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TOM TAT

Pai s6 Lie Heisenberg dong vai tro quan trong trong cd toan hoc va vat |i, dac biét la trong co
hoc lwong tir. Cdc dai s6 nay givip chiing ta biéu dién nguyén |i khdng chdc chan va cac moi quan hé
giao hoan giira Cac bién co trong co hoc lwong tir. Nhiéu khia canh va tinh chdt cing nhitng iing
dung ciia dai s6 Lie Heisenberg di diege nghién ciru. Trong bai bdo nay, chiing t6i tdp trung vao biéu
dién roi rac cua dai so Lie Heisenberg. Cu thé, chiing t6i sé nghién ciru vé do thi giao hodn ciia ho
tdt ca cac dai so Lie Heisenberg. Tir d6 chi ra hinh dang ciia ching, va néu mét sé ddc trung quan
trong nhuw la tinh lién thong va duwong kinh.

Tir khéa: db thi giao hodn; lién thong; duong kinh; Dai sé Lie Heisenberg

1. Mé dau

Dai s6 Lie Heisenberg dong vai trd quan trong trong nhiéu linh virc cua todn hoc va vat I,
tir If thuyét biéu dién dén co hoc luong tir. Tam quan trong caa dai s6 ndy bat ngudn tir viéc nd
cung cip mot cAu tric ton hoc cho viéc md hinh héa méi quan hé giao hoan giira cac quan sat
luong tir, mot khia canh cin ban caa thé gisi luong tir. Mot trong nhitng tng dung quan trong
nhat cia dai s6 Lie Heisenberg 1a trong mé hinh héa nguyén Ii khéng chdc chan ciia Heisenberg
(Heisenberg, 1927). Nguyén Ii nay xac dinh rang c6 mot mute dd khong chic chan trong viéc do
luong hai quan sat luong tir co ban Ia vi tri va dong lugng. Pai s6 Lie Heisenberg ciing dong mot
vai trd quan trong trong Ii thuyét biéu dién (Humphreys, 1972). Nhe vao nhiing tinh chat dic biét
ctia minh, dai s Lie Heisenberg 12 mot cdng cu manh mé trong viéc nghién ctru cau tric va tinh
chét cua cac biéu dién cua cac nhom va dai sb Lie khéc.

Trong khi d6, mbi quan hé giita cac ciu trac toan hoc (nhu nhom, vanh, dai sb) va li
thuyét dd thi da thu hat duge su quan tam cua nhiéu nha toan hoc trén khép thé gidi. Nhiéu
két qua tha vi d3 duoc chirng minh va mé ra nhiing tng dung méi dé nghién ctru ca hai van
dé néu trén (Anderson & Badawi, 2008; Anderson, 2011; Akbari et al., 2004, 2006, 2008;
Dorbidi, 2023; Miguel, 2016; Cao et al., 2023). Trong mach nghién ctru 4y, thi mbi quan hé
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giira cac dai s6 Lie va Ii thuyét db thi 1a mot linh vuc nghién cau tha vi trong toan hoc, noi
cac Cau tric dai s6 cua dai s6 Lie c6 thé dugc phan anh lai théng qua cac méi quan hé cua I
thuyét do thi, mé ra nhitng c4ch tiép can méi dé hiéu va kham pha tinh chat cua ca hai linh
vuc (Wang & Xia, 2017). Mot dai s6 Lie ¢ thé duoc biéu dién dudi dang mot db thi, trong
d6 cac dinh ctia d6 thi twong tng véi cac phan tir khéng nam trong tAm ciia dai s6 Lie d6 va
cac canh cua do thi biéu dién méi quan hé giao hoan giitra cac dinh. Thong qua dé, cac phuong
phap va ki thuat cua I thuyét d thi c6 thé duoc &p dung dé phan tich cau tric cua cac dai sb
Lie. Méi quan hé qua lai giita mot cdu tric dai sb (dai s6 Lie) va mot cau trac roi rac (d thi)
cung cap mot khia canh méi va sau sic trong viéc nghién cau ciu trdc va tinh chat cua ca hai
linh vuc, mé ra nhing sy lién két va ang dung trong cac linh vuc khac nhau cia toan hoc va
vat li. Trong bai bao xuat ban nam 2017, Wang va Xia di nghién ctru mdi quan hé nay cho
cac dai sb Lie don. Trong bai nghién ciru ndy, ching tdi s& nghién ctru vé nhiing tinh chét
quan trong ctia d6 thi cua cac Dai sé Lie Heisenberg. Hai dic trung co ban ciia nhitng do thi
nay 1a tinh lién théng va dudng kinh ciing s& duoc xac dinh mot cach cu thé.

2. Mot sb ki higu va khai niém co ban

Phén nay trinh bay mét cach so luoc cac khai niém co ban cua Li thuyét do thi va Li
thuyét Dai s6 Lie. Ban doc c6 thé xem chi tiét hon & tai liéu Chartrand (1996), Snobl va
Winternitz (2014).

Mot do thi don, vé huéng (sau dy goi tat 1a do thi) 1a mot cap co thi tu, G = (V, E),
bao gom tap dinh V # ¢ vatapcanh E € {{x,y} | x,y € Vvax # y}. Hai dinh phan biét
u va v duoc goi la ké nhau néu {u, v} thuoc E. Mot dudng ndi v, va v, trong G 1a mot day
cac dinh d6i mot phan biét v,, v,,..., v, Sao cho {v;, v;,1} EEVSimoii=1,2,...,k— 1.
Chung ta s€ ki hiéu duong nay la {vq,v,,...,v,}. PO dai cia duong {v,, v,,..., v} dugc
dinh nghia la k — 1. Khoang céch gitra hai dinh u va v, ki hiéu la dist(u, v), la d6 dai cua
duong ngan nhat ndi ching. Néu moi cip dinh phan biét cua G dwoc ndi bai it nhat mot
duong, ta néi rang G 1a lién thong. Nguoc lai, ta n6i G khong lién thong. Puong kinh cia do
thi G, ki hiéu diam(G), dugc dinh nghia nhu sau:

diam(G) = sup{dist(u,v): u # v}.

Cho U la mot tap con khéc rong cia V. Ta dinh nghia dd thi con ctia G cam sinh boi U
13 d6 thi bao gdm tap dinh U va tip canh {{x, y}EE|xyE€E U} . D4 thi con caa G duoc goi
12 mot thanh phan lién thong cua G néu nd duge cam sinh boi mot tap hop 16n nhat cac dinh
sao cho d6 thi con ddy 1a do thi lién thong. Tap hop cac tip dinh cua tat ca cac thanh phan
lién théng cua G tao thanh mot phan hoach cua V. Mot d6 thi duoc goi 1a day da néu moi cap
dinh phan biét déu ké nhau. Ta sé& ki hi¢u do thi day dii c6 n dinh 14 K,, va c6 tap dinh S € V
la K. Do thi G duoc goi la r-chinh quy bac n, néu né bao gom n dinh sao cho méi dinh déu
ké nhau véi ding r dinh khéc.

Cho (L, [-,]) 1a mot dai s6 Lie xac dinh trén mot truong F nao d6. Khi d6 tam cua L,
ki hiéu Z(L), dugc xac dinh nhu sau:

Z(L:={x€eL|[x,y]=0,Vy€EL}L
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Véimbi x € L, ta dinh nghia toan tir lién hop ad, : L — L 1a anh xa tuyén tinh thoa mén
ad,(y) = [x,y]. , ‘

Dinh nghia 1. (Wang & Xia, 2017) Cho L la dai so Lie trén truong F vai tdm Z (L), do thi

giao hoan cua L, ki hiéu T'(L) = (V,, E,), 1a mot d6 thi véi tap dinh va tip canh nhu sau:

Vi, = L\Z(L) va E; ={{x,y}|x¢yvé [x, y] =0}.

Dé thuan tién, ta s& ki hiéu CCr(L) 12 tap hop tat ca cac thanh phan lién thong cua ['(L).
Chu y rang d6 thi giao hodn I'(L) ciia mot dai s6 Lie L 12 hitu han khi va chi khi truong F 12
mot truong hiru han, tic 1a F = F,. Do do, trong truong hop F = F, s6 céc thanh phan lién
thdng cta I'(L) 1a hitu han, va ta ki higu s ndy 13 |CC, (L)|. D& thudn tign, tir gios tror di, mot
khong gian vecto c6 tap sinh 1a {ey, e,, ..., e} s& duoc ky hiéu 1a (ey, ..., ;) va ddi véi mot
tap con S bat ki ciia mot khong gian vecto, ta s& ki hiéu S* 12 tap hop cac phén tir khac vecto
0 cia S, tac 1a S* = S\{0}. Vi du nhu véi mét vecto x bat ki thudc L thi ta cd (x)* =
{Ax |11 eF,A+0}.

3. Cackét qua chinh

Trong phan nay, chiing ta s& trinh bay cac két qua chinh vé tinh lién thong cua dd thi
giao hoan cua tit ca cac dai s6 Lie Heisenberg. Trong trudng hop ching lién thdng, ta s& xac
dinh duong kinh caa cac db thi, trong truong hop nguoc lai, ta s& chi ra tat ca cac thanh phan
lién thong cia chung. Néu nhu bd sung thém diéu kién F = [Fg, thi ta s¢ x4c dinh s6 thanh
phan lién thong va phéc thao hinh dang ctia chung. Nhic lai ring, mot dai s6 Lie Heisenberg
(2m + 1) chiéu (m > 1) trén truong F, ki hiu Ay, 44, 1a mot dai sb Lie v6i co s& va moc
Lie xac dinh nhu sau:

hz’f‘“ =(x;,y,z|i= ’1, wom) s [xg, yil =z, Vi = ‘1,2, ., m. ’
Ménh dé 2. V61 m 1a mot s nguyén duong bat ki, thi do thi giao hoan cta dai so Lie
Heisenberg hy,,,,, c6 nhimg tinh chét sau:

i.  Néum = 1 thi I'(h3) khong lién théng,
ii.  Néum = 2thi ['(hyyy,) lién thong. Hon nita, duong kinh ctia d0 thi giao hoén cua
Rymq bang 2, tirc 13 diam (T (Ryma1)) = 2.
Chitng minh

Trudc tién, ta dé dang tinh duogc Z(hypm4q) = (z) = L* v6i moi m.

i. Véim = 1, dai s6 Lie Heisenberg hs = (xy, 4, z) duoc xac dinh boi: [x;,v,] = z. Ta
s& ching minh d6 thi giao hoan ctia h; khong lién thong bang cach chi ra mot thanh phan
lién thong thuc su cia I'(hs). Thyuc vy, véi moi a, ¢ € F sao cho a # 0, thi ta c6 thé kiém
tra truc tiép su tvong duong sau:

l[ax; + cz,ax; + By, +yz] =0 af =0 =0.

Tir d6 suy ra, véi a # 0 va ¢ bat ki, cac dinh ké nhau véi ax; + cz ciing phai ¢6 dang
ax, +yz véia # 0. Do d6, cac dinh trong tap hop {ax; + cz:a # 0} ké véi nhau va khong
ké v6i bat ki dinh nao khac. N6i mot cach khac, do thi con ciia I'(hs) cam sinh boi tap hop
cac dinh c6 dang {ax; + cz:a # 0} 1a mot thanh phan lién thong ctia I'(hg). Y thi nhat dugc
ching minh hoan toan.
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ii. Gia st m > 2. Khi d6 véi hai dinh u, v tuy y ctia I'(hyp41), ta ludn co:
dim(Ker(adu)) =02m+1) - dim(Im(adu)) =2m,
dim(Ker(adv)) =02m+1) - dim(lm(ad,,)) = 2m.
Do do,
dim(Ker(adu) N Ker(ad,,)) >2m—2 = 2.
Vi vdy, ludn ton tai mot dinh w € Vh,me, S80 Cho w € Ker(ad,) N Ker(ad,). Hay
noi cach khéc, {u, w, v} 1a mot duong ndi u va v. Tir day suy ra:
dist(w,v) < 2,Vu,v €V, ..
Mit khac, dé dang thay dist(x,,y;) = 2 Vi [x1,y;] # 0.
Do vay diam(I'(hypm41)) = 2. O
Dé phac thao hinh dang cua d6 thi giao hoan cua cac dai sb Lie Heisenberg, chung ta
s& xem xét han ché ching trén cac trudng hiru han Fq. Két qua dugc phat biéu trong ménh
d& bén dudi.
Ménh d@é 3. Xét mot dai sb Lie Heisenberg hy,p,.q trén mot truong truong hiru han [Fq duoc
dinh nghia nhu trén. Khi do:
i. Néum = 1thi I'(h3) bao gom q + 1 thanh phan lién thong, mdi thanh phan lién thong
12 mot do thi day du gébm g(g — 1) dinh, nhu sau:
CCqu (hs) = {K<x1>*+<2)'K<x1+b1y>*+(2> | by € ]Fq}-
ii. Néum > 2 thi T'(hy,yq) 12 mot dd thi r-chinh quy bac q(g*™ — 1), véi r = g?™ —
q—1.
Chitng minh
Trudce tién, ta dé dang nhan thay rang Z(hypm41) = (z) = L' v6i moi m. Ta s& ching
minh ting trudng hop nhu sau:
i. Véim = 1, dai sé Lie Heisenberg hy = (x4, y;, z) duoc xac dinh boi: [x;, ;] = z. Tap
dinh cta db thi nay dugc xac dinh nhu sau:
Vi, = {ayxy + byys + cz | ay, by, c € Fg, (ay,by) # (0,0)}.
Léy
u=a;x;+by+cz; v=ajx, +bjy, +c'z
13 2 dinh tuy ¥ cta ['(hs). Luu ¥ rang vi u, v 1a 2 dinh cta I'(h3) nén ta co:
(a1, by) # (0,0);va (ay, by) # (0,0).
Duya theo hing s ciu triic cua hs, ta dé dang chimg minh duoc:
[u,v] =0 < a;b; —ajb; = 0.
Do d6, v6i1 moi dinh u, v nhu trén, ta co:
- Néu a; =0 thi [u,v]=0ea, =0. T d6 suy ra, cic dinh trong tip hop
{byx1 + cz | by € F}, c € F, } d6i mot ké nhau va khong ké véi bat ki dinh nao ndm ngoai
tap hop ndy. DPiéu nay c6 nghia 1a, dd thi con cua I'(h;) cam sinh boi tdp hop
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{ayx; +cz|as € Fg,c € F, } 12 mot thanh phan lién thong ciia T'(h;) va thanh phan lién
thong nay 1a mot d6 thi day du véi g(q — 1) dinh. Luu ¥ ring:
{ayx; +cz | ay €F,c €Fy } = (x1)" + (2).
- Néua, # 0,thitaco

a
[u,v] =0 & by =—b,
aq

Do d6, méi dinh trong tap hop {al (x1 + Z—1y1) +cz | a; # 0,by,c €T, } 1a ké nhau
va khong ké voi bat ki dinh nao khac ndm ngoai tap hop trén. Tir d6 suy ra, do thi sinh ra boi
tap dinh (x; + b, y;)* + (z) 1a mot thanh phan lién thong ctia ['(h3), va thanh phan lién thong
nay 1a mot d6 thi day du c6 q(q — 1) dinh.

Téng két lai, ta nhan thay I'(hs) c0 tat ca la g + 1 thanh phan lién thong, mdi thanh
phan lién thong c6 q(q — 1) dinh, nhu sau:

CCp, (h3) = {Kixyy +(z) Kixy+byyy +(zy | b1 € Fy}

ii. Gia st m > 2. Khi d9, tap dinh cua I'(hyp,44) 12

Vigmes = (ore1(agx; + by;) + cz | a;, by, ¢ € Fq} \ (2).

Nhu véy d0 thi ndy c6 tat ca q(q?™ — 1) dinh. Bay giod, véi méi dinhtdy Y u € Vi,
ta ching minh u k& nhau véi g™ — g — 1 dinh phan biét trong Viyms,- That vy, gia st

u = Yit (aix; + by) + cz. o ‘

Viu € Vy, . néncéc gid tri ay, ..., m, by, ..., by khong thé dong thoi bang 0.
Léy

v = }’Ll(a]ij + b]fyj) +c'z
la mot dinh bat ki trong Vy,, . . Ta d€ dang ki€m tra duoc:

[u,v] =0 [ m o (aix; + by + cz, Z}n:l(a]'-x]- + b]fyj) + c’z] =0

& Yiti(abi —a;b;) = 0. o o

Taxema; b; :i =1,..,mlacac hang s6 va a;,b; : i = 1,...,m 1a cc an sb. Lac do
phuong trinh ¥, (a;b! — a}b;) = 0 1a mot phwong trinh bac nhat véi 2m an trén truong Fyg,
nén sd nghiém khong tim thuong cia nd 1a g?™ ! — 1. Tur day suy ra sé dinh ké nhau Vi
u 1a (¢*™* — 1)q — 1 (loai bo 1 dinh 1a chinh w). N6i cach khac T'(hypy1) 12 mot d6 thi
(g™ — q — 1)-chinh quy bac q(g?™ — 1). O

Trong phan con lai, ching ta s& v& minh hoa dd thi giao hoan cua cac dai sd Lie
Heisenberg, dé cho don gian, ta chon F = [, va phéc thao d6 thi I'(hs) (khéng lién thong)
va I'(hs) (lién thong) lam dai dién.

e Véi truong hop I'(hs), ta co:

Vi, = X,y +yux+z,y+z,x +y, + 2}

Do thi giao hoan cia hs ¢6 3 thanh phan lién thong, trong ¢6 mdi thanh phan lién thong
12 mot do thi day du véi tap dinh nhu sau:

1863



Tap chi Khoa hoc Trwong BPHSP TPHCM Duong Quang Hoa va tgk

{x1, 21 + 2} {yuyn + 25 o +yu00 +y1 + 23
X1 I Y1 I x; + v, I
x1+z y1+z X1 +y,+z
Hinh 1. Bé thi giao hodn ciia hs
e Vi truong hop I'(hsg), ta co:
Vi, = {a1x1 + azx; + by + bay, + czlay, by, ¢ € Fp }\ (2).
D6 thi ndy c6 tat ca 1a 25 — 2 = 30 dinh, trong d6 mdi dinh bat ky déu ké nhau véi
2* — 2 — 1 = 13 dinh khac, va do d6 tao thanh mdt d6 thi 13-chinh quy bac 30. Vi s6 luong
dinh va canh kha nhiéu, nén trong hinh bén dudi, ching t6i chi vé€ minh hoa cach thirc mot
dinh duoc ndi véi 13 dinh ké véi nd, va cac dinh khac cling dugc ndi theo cach tuong tu. Cu
thé ta lay dinh x,, cha ¥ rang khi d6 dinh x, + z (hon kém 1 phan tir trong tdm Z(L)) ludn

ké nhau voi x4, va ca 2 dinh nay déu duoc ndi véi 12 dinh v ¢6 dang: v = a;x; + ax, +
b,y, + cz, (a4, a,, b,) # (0,0,0) nhu hinh v sau day:

X1 +z X1

/%-ﬁ?{)’%@‘\\\\\ X +x,+y
NN

i\

X
2 X, + x,
Y2 X+ Y2

X2 + Y2
V2

x1+x2 x1+YZ

Hinh 2. Minh hoa cach néi x; véi cdc dinh ké trong T'(hs)
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4. Kétluan

Trong bai béo nay, chiing ta di xac dinh dugc tinh lién thong cua d6 thi giao hoan cua
tat ca cac dai sd Lie Heisenberg. Trong trudng hop d6 thi 1a lién thong, dudng kinh cta chung
duoc xac dinh 13 bang 2, va trong trudng hop d6 thi khong lién thong, tat ca cac thanh phan
lién thong cta ndé déu duoc mé ta twong minh. Ngoai ra, chiing ta ciing phac thao cac dic
trung va hinh dang cua db thi giao hoan khi xem xét trén trudng s hitu han.

% Tuyén bé vé quyén loi: Cac tac gid xac nhan hoan toan khéng cé xung dét vé quyén loi.

7

% Lo6i cdm on: Nghién ciru nay duwoc hé tro béi dé tai ma sé6 B2024-SPD-07.
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ABSTRACT

Heisenberg Lie Algebras play an important role in both mathematics and physics, in particular
in quantum mechanics. These algebras provide a framework for expressing the uncertainty principle
and commutation relations between physical quantities in quantum systems. Many aspects,
properties, and applications of Heisenberg Lie algebras have been widely studied. In this paper, we
focus on the discrete representation of Heisenberg Lie algebras. Specifically, we study the commuting
graphs associated with all Heisenberg Lie algebras, describe their structural forms, and present key
properties such as connectedness and diameter.

Keywords: commuting graphs; connectedness; diameter; Heisenberg Lie algebras
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