don lop WSe:

Mikc 1s (meV) Mikc 25 (meV) Mikc 3s (meV)

Tir trubng B Tai ligu Tai ligu Tai ligu
(Tesla) FK-OM (Stier et FK-OM (Stier et FK-OM (Stier et
al., 2018) al., 2018) al., 2018)

0 1738 1728 1843 1853 1866 1873

20 1738 1728 1845 1854 1875 1882

40 1738 1729 1851 1859 1892 1898

60 1739 1729 1859 1865 1912 1917

Khi tir trrong cang cao va ¢ cac muc kich thich cao hon d¢ 1éch nay c¢6 xu hudng giam,
vi du d6 1&éch muac 1s truong hop khong co tur truong 1a 0,6%, trong khi do 1éch mue 3s
truong hop tir truong 60 Tesla chi con 0.3%. Didu nay c6 thé giai thich dwoc: khi tir truong
cang 16n cac muc nang luong sé tién gan cac muc Landau, va cic mirc ning luong kich thich
cao s& tién nhanh dén cac mirc Landau trudc muc co ban. Hon nira, bd ham chiing t6i sir dung
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1a bd ham dao dong tir diéu hoa nén né s& tiép can tot nhat khi cac mirc nang lugng 1a cac muc
Landau. Trong cong trinh (Ly et al., 2023b) ciing chi ra rang, dé dat dugc cac mirc Landau thi
tir truong phai hon 600 Tesla, gap 10 1an cuong do trong phong thi nghiém hién nay. Pay chinh
13 1i do dan dén sai 1éch giita nang lwong tinh tir biéu thirc (35) so voi cong trinh (Stier et al.,
2018). Do d6, dbi vé6i truong hop can d6 chinh xac cao hon, chiing t6i can giai sé phuong trinh
tri riéng vector riéng (26) dé thu dugc két qua chinh xac hon.
3.2. Ning lwong chinh xdc bang so ciia exciton trong tiv truong

Trong cong trinh nay, chung t6i giai sé phuong trinh tri riéng vector riéng dé cé dugc
nghiém véi do chinh xac cho trude. Thyce nghiém hién nay cé thé phan tich phé nang lugng
dén 0,1 meV (Goryca et al., 2019). Do do, chung t6i chon dd chinh xac cho trude cua nang
luong 1a 107, d6 chinh x4c nay twong tng véi 0.01 meV nhé hon 10 1an phép phan tich
thuc nghiém hién nay.

Pé dat duoc ning luong chinh xac dén 107, chudi ham song (25) phai c¢6 bac N = 30.
Vé nguyén tic, khi bdic N — oo thi nghiém sb sé tién dén gia tri chinh xac. Tuy nhién, trong
phuong phap cta chiing t6i, tham s6 tw @ dugc tich hop trong ham song sé gitip cho nghiém
s6 hoi tu nhanh hon. Cac cong trinh ap dung FK-OM trudc déy ciing chi ra rang ddi véi nhitng
bai toan khac nhau, can xac dinh ving tham s t6i wu (Ly et al., 2023a; Nguyen et al., 2019).
Trong cong trinh ndy, chung t6i ciing khao sat toan mién ctia @ va chon dugc ving tbi wu 1a
w,=0.09—0.16 db voéi mac Is, , =0.015—>0.05 d6 v6i mic 2s va
w,, =0.005 — 0.04 d6i véi mirc 3s. Két qua tinh toan dugc thé hién trong Bang 2.

Bing 2. Nang lwong thay déi theo tir truong
tir phuong trinh tri riéng vector riéng (26), xét cho don 16p WSe2

Mirc ls (meV) Mitc 25 (meV) Mirc 3s (meV)
Tir trwong B Tai ligu Tai ligu Tai ligu
(Tesla) FK-OM (Stier et FK-OM (Stieret FK-OM (Stier et
al., 2018) al., 2018) al., 2018)
0 1727.56 1728 1851.63 1853 1872.92 1873
20 1727.68 1728 1853.65 1854 188128 1882
40 1728.05 1729 1858.92 1859 189768 1898

S liéu Bang 2 cho thay, ning luong thu dugc bang FK-OM hoan toan phu hop voi
két qua tir cong trinh (Stier et al., 2018) véi d6 léch trung binh 0.03%. Két qua nay thu duoc
tir chuong trinh tinh dugc 1ap trinh trén ngén ngit FORTRAN két hop vai viée st dung goi
LAPACK. Trong d6, chung toi da viét lai tir bién sb thyc Real*8 sang bién s6 thuc Real*16
gitip tinh cac vong ldp trong tich phan (33) va cac s6 hang trong dau tong ctia yéu to ma tran
(30) voi do chinh xac 16 chit s6 thap phan. Trong chuong trinh nay, lan dau ching toi ap
dung 1ap trinh song song MPI (Message Passing Interface) dé tinh cac yéu té ma tran va giai
s6 phuong trinh tri riéng vector riéng. Viéc nay gitp rat thoi gian dé khao ving hoi tu o.
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4. Kétluan

Trong nghién ctru nay, chung t6i gidi thiéu mot phuong phap hiéu qua dé giai phuong
trinh Schrodinger cho bai toan exciton trong tir trudng déu, két hop gitra phuong phép toan
tir ¢6 dién va bién d6i Fourier tryc tiép trong khong gian (x, y) rat than thién véi nhiing thiét
ké thuc nghiém. Hon nira, phuong phap nay rat co trién vong cho bai toan nguyén tir hai
electron nhu bai toan trion trong don 16p TMDs.

Tu phuong phap nay, chung t61 da thu dugc nang lugng giai tich bac 0 theo tir truong
déu c6 cuong do bat ki vai do 1éch dudi 0.6% so v6i cong trinh khac. Dong thoi, nang lugng
bang sb ciing duoc tinh voi do chinh xac 107, két qua phu hop véi cong trinh khac voi do
léch trung binh 0.03% khi ham séng dugc ngit chudi dén 30 s6 hang khai trién.

Chuong trinh tinh bang ngdén ngit FORTRAN duoc viét v6i viéc 1an dau 4p dung lap
trinh song song MPI cho viéc tinh cic yéu t6 ma tran va giai phuong trinh tri riéng vector
riéng. Diéu nay gitp cai thién thoi gian tinh toan cho bai toan nguyén tir mot electron va xa
hon nita, d6 12 mot khai dau dé chung t6i giai quyét cac bai toan trion.

% Tuyén bé vé quyén loi: Céc téc gid xéc nhan hoan toan khéng cé xung dot vé quyén loi.
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ABSTRACT

This study proposes an effective method to solve the Schrodinger equation for the neutral
exciton problem in a homogeneous magnetic field by combining the traditional FK (Feranchuk-
Komarov) operator method with the direct Fourier transform in space (x, y). The proposed
framework is well suited to experimental designs and provides a foundation for extending the
analysis to two-electron atomic systems, such as the trion problem in monolayer transition metal
dichalcogenides (TMDs). We obtained zero-order analytic energy in a homogeneous magnetic field
of any intensity, achieving a deviation of less than 0.6% compared to other studies. Additionally, we
calculated the numerical energy with an accuracy of 10°, and the results are consistent with other
works, showing an average deviation of 0.03% when the wave function is expanded to 30 terms.
Furthermore, we developed a calculation program in FORTRAN, utilizing MPI (Message Passing
Interface) parallel programming to calculate matrix elements and solve eigenvalue equations. This
advancement improves computational times for the one-electron atom problem and paves the way
for solving more complex problems, such as the trion problem.

Keywords: annihilation and creation operators; basic set; exciton; Fourier transformation;
operator method; trion; two-dimensional atomic system
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